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i PREFACE 


The main purpose of this book is to provide the student with a clear and thorough 
presentation of the theory and application of engineering mechanics. To achieve this 
objective, this work has been shaped by the comments and suggestions of hundreds 
of reviewers in the teaching profession, as well as many of the author's students. 


New to this Edition 


Preliminary Problems. This new feature can be found throughout the text, 
and is given just before the Fundamental Problems. The intent here is to test the 
student's conceptual understanding of the theory. Normally the solutions require 
little or no calculation, and as such, these problems provide a basic understanding of 
the concepts before they are applied numerically. All the solutions are given in the 
back of the text. 


Expanded Important Points Sections. Summaries have been added 
which reinforces the reading material and highlights the important definitions and 
concepts of the sections. 


Re-writing of Text Material. Further clarification of concepts has been 
included in this edition, and important definitions are now in boldface throughout 
the text to highlight their importance. 


End-of-the-Chapter Review Problems. All the review problems now 
have solutions given in the back, so that students can check their work when studying 
for exams, and reviewing their skills when the chapter is finished. 


New Photos. The relevance of knowing the subject matter is reflected by the 
real-world applications depicted in the over 30 new or updated photos placed 
throughout the book. These photos generally are used to explain how the relevant 
principles apply to real-world situations and how materials behave under load. 


New Problems. There are approximately 3096 new problems that have been 
added to this edition, which involve applications to many different fields of 
engineering. 


VII 


VIII 
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Hallmark Features 


Besides the new features mentioned above, other outstanding features that define 
the contents of the text include the following. 


Organization and Approach. Each chapter is organized into well-defined 
sections that contain an explanation of specific topics, illustrative example problems, 
and a set of homework problems. The topics within each section are placed into 
subgroups defined by boldface titles. The purpose of this is to present a structured 
method for introducing each new definition or concept and to make the book 
convenient for later reference and review. 


Chapter Contents. Each chapter begins with an illustration demonstrating a 
broad-range application of the material within the chapter. A bulleted list of the 
chapter contents is provided to give a general overview of the material that will 
be covered. 


Emphasis on Free-Body Diagrams. Drawing a free-body diagram is 
particularly important when solving problems, and for this reason this step is strongly 
emphasized throughout the book. In particular, special sections and examples are 
devoted to show how to draw free-body diagrams. Specific homework problems have 
also been added to develop this practice. 


Procedures for Analysis. A general procedure for analyzing any mechanical 
problem is presented at the end of the first chapter. Then this procedure is customized 
to relate to specific types of problems that are covered throughout the book. This 
unique feature provides the student with a logical and orderly method to follow when 
applying the theory. The example problems are solved using this outlined method in 
order to clarify its numerical application. Realize, however, that once the relevant 
principles have been mastered and enough confidence and judgment have been 
obtained, the student can then develop his or her own procedures for solving problems. 


Important Points. This feature provides a review or summary of the most 
important concepts in a section and highlights the most significant points that should 
be realized when applying the theory to solve problems. 


Fundamental Problems. These problem sets are selectively located just after 
most of the example problems. They provide students with simple applications of the 
concepts, and therefore, the chance to develop their problem-solving skills before 
attempting to solve any of the standard problems that follow. In addition, they can 
be used for preparing for exams, and they can be used at a later time when preparing 
for the Fundamentals in Engineering Exam. 


Conceptual Understanding. Through the use of photographs placed throughout 
the book, theory is applied in a simplified way in order to illustrate some of its more 
important conceptual features and instill the physical meaning of many of the terms 


used in the equations. These simplified applications increase interest in the subject 
matter and better prepare the student to understand the examples and solve problems. 


Homework Problems. Apart from the Fundamental and Conceptual type 
problems mentioned previously, other types of problems contained in the book 
include the following: 


* Free-Body Diagram Problems. Some sections of the book contain 
introductory problems that only require drawing the free-body diagram for the 
specific problems within a problem set. These assignments will impress upon the 
student the importance of mastering this skill as a requirement for a complete 
solution of any equilibrium problem. 


* General Analysis and Design Problems. The majority of problems in the 
book depict realistic situations encountered in engineering practice. Some of these 
problems come from actual products used in industry. It is hoped that this realism 
will both stimulate the student’s interest in engineering mechanics and provide a 
means for developing the skill to reduce any such problem from its physical 
description to a model or symbolic representation to which the principles of 
mechanics may be applied. 


Throughout the book, there is an approximate balance of problems using either SI 
or FPS units. Furthermore, in any set, an attempt has been made to arrange the 
problems in order of increasing difficulty except for the end of chapter review 
problems, which are presented in random order. 


* Computer Problems. An effort has been made to include some problems that 
may be solved using a numerical procedure executed on either a desktop computer 
or a programmable pocket calculator. The intent here is to broaden the student's 
capacity for using other forms of mathematical analysis without sacrificing the 
time needed to focus on the application of the principles of mechanics. Problems 
of this type, which either can or must be solved using numerical procedures, are 
identified by a “square” symbol (Bl) preceding the problem number. 


The many homework problems in this edition, have been placed into two different 
categories. Problems that are simply indicated by a problem number have an 
answer and in some cases an additional numerical result given in the back of the 
book. An asterisk (*) before every fourth problem number indicates a problem 
without an answer. 


Accuracy. As with the previous editions, apart from the author, the accuracy of 
the text and problem solutions has been thoroughly checked by four other parties: 
Scott Hendricks, Virginia Polytechnic Institute and State University; Karim Nohra, 
University of South Florida; Kurt Norlin, Bittner Development Group; and finally 
Kai Beng, a practicing engineer, who in addition to accuracy review provided 
suggestions for problem development. 
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Contents 


The book is divided into 11 chapters, in which the principles are first applied to 
simple, then to more complicated situations. 

The kinematics of a particle is discussed in Chapter 12, followed by a discussion of 
particle kinetics in Chapter 13 (Equation of Motion), Chapter 14 (Work and Energy), 
and Chapter 15 (Impulse and Momentum). The concepts of particle dynamics 
contained in these four chapters are then summarized in a “review” section, and the 
student is given the chance to identify and solve a variety of problems. A similar 
sequence of presentation is given for the planar motion of a rigid body: Chapter 16 
(Planar Kinematics), Chapter 17 (Equations of Motion), Chapter 18 (Work and 
Energy), and Chapter 19 (Impulse and Momentum), followed by a summary and 
review set of problems for these chapters. 

If time permits, some of the material involving three-dimensional rigid-body 
motion may be included in the course. The kinematics and kinetics of this motion 
are discussed in Chapters 20 and 21, respectively. Chapter 22 (Vibrations) may 
be included if the student has the necessary mathematical background. Sections of 
the book that are considered to be beyond the scope of the basic dynamics course 
are indicated by a star (X) and may be omitted. Note that this material also provides 
a suitable reference for basic principles when it is discussed in more advanced 
courses. Finally, Appendix A provides a list of mathematical formulas needed to 
solve the problems in the book, Appendix B provides a brief review of vector 
analysis, and Appendix C reviews application of the chain rule. 


Alternative Coverage. At the discretion of the instructor, it is possible to cover 
Chapters 12 through 19 in the following order with no loss in continuity: Chapters 12 
and 16 (Kinematics), Chapters 13 and 17 (Equations of Motion), Chapter 14 and 18 
(Work and Energy), and Chapters 15 and 19 (Impulse and Momentum). 
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Express the initial speed to four significant figures in meters per second. 
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Incorrect; Try Again; 5 attempts remaining 

This is the sum of the components of the velocity. You need to use the Pythagorean 
theorem to find the total velocity. 

You may need to review Vector Magnitudes. 
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Resources for Instructors 


e MasteringEngineering. This online Tutorial Homework program allows you to integrate dynamic homework 
with automatic grading and adaptive tutoring. MasteringEngineering allows you to easily track the performance 
of your entire class on an assignment-by-assignment basis, or the detailed work of an individual student. 


e Instructor's Solutions Manual. This supplement provides complete solutions supported by problem 
statements and problem figures. The fourteenth edition manual was revised to improve readability and was 
triple accuracy checked. The Instructor’s Solutions Manual is available on Pearson Higher Education website: 
www.pearsonhighered.com. 


e Instructor's Resource. Visual resources to accompany the text are located on the Pearson Higher Education 
website: www.pearsonhighered.com. If you are in need of a login and password for this site, please contact your 
local Pearson representative. Visual resources include all art from the text, available in PowerPoint slide and 
JPEG format. 


* Video Solutions. Developed by Professor Edward Berger, Purdue University, video solutions are located in 
the study area of MasteringEngineering and offer step-by-step solution walkthroughs of representative homework 
problems from each section of the text. Make efficient use of class time and office hours by showing students the 
complete and concise problem-solving approaches that they can access any time and view at their own pace. The 
videos are designed to be a flexible resource to be used however each instructor and student prefers. A valuable 
tutorial resource, the videos are also helpful for student self-evaluation as students can pause the videos to check 
their understanding and work alongside the video. Access the videos at www.masteringengineering.com 


Resources for Students 


* MasteringEngineering. Tutorial homework problems emulate the instructor's office-hour environment, 
guiding students through engineering concepts with self-paced individualized coaching. These in-depth tutorial 
homework problems are designed to coach students with feedback specific to their errors and optional hints 
that break problems down into simpler steps. 


e Dynamics Study Pack. This supplement contains chapter-by-chapter study materials and a Free-Body 
Diagram Workbook. 


* Video Solutions Complete, step-by-step solution walkthroughs of representative homework problems from 
each section. Videos offer fully worked solutions that show every step of representative homework problems — 
this helps students make vital connections between concepts. 


* Dynamics Practice Problems Workbook. This workbook contains additional worked problems. The 
problems are partially solved and are designed to help guide students through difficult topics. 


XIV 


Ordering Options 


The Dynamics Study Pack and MasteringEngineering resources are available as stand-alone items for student 
purchase and are also available packaged with the texts. The ISBN for each valuepack is as follows: 


e Engineering Mechanics: Dynamics with Study Pack: ISBN: 0134116658 


e Engineering Mechanics: Dynamics Plus Mastering Engineering with Pearson eText — Access Card Package: 
ISBN: 0134116992 


Custom Solutions 
Please contact your local Pearson Sales Representative for more details about custom options or visit 


www.pearsonlearningsolutions.com, keyword: Hibbeler. 
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Although each of these boats is rather large, from a distance their motion can 
be analyzed as if each were a particle. 





Kinematics of a Particle 





12.1 Introduction 


Mechanics is a branch of the physical sciences that is concerned with the 
state of rest or motion of bodies subjected to the action of forces. 
Engineering mechanics is divided into two areas of study, namely, statics 
and dynamics. Statics is concerned with the equilibrium of a body that is 
either at rest or moves with constant velocity. Here we will consider 
dynamics, which deals with the accelerated motion of a body. The subject 
of dynamics will be presented in two parts: kinematics, which treats only 
the geometric aspects of the motion, and kinetics, which is the analysis of 
the forces causing the motion. To develop these principles, the dynamics 
of a particle will be discussed first, followed by topics in rigid-body 
dynamics in two and then three dimensions. 





CHAPTER 12 


KINEMATICS OF A PARTICLE 


Historically, the principles of dynamics developed when it was 
possible to make an accurate measurement of time. Galileo Galilei 
(1564-1642) was one of the first major contributors to this field. His 
work consisted of experiments using pendulums and falling bodies. The 
most significant contributions in dynamics, however, were made by 
Isaac Newton (1642-1727), who is noted for his formulation of the 
three fundamental laws of motion and the law of universal gravitational 
attraction. Shortly after these laws were postulated, important 
techniques for their application were developed by Euler, D’Alembert, 
Lagrange, and others. 

There are many problems in engineering whose solutions require 
application of the principles of dynamics. Typically the structural 
design of any vehicle, such as an automobile or airplane, requires 
consideration of the motion to which it is subjected. This is also true 
for many mechanical devices, such as motors, pumps, movable tools, 
industrial manipulators, and machinery. Furthermore, predictions of 
the motions of artificial satellites, projectiles, and spacecraft are based 
on the theory of dynamics. With further advances in technology, there 
will be an even greater need for knowing how to apply the principles 
of this subject. 


Problem Solving. Dynamics is considered to be more involved 
than statics since both the forces applied to a body and its motion must 
be taken into account. Also, many applications require using calculus, 
rather than just algebra and trigonometry. In any case, the most 
effective way of learning the principles of dynamics is to solve problems. 
To be successful at this, it is necessary to present the work in a logical 
and orderly manner as suggested by the following sequence of steps: 


1. Read the problem carefully and try to correlate the actual physical 
situation with the theory you have studied. 

2. Draw any necessary diagrams and tabulate the problem data. 

3. Establish a coordinate system and apply the relevant principles, 
generally in mathematical form. 

4. Solve the necessary equations algebraically as far as practical; then, 
use a consistent set of units and complete the solution numerically. 
Report the answer with no more significant figures than the accuracy 
of the given data. 

5. Study the answer using technical judgment and common sense to 
determine whether or not it seems reasonable. 

6. Once the solution has been completed, review the problem. Try to 
think of other ways of obtaining the same solution. 


In applying this general procedure, do the work as neatly as possible. Being 
neat generally stimulates clear and orderly thinking, and vice versa. 


12.2 RECTILINEAR KINEMATICS: CONTINUOUS MOTION 


12.2 Rectilinear Kinematics: Continuous 
Motion 


We will begin our study of dynamics by discussing the kinematics of a 
particle that moves along a rectilinear or straight-line path. Recall that a 
particle has a mass but negligible size and shape. Therefore we must limit 
application to those objects that have dimensions that are of no 
consequence in the analysis of the motion. In most problems, we will be 
interested in bodies of finite size, such as rockets, projectiles, or vehicles. 
Each of these objects can be considered as a particle, as long as the motion 
is characterized by the motion of its mass center and any rotation of the 
body is neglected. 


Rectilinear Kinematics. The kinematics ofa particle is characterized 
by specifying, at any given instant, the particle’s position, velocity, and 
acceleration. 


Position. The straight-line path of a particle will be defined using a 
single coordinate axis s, Fig. 12-1a. The origin O on the path is a fixed 
point, and from this point the position coordinate s is used to specify the 
location of the particle at any given instant. The magnitude of s is the 
distance from O to the particle, usually measured in meters (m) or 
feet (ft), and the sense of direction is defined by the algebraic sign on s. 
Although the choice is arbitrary, in this case s is positive since the 
coordinate axis is positive to the right of the origin. Likewise, it is negative 
if the particle is located to the left of O. Realize that position is a vector 
quantity since it has both magnitude and direction. Here, however, it is 
being represented by the algebraic scalar s, rather than in boldface s, 
since the direction always remains along the coordinate axis. 


Displacement. The displacement of the particle is defined as the 
change in its position. For example, if the particle moves from one point 
to another, Fig. 12-15, the displacement is 


As-—s'—s 


In this case As is positive since the particle's final position is to the right 
of its initial position, i.e.,s' > s. Likewise, if the final position were to the 
left of its initial position, As would be negative. 

The displacement of a particle is also a vector quantity, and it should be 
distinguished from the distance the particle travels. Specifically, the 
distance traveled is a positive scalar that represents the total length of 
path over which the particle travels. 
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Fig. 12-1 
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Velocity. If the particle moves through a displacement As during the 
time interval Az, the average velocity of the particle during this time 
interval is 


As 
Vavg = At 


If we take smaller and smaller values of At, the magnitude of As becomes 
smaller and smaller. Consequently, the instantaneous velocity is a vector 
defined as v = Jim (As/Ar), Or 





ds 
+, = — - 
(3) v 2 (12-1) 











Since At or dt is always positive, the sign used to define the sense of the 
velocity is the same as that of As or ds. For example, if the particle is 
moving to the right, Fig. 12-1c, the velocity is positive; whereas if it is 
moving to the left, the velocity is negative. (This is emphasized here by 
the arrow written at the left of Eq. 12-1.) The magnitude of the velocity is 
known as the speed, and it is generally expressed in units of m/s or ft/s. 

Occasionally, the term “average speed" is used. The average speed is 
always a positive scalar and is defined as the total distance traveled by a 
particle, s7, divided by the elapsed time At; i.e., 


ST 


(Usp)ave = At 


For example, the particle in Fig. 12—1d travels along the path of length sy 
in time At, so its average speed is (0,,),,, = s7/At, but its average velocity 
IS Uy, = —As/ At. 


H As + 
P P 
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Fig. 12-1 (cont.) 
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Acceleration. Provided the velocity of the particle is known at 
two points, the average acceleration of the particle during the time 
interval At is defined as 


| Av 
de — At 


Here Av represents the difference in the velocity during the time interval 
At, i.e., Av = v' — v, Fig. 12-1e. 

The instantaneous acceleration at time t is a vector that is found by 
taking smaller and smaller values of At and corresponding smaller and 
smaller values of Av, so that a — jim (Av / At), or 





dv 
+, = — - 
(5) a 3 (12-2) 











Substituting Eq. 12-1 into this result, we can also write 


u ds 


d = __ 
(5) a dà 


Both the average and instantaneous acceleration can be either positive or 
negative. In particular, when the particle is slowing down, or its speed is 
decreasing, the particle is said to be decelerating. In this case, v' in Fig. 12-1f 
is less than v, and so Av = v’ — v will be negative. Consequently, a will also 
be negative, and therefore it will act to the left, in the opposite sense to v. 
Also, notice that if the particle is originally at rest, then it can have an 
acceleration if a moment later it has a velocity v'; and, if the velocity is 
constant, then the acceleration is zero since Av — v — v — 0. Units 
commonly used to express the magnitude of acceleration are m/s? or ft/s?. 

Finally, an important differential relation involving the displacement, 
velocity, and acceleration along the path may be obtained by eliminating 
the time differential dt between Eqs. 12-1 and 12-2. We have 





dt — Eu 
v a 
or 
(55) ads = v dv (12-3) 











Although we have now produced three important kinematic 
equations, realize that the above equation is not independent of 
Eqs. 12-1 and 12-2. 





Acceleration 


(e) 





Deceleration 
(£) 
Fig. 12-1 (cont.) 
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When the ball is released, it has zero 
velocity but an acceleration of 9.81 m/s. 
(© R.C. Hibbeler) 


Constant Acceleration, a = đe. When the acceleration is 
constant, each of the three kinematic equations a, = dv/dt, v = ds/dt, 
and a, ds = v dv can be integrated to obtain formulas that relate a., v, s, 
and t. 


Velocity as a Function of Time. Integrate a, = dv/dt, assuming 
that initially v = v, when t = 0. 


v t 
J dv = fa dt 
vo 0 


vV = Vvo + act 
Constant Acceleration 


(+) (12-4) 





Position as a Function of Time. Integrate v = ds/dt = vo + ad, 
assuming that initially s = sọ when t = 0. 


Ss t 
fa = fo + at) dt 
So 0 


6 — Np e Gite ar Sat 





(5) (12-5) 


Constant Acceleration 











Velocity as a Function of Position. Either solve for t in 
Eq. 12-4 and substitute into Eq. 12-5, or integrate v dv = a, ds, assuming 
that initially v = vp at s = so. 


] »e- ] «^ 
Vo So 


RENE, = 
(4) v vj + 2a-(s — so) (12-6) 


Constant Acceleration 





The algebraic signs of sọ, vo, and a,, used in the above three equations, 
are determined from the positive direction of the s axis as indicated by 
the arrow written at the left of each equation. Remember that these 
equations are useful only when the acceleration is constant and when 
t = 0, 5 = sọ, V = vg. A typical example of constant accelerated motion 
occurs when a body falls freely toward the earth. If air resistance is 
neglected and the distance of fall is short, then the downward acceleration 
of the body when it is close to the earth is constant and approximately 
9.81 m/s? or 32.2 ft/s”. The proof of this is given in Example 13.2. 


12.2 RECTILINEAR KINEMATICS: CONTINUOUS MOTION 


Important Points 


Dynamics is concerned with bodies that have accelerated motion. 
Kinematics is a study of the geometry of the motion. 

Kinetics is a study of the forces that cause the motion. 
Rectilinear kinematics refers to straight-line motion. 

Speed refers to the magnitude of velocity. 


Average speed is the total distance traveled divided by the total 
time. This is different from the average velocity, which is the 
displacement divided by the time. 


A particle that is slowing down is decelerating. 





A particle can have an acceleration and yet have zero velocity. 


The relationship ads = v dv is derived from a= dv/dt and During the time this vvvvket undergoes 


v = ds / dt, by eliminating dt. rectilinear motion, its altitude as a function 
of time can be measured and expressed as 
s = s(t). Its velocity can then be found 
using v — ds/dt, and its acceleration 
can be determined from a= dv/dt. 
(O NASA) 





Procedure for Analysis 


Coordinate System. 
e Establish a position coordinate s along the path and specify its fixed origin and positive direction. 
e Since motion is along a straight line, the vector quantities position, velocity, and acceleration can be 


represented as algebraic scalars. For analytical work the sense of s, v, and a is then defined by their 
algebraic signs. 


The positive sense for each of these scalars can be indicated by an arrow shown alongside each kinematic 
equation as it is applied. 

Kinematic Equations. 

e If a relation is known between any two of the four variables a, v, s, and t, then a third variable can be 


obtained by using one of the kinematic equations, a — dv/dt, v — ds/dt or ads — v dv, since each 
equation relates all three variables.* 


e Whenever integration is performed, it is important that the position and velocity be known at a given 
instant in order to evaluate either the constant of integration if an indefinite integral is used, or the limits 
of integration if a definite integral is used. 


Remember that Eqs. 12-4 through 12-6 have only limited use. These equations apply only when the 
acceleration is constant and the initial conditions are s = sg and v = vo when t = 0. 


*Some standard differentiation and integration formulas are given in Appendix A. 
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(© R.C. Hibbeler) 


The car on the left in the photo and in Fig. 12-2 moves in a straight 
line such that for a short time its velocity is defined by 
v = (3? + 2t) ft/s, where t is in seconds. Determine its position and 
acceleration when t = 3s. Whent = 0,5 = O. 








Fig. 12-2 


SOLUTION 


Coordinate System. The position coordinate extends from the fixed 
origin O to the car, positive to the right. 
Position. Since v = f(t), the car’s position can be determined from 


v = ds/dt, since this equation relates v, s, and t. Noting that s = 0 
when t = 0, we have* 


ds 


(4) Ta 


(3? + 2t) 


/ GÊ + 28dt 
0 


n 


E 


0 


s—-P-c-? 


When t = 35, 

s = 3) + Gy = 36ft Ans. 
Acceleration. Since v = f(t), the acceleration is determined from 
a = dv/dt, since this equation relates a, v, and t. 


de 


= 6t t2 


d 
+ = 
(5) a F GP +20 


When t = 35, 

a = 6(3) + 2 = 20ft/s?—> Ans. 
NOTE: The formulas for constant acceleration cannot be used to solve 
this problem, because the acceleration is a function of time. 


*The same result can be obtained by evaluating a constant of integration C rather 
than using definite limits on the integral. For example, integrating ds = (32 + 2r)dt 
yields s = P? + ? + C. Using the condition that at t = 0, s = 0, then C = 0. 





12.2 RECTILINEAR KINEMATICS: CONTINUOUS MOTION 


EXAMPLE | 12.2 


A small projectile is fired vertically downward into a fluid medium with 
an initial velocity of 60 m/s. Due to the drag resistance of the fluid the 
projectile experiences a deceleration of a = (—0.4v?) m/s”, where v is in 
m/s. Determine the projectile's velocity and position 4 s after it is fired. 


SOLUTION 
Coordinate System. Since the motion is downward, the position 
coordinate is positive downward, with origin located at O, Fig. 12-3. 


Velocity. Here a = f(v) and so we must determine the velocity as a 
function of time using a — dv/dt,since this equation relates v, a, and t. 
(Why not use v = vo + at?) Separating the variables and integrating, 
with vo = 60 m/s when t = 0, yields 

dv 


EU WEE 3 
(+1) c 0.40 


v t 
d 
facias" ].* 
60 m/s — 0.4 0 


1 1 qM 
—— (4 =2-0 
xim 60 


1 1 


pe 
0.8L (60) 
= hex i os) °} mis 


Here the positive root is taken, since the projectile will continue to 
move downward. When t = 4s, 


v — 0.559 m/sl Ans. 


Position. Knowing v — f(t), we can obtain the projectile's position 
from v — ds/dt, since this equation relates s, v, and t. Using the initial 
condition s = 0, when t = 0, we have 


pz 
dt 


s T 4 =p) 
fa=f| z + 0.8 dt 
0 o L (60) 
9 1 1/2 t 
IL * 0. 
2 Se E s| 


i 1 
=— d 
S 04 | Gio we 


s= 443m 


(+1) 
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During a test a rocket travels upward at 75 m/s, and when it is 40 m 
from the ground its engine fails. Determine the maximum height sz 
reached by the rocket and its speed just before it hits the ground. 
While in motion the rocket is subjected to a constant downward 
acceleration of 9.81 m/s? due to gravity. Neglect the effect of air 
resistance. 


SOLUTION 


Coordinate System. The origin O for the position coordinate s is 
taken at ground level with positive upward, Fig. 12-4. 


Maximum Height. Since the rocket is traveling upward, 
UA = +75 m/s whent = 0. At the maximum height s = sz the velocity 
vg = 0. For the entire motion, the acceleration is a, = —9.81 m/s? 
(negative since it acts in the opposite sense to positive velocity or 
positive displacement). Since a, is constant the rocket's position may 
be related to its velocity at the two points A and B on the path by using 
Eq. 12-6, namely, 


(+1) và = v4 + 2a,(8p — Sa) 
0 = (75 m/s)? + 2(—9.81 m/s)Y(sg — 40 m) 
Sp = 327m Ans. 


Velocity. To obtain the velocity of the rocket just before it hits the 
ground, we can apply Eq. 12-6 between points B and C, Fig. 12-4. 





CET) Ve = vg + 2a(sc — sp) 
0 + 2(—9.81 m/s2)(0 — 327 m) 
vc = —80.1 m/s = 80.1 m/s | Ans. 











The negative root was chosen since the rocket is moving downward. 
Similarly, Eq. 12-6 may also be applied between points A and C,ie., 


ED ve = v4 + 2a,(sc — sa) 
= (75 m/s)? + 2(—9.81 m/s?)(0 — 40 m) 
vc = —80.1 m/s = 80.1 m/s | Ans. 


NOTE: It should be realized that the rocket is subjected to a deceleration 
from A to B of 9.81 m/s’, and then from B to C it is accelerated at this 
rate. Furthermore, even though the rocket momentarily comes to rest 
at B (vg = 0) the acceleration at B is still 9.81 m/s? downward! 
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EXAMPLE | 12.4 


A metallic particle is subjected to the influence of a magnetic field as 
it travels downward through a fluid that extends from plate A to 
plate B, Fig. 12-5. If the particle is released from rest at the midpoint C, 
s = 100 mm, and the acceleration is a = (4s) m/s’, where s is in 
meters, determine the velocity of the particle when it reaches plate B, 
s = 200 mm, and the time it takes to travel from C to B. 


SOLUTION 

Coordinate System. As shown in Fig. 12-5, s is positive downward, 
measured from plate A. 

Velocity. Since a = f(s), the velocity as a function of position can 
be obtained by using v dv = ads. Realizing that v = O at s = 0.1 m, 
we have 


(+4) vdv = ads 


T v dv 4s ds 
0 0.1m 


1 v 4 S 
Le (ieee 
2 a 95 dts 


v = 2(s? — 0.01)!? m/s (1) 


















































At s = 200 mm = 0.2 m, 
vg = 0.346 m/s = 346 mm/s | Ans. 


The positive root is chosen since the particle is traveling downward, 
ie. in the +s direction. 


Time. The time for the particle to travel from C to B can be obtained 
using v = ds/dt and Eq. 1, where s = 0.1m when ¢ = 0. From 
Appendix A, 


(+1) ds = vdt 
= (sg — 0.01)!2gr 


$ ds T 
[EM 
916^ — 0.01) 0 


In( V's? — 0.01 + s)| 


t 


z 
0.1 0 
In( Vs? — 0.01 + s) + 2.303 = 2t 


Ats = 02m, 
In( V (0.2? — 0.01 + 0.2) + 2.303 
TT 


2 
NOTE: The formulas for constant acceleration cannot be used here 
because the acceleration changes with position, i.e., a = 4s. 


= 0.658 s Ans. 
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[es —4.0m s = 6.125 m 
O 


v = 3f — 6t 


i 





(25,0) 


(1s, —3 m/s) 
(b) 
Fig. 12-6 


A particle moves along a horizontal path with a velocity of 
v = Bf — 6f) m/s, where ¢ is the time in seconds. If it is initially 
located at the origin O, determine the distance traveled in 3.5 s, and the 
particle's average velocity and average speed during the time interval. 


SOLUTION 
Coordinate System. Here positive motion is to the right, measured 
from the origin O, Fig. 12-6a. 
Distance Traveled. Since v = f(t), the position as a function of time 
may be found by integrating v = ds/dt with t = 0, s = 0. 
(5) ds = vdt 

= (3? — 6t) dt 


]5- ] € ona 
0 0 


s = (D — 32) m (1) 


In order to determine the distance traveled in 3.5 s, it is necessary 
to investigate the path of motion. If we consider a graph of the 
velocity function, Fig. 12-6), then it reveals that for 0 < t < 2s the 
velocity is negative, which means the particle is traveling to the left, 
and for t > 2s the velocity is positive, and hence the particle is 
traveling to the right. Also, note that v = 0 at t = 2 s. The particle's 
position when t = 0, t = 2s, and t = 3.5 s can be determined from 
Eq. 1. This yields 


s| <9 = 0 $|,22, = —40m $|,235, = 6.125 m 
The path is shown in Fig. 12-6a. Hence, the distance traveled in 3.5 s is 
Sr = 4.0 + 4.0 + 6.125 = 14.125 m = 14.1 m Ans. 


Velocity. The displacement from t = 0 to t = 3.5sis 
As = sess = Sa = 6.125m — 0 = 6.125 m 
and so the average velocity is 


As 6.125 m 
Vez Sa Oa 1.75 m/s Ans. 


The average speed is defined in terms of the distance traveled sz. This 
positive scalar is 





ST 14.125 m 
(DE = m = a5 U = 4.04 m/s Ans. 
NOTE: In this problem, the acceleration is a = dv/dt = (6t — 6) m/s’, 
which is not constant. 
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It is highly suggested that you test yourself on the solutions to these 
examples, by covering them over and then trying to think about which 
equations of kinematics must be used and how they are applied in 
order to determine the unknowns. Then before solving any of the 
problems, try and solve some of the Preliminary and Fundamental 
Problems which follow. The solutions and answers to all these problems 
are given in the back of the book. Doing this throughout the book will 
help immensely in understanding how to apply the theory, and thereby 


develop your problem-solving skills. 


a PRELIMINARY PROBLEM 


P12-1. 


a) If s = (20) m, where t is in seconds, determine 
v when t—2 s. 


b) If v= (5s) m / s, where s is in meters, determine a at s — 1 m. 


c) If v = (4t + 5) m/s, where t is in seconds, determine a 
when t —2 s. 


d) If a = 2 m/s’, determine v when t —2 s if v = 0 when 
t=0. 


e) Ifa=2 m/s’, determine v at s=4 m if v —3 m/s at s — 0. 


f) If a — (s) m/s?, where s is in meters, determine v when 
s=Smifv=Oats=4m. 


g) If a —4 m/s, determine s when t=3 s if v —2 m/s and 
s=2 m when (-— O0. 


h) If a = (82?) m/s?, determine v when t = 1 s if 
v=Qatt=0. 


i) If 5— (32 +2) m, determine v when t —2 s. 


jp When:-0 the particle is at A. In four seconds it travels 
to B, then in another six seconds it travels to C. 
Determine the average velocity and the average speed. 
The origin of the coordinate is at O. 




















Prob. P12-1 
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F12-1. Initially, the car travels along a straight road with a 
speed of 35 m/s. If the brakes are applied and the speed of 
the car is reduced to 10 m/s in 15 s, determine the constant 
deceleration of the car. 





Prob. F12-1 


F12-2. A ball is thrown vertically upward with a speed of 
15 m/s. Determine the time of flight when it returns to its 
original position. 


Prob. F12-2 


F12-3. A particle travels along a straight line with a 
velocity of v = (4t — 32) m/s, where t is in seconds. 
Determine the position of the particle when t= 4s. 
s = 0 when t = 0. 


F12-4. A particle travels along a straight line with a speed 
v = (0.5? — 8f) m/s, where t is in seconds. Determine the 
acceleration of the particle when t = 2 s. 


KINEMATICS OF A PARTICLE 


E m FUNDAMENTAL PROBLEMS 


F12-5. The position of the particle is given by 
s = (2? — 8t + 6) m, where t is in seconds. Determine the 
time when the velocity of the particle is zero, and the total 
distance traveled by the particle when t — 3 s. 


e 


e —s 
Prob. F12-5 


F12-6. A particle travels along a straight line with an 
acceleration of a = (10 — 0.2s) m/ s?, where s is measured 
in meters. Determine the velocity of the particle when 
s = 10mifv = 5 m/sat s = 0. 








Prob. F12-6 


F12-7. A particle moves along a straight line such that its 
acceleration is a = (4? — 2) m/ s*, where t is in seconds. 
When ¢ = 0, the particle is located 2 m to the left of the 
origin, and when t = 2 s, it is 20 m to the left of the origin. 
Determine the position of the particle when t = 4 s. 


F12-8. A particle travels along a straight line with a 
velocity of v = (20 — 0.055?) m/s, where s is in meters. 
Determine the acceleration of the particle at s — 15 m. 
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PE TPROBLEMS 


12-1. Starting from rest, a particle moving in a straight 
line has an acceleration of a = (2t — 6) m/s’, where t is 
in seconds. What is the particle's velocity when t = 6 s, and 
what is its position when t= 11 s? 


12-2. Ifa particle has an initial velocity of v = 12 ft/s to 
the right, at s; = 0, determine its position when t = 10s, if 
a = 2 ft/s? to the left. 


12-3. A particle travels along a straight line with a velocity 
v = (12 — 3?) m/s, where t is in seconds. When t = 1 s, the 
particle is located 10 m to the left of the origin. Determine 
the acceleration when t = 4 s, the displacement from t= 0 to 
t — 10 s, and the distance the particle travels during this 
time period. 


*12-4. A particle travels along a straight line with a constant 
acceleration. When s — 4 ft, v — 3 ft/s and when s — 10 ft, 
v = 8 ft/s. Determine the velocity as a function of position. 


12-5. The velocity of a particle traveling in a straight line 
is given by v = (6t — 32) m/s, where t is in seconds. If s = 0 
when ¢ = 0, determine the particle’s deceleration and 
position when t! = 3 s. How far has the particle 
traveled during the 3-s time interval, and what is its average 
speed? 


12-6. The position of a particle along a straight line is 
given by s = (L5? — 13.51? + 22.5?) ft, where t is in 
seconds. Determine the position of the particle when t = 6s 
and the total distance it travels during the 6-s time interval. 
Hint: Plot the path to determine the total distance traveled. 





12-7. A particle moves along a straight line such that its 
position is defined by s = (£ — 6t + 5) m. Determine the 
average velocity, the average speed, and the acceleration of 
the particle when t = 6 s. 


*12-8. A particle is moving along a straight line such that 
its position is defined by s = (102 + 20) mm, where f is in 
seconds. Determine (a) the displacement of the particle 
during the time interval from t—1 sto t—5 s, (b) the average 
velocity of the particle during this time interval, and (c) the 
acceleration when t= 1 s. 


12-9. The acceleration of a particle as it moves along a 
straight line is given by a = (2t — 1) m/s’, where t is in 
seconds. If s = 1 m and v = 2 m/s when : = 0, determine 
the particles velocity and position when t= 6s. Also, 
determine the total distance the particle travels during this 
time period. 


12-10. A particle moves along a straight line with an 
acceleration of a = 5/(3s!? + 557) m/s?, where s is in 
meters. Determine the particle's velocity when s = 2 m, if it 
starts from rest when s — 1 m. Use a numerical method to 
evaluate the integral. 


12-11. A particle travels along a straight-line path such 
that in 4 s it moves from an initial position s4 =—8 m to a 
position sz =+3 m. Then in another 5 s it moves from sz to 
Sc = —6 m. Determine the particle's average velocity and 
average speed during the 9-s time interval. 


*12-12. Traveling with an initial speed of 70 km/h, a car 
accelerates at 6000 km/h? along a straight road. How long 
will it take to reach a speed of 120 km/h? Also, through 
what distance does the car travel during this time? 


12-13. Tests reveal that a normal driver takes about 0.75 s 
before he or she can react to a situation to avoid a collision. 
It takes about 3 s for a driver having 0.1% alcohol in his 
system to do the same. If such drivers are traveling on a 
straight road at 30 mph (44 ft/s) and their cars can 
decelerate at 2 ft/s’, determine the shortest stopping 
distance d for each from the moment they see the 
pedestrians. Moral: If you must drink, please don't drive! 


v, — 44 ft/s 











d 





Prob. 12-13 
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12-14. The position of a particle along a straight-line path 
is defined by s = (P — 6 — 15t +7) ft, where t is in seconds. 
Determine the total distance traveled when f = 10 s. What 
are the particle's average velocity, average speed, and the 
instantaneous velocity and acceleration at this time? 


12-15. A particle is moving with a velocity of vg when s =0 
and t = 0. If it is subjected to a deceleration of a = —Kkv?, 
where k is a constant, determine its velocity and position as 
functions of time. 


*12-16. A particle is moving along a straight line with an 
initial velocity of 6 m/s when it is subjected to a deceleration 
of a= (-1.5v!/2) m/s?, where v is in m/s. Determine how far 
it travels before it stops. How much time does this take? 


12-17. Car B is traveling a distance d ahead of car A. Both 
cars are traveling at 60 ft/s when the driver of B suddenly 
applies the brakes, causing his car to decelerate at 12 ft/s?. It 
takes the driver of car A 0.75 s to react (this is the normal 
reaction time for drivers). When he applies his brakes, he 
decelerates at 15 ft/s?. Determine the minimum distance d 
be tween the cars so as to avoid a collision. 








Prob. 12-17 


12-18. The acceleration of a rocket traveling upward is 
given by a=(6+0.02s) m/s’, where s is in meters. Determine 
the time needed for the rocket to reach an altitude of 
s = 100 m. Initially, v = 0 and s = 0 when t= 0. 





Prob. 12-18 


12-19. A train starts from rest at station A and accelerates 
at 0.5 m/s? for 60 s. Afterwards it travels with a constant 
velocity for 15 min. It then decelerates at 1 m/s? until it is 
brought to rest at station B. Determine the distance between 
the stations. 


*12-20. The velocity of a particle traveling along a straight 
line is v — (32 — 6t) ft/s, where t is in seconds. If s — 4 ft when 
t = 0, determine the position of the particle when t= 4 s. 
What is the total distance traveled during the time interval 
t=0 to t= 4 s? Also, what is the acceleration when t= 2 s? 


12-21. A freight train travels at v = 60(1— e ^) ft/s, 
where ¢ is the elapsed time in seconds. Determine the 
distance traveled in three seconds, and the acceleration at 
this time. 




















Prob. 12-21 
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12-22. A sandbag is dropped from a balloon which is 
ascending vertically at a constant speed of 6 m/s. If the bag 
is released with the same upward velocity of 6 m/s when 
t =Q and hits the ground when t = 8 s, determine the speed 
of the bag as it hits the ground and the altitude of the 
balloon at this instant. 


12-23. A particle is moving along a straight line such that 
its acceleration is defined as a = (—2v) m/s’, where v is in 
meters per second. If v = 20 m/s when s = 0 and t = 0, 
determine the particle’s position, velocity, and acceleration 
as functions of time. 


*12-24. The acceleration of a particle traveling along a 
. E 1 ER 
straight line is a — 7 s1/2 m/s?, where s is in meters. If v = 0, 


s =1 m when ¢=0, determine the particle’s velocity at s — 2 m. 


12-25. If the effects of atmospheric resistance are 
accounted for, a freely falling body has an acceleration 
defined by the equation a — 9.81[1 — v? (10 5)] m/s’, 
where v is in m/s and the positive direction is downward. If 
the body is released from rest at a very high altitude, 
determine (a) the velocity when t = 5 s, and (b) the body's 
terminal or maximum attainable velocity (as t — oc). 


12-26. The acceleration of a particle along a straight line 
is defined by a = (2t — 9) m/s?, where t is in seconds. At 
t= 0, s = 1m and v = 10 m/s. When t = 9s, determine 
(a) the particle’s position, (b) the total distance traveled, 
and (c) the velocity. 


12-27. When a particle falls through the air, its initial 
acceleration a = g diminishes until it is zero, and there- 
after it falls at a constant or terminal velocity vy. If this 
variation of the acceleration can be expressed as 
a = (g/v?j) (v^; — v?^), determine the time needed for the 
velocity to become v = vy/2. Initially the particle falls 
from rest. 


*12-28. Two particles A and B start from rest at the origin 
s=0 and move along a straight line such that 
a, = (6r — 3) ft/s? and ag = (12t? — 8) ft/s?, where t is in 
seconds. Determine the distance between them when 
t = 4sand the total distance each has traveled int = 4 s. 


12-29. A ball A is thrown vertically upward from the top 
of a 30-m-high building with an initial velocity of 5 m/s. At 
the same instant another ball B is thrown upward from the 
ground with an initial velocity of 20 m/s. Determine the 
height from the ground and the time at which they pass. 


12-30. A sphere is fired downwards into a medium with 
an initial speed of 27 m/s. If it experiences a deceleration of 
a = (—6t) m/ s*, where f is in seconds, determine the 
distance traveled before it stops. 


12-31. The velocity of a particle traveling along a straight 
line is v = vo — ks, where k is constant. If s = 0 when t = 0, 
determine the position and acceleration of the particle as a 
function of time. 


*12-32. BallAisthrown vertically upwards with a velocity 
of vp. Ball B is thrown upwards from the same point with 
the same velocity ¢ seconds later. Determine the elapsed 
time f < 209/g from the instant ball A is thrown to when the 
balls pass each other, and find the velocity of each ball at 
this instant. 


12-33. Asa body is projected to a high altitude above the 
earth's surface, the variation of the acceleration of gravity 
with respect to altitude y must be taken into account. 
Neglecting air resistance, this acceleration is determined 
from the formula a = —go[R?/(R + yy], where gy is the 
constant gravitational acceleration at sea level, R is the 
radius of the earth, and the positive direction is measured 
upward. If go = 9.81 m/s? and R = 6356 km, determine the 
minimum initial velocity (escape velocity) at which a 
projectile should be shot vertically from the earth's surface 
so that it does not fall back to the earth. Hint: This requires 
that v = 0 asy > o. 


12-34. Accounting for the variation of gravitational 
acceleration a with respect to altitude y (see Prob. 12-36), 
derive an equation that relates the velocity of a freely 
falling particle to its altitude. Assume that the particle is 
released from rest at an altitude yg from the earth’s surface. 
With what velocity does the particle strike the earth if it is 
released from rest at an altitude yọ = 500 km? Use the 
numerical data in Prob. 12-33. 
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12.3 Rectilinear Kinematics: Erratic 
Motion 


When a particle has erratic or changing motion then its position, velocity, 
and acceleration cannot be described by a single continuous mathematical 
function along the entire path. Instead, a series of functions will be 
required to specify the motion at different intervals. For this reason, it is 
convenient to represent the motion as a graph. If a graph of the motion 
that relates any two of the variables s,v, a, t can be drawn, then this graph 
can be used to construct subsequent graphs relating two other variables 
since the variables are related by the differential relationships v — ds/dt, 
a = dv/dt, or a ds = v dv. Several situations occur frequently. 








The s-t, v-t, and a-t Graphs. To construct the v-t graph given 
the s-t graph, Fig. 12-7a, the equation v = ds/dt should be used, since it 
relates the variables s and f to v. This equation states that 











For example, by measuring the slope on the s-t graph when t = t, the 
velocity is v,, which is plotted in Fig. 12-7b. The v-t graph can be 
constructed by plotting this and other values at each instant. 

The a-t graph can be constructed from the v-t graph in a similar 
manner, Fig. 12-8, since 











dv 

Hcy 

dt 
slope at = acceleration 
v-t graph 











Examples of various measurements are shown in Fig. 12-8a and plotted 
in Fig. 12-85. 
a If the s-t curve for each interval of motion can be expressed by a 
mathematical function s = s(t), then the equation of the v-t graph for 
the same interval can be obtained by differentiating this function with 
respect to time since v = ds/dt. Likewise, the equation of the a-t graph 
fi, = 0 d; for the same interval can be determined by differentiating v = v(t) since 
(0) f h 1s a = dv/dt. Since differentiation reduces a polynomial of degree n to that 
of degree n - 1, then if the s-t graph is parabolic (a second-degree curve), 
the v-t graph will be a sloping line (a first-degree curve), and the 
Fig. 12-8 a-t graph will be a constant or a horizontal line (a zero-degree curve). 
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If the a-t graph is given, Fig. 12-9a, the v-t graph may be constructed 
using a — dv/dt, written as 


Av = foa 


changein _ area under 
velocity a-t graph 





Hence, to construct the v-t graph, we begin with the particle’s initial 
velocity vo and then add to this small increments of area (Av) determined 
from the a-t graph. In this manner successive points, v; = vp + Av, etc., 
for the v-t graph are determined, Fig. 12-9b. Notice that an algebraic 
addition of the area increments of the a-t graph is necessary, since areas 
lying above the ¢ axis correspond to an increase in v (“positive” area), 
whereas those lying below the axis indicate a decrease in v (“negative” 
area). 

Similarly, if the v—t graph is given, Fig. 12-10a, it is possible to determine 
the s-t graph using v = ds/dt, written as 





as= foa 


area under 
v-t graph 


displacement = 





In the same manner as stated above, we begin with the particle’s initial 
position sọ and add (algebraically) to this small area increments As 
determined from the v-t graph, Fig. 12-10b. 

If segments of the a-t graph can be described by a series of equations, 
then each of these equations can be integrated to yield equations 
describing the corresponding segments of the v-t graph. In a similar 
manner, the s-t graph can be obtained by integrating the equations 
which describe the segments of the v-t graph. As a result, if the 
a-t graph is linear (a first-degree curve), integration will yield a 
v-t graph that is parabolic (a second-degree curve) and an s-t graph 
that is cubic (third-degree curve). 








v Av 








ti 


(b) 
Fig. 12-9 








As 


Sy 


50 








fi 
(b) 
Fig. 12-10 
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The v-s and a-s Graphs. Ifthe a-s graph can be constructed, 
then points on the v—s graph can be determined by using v dv = a ds. 
Integrating this equation between the limits v = vp) ats = so and v = v 
ats = sı, we have, 






51 1 
f'a ds = (vy? = vg) 


(a) 





e 









































ST 
lw) — v) = | ads 
So 
area under 
a—s graph 
Vy 
Vo 
51 ? 
(b) Therefore, if the red area in Fig. 12-11a is determined, and the initial 
] velocity vo at syj— 0 is known, then v, = (2/?ads + vo) ^, 
mp Fig. 12-11b. Successive points on the v-s graph can be constructed in this 
v manner. 
If the v-s graph is known, the acceleration a at any position s can be 
du. determined using a ds = v dv, written as 
Vo v 
( 2) 
5 a= = 
L——— s —__-» ds 
(a) velocity times 
acceleration — slope of 
T v—s graph 
do 
a — v(dv/ds) Thus, at any point (s, v) in Fig. 12-12a, the slope dv/ds of the v-s graph is 
measured. Then with v and dv/ds known,the value of a can be calculated, 
š Fig. 12-12b. 
k— s — The v-s graph can also be constructed from the a-s graph, or vice 





(b) versa, by approximating the known graph in various intervals with 
mathematical functions, v = f(s) ora = g(s), and then using ads = v dv 
Fig. 12-12 to obtain the other graph. 


12.3 RECTILINEAR KINEMATICS: ERRATIC MOTION 


EXAMPLE | 12.6 


A bicycle moves along a straight road such that its position is described 
by the graph shown in Fig. 12-13a. Construct the v-t and a-t graphs 
for0 x t = 30s. 

s (ft) 


diis 








s — 20t — 100 











SOLUTION 
v-t Graph. Since v — ds/dt, the v-t graph can be determined by 
differentiating the equations defining the s-t graph, Fig. 12-13a. We have 


ds 
d 


d. 
ls «tz 30s; s = (20t — 100) ft vou OUS 
The results are plotted in Fig. 12-135. We can also obtain specific 
values of v by measuring the slope of the s-t graph at a given instant. 
For example, at t = 20 s, the slope of the s—t graph is determined from 
the straight line from 10 s to 30 s, i.e., 
As — 500ft — 100 ft 


— 20s; = = 20 tt 
i : d At 30s — 10's 3 


gar Og Sat v = — = (t) ft/s 





a-t Graph. Since a = dv/dt, the a-t graph can be determined by 
differentiating the equations defining the lines of the v-t graph. 
This yields r 

are 10s; v = (21) ft/s a= = 2fi/s" 

LOR == 30's; v = 20 ft/s a= 2 = 
The results are plotted in Fig. 12-13c. 


NOTE: Show that a = 2 ft/s? when t = 5s by measuring the slope of 
the v-t graph. 


v (ft/s) 





a (ft/s?) 
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EXAMPLE | 12.7 


The car in Fig. 12-14a starts from rest and travels along a straight track 
such that it accelerates at 10 m/s? for 10 s, and then decelerates at 
2 m/s”. Draw the v-t and s-t graphs and determine the time t’ needed 
to stop the car. How far has the car traveled? 


SOLUTION 


v-t Graph. Since dv = adt, the v-t graph is determined by 
integrating the straight-line segments of the a-t graph. Using the initial 
condition v = 0 when t = 0, we have 








v t 
0=t< 10s; a= (10) m/s’; ] ^- foa v = 10t 
0 0 


When ¢= 10s, v = 10(10) = 100 m/s. Using this as the initial 
condition for the next time period, we have 


f 
Os- rst a" cows f dv = / —2 dt, v = (—2t + 120) m/s 
100 m/s 10s 
When t = t' we require v = 0. This yields, Fig. 12-145, 
t' — 60s Ans. 

T TIU A more direct solution for t’ is possible by realizing that the area 
under the a-t graph is equal to the change in the car's velocity. We 
require Av = 0 = A, + Ap, Fig. 12-14a. Thus 

0 = 10 m/s*(10 s) + (-2 m/s*\(t’ — 10s) 

t' — 60s Ans. 

s-t Graph. Since ds = vdt, integrating the equations of the 
v-t graph yields the corresponding equations of the s-t graph. Using 
the initial condition s — 0 when t — 0, we have 








S i 
(css does 105, vo — (10r) ss [a= fiora x= 5m 
0 0 


When t = 10s, s = 5(10)* = 500 m. Using this initial condition, 
iS} jt 


10s t- 60s; v = (—2t + 120) m/s f ds = (G 20S 120)dr 
500 m 10s 


s — 500 = —f + 120r — [-(10)} + 120(10)] 
s = (—£ + 120t — 600) m 
When t’ = 60s, the position is 
s = —(60) + 120(60) — 600 = 3000 m Ans. 
The s-t graph is shown in Fig. 12-14c. 





s = —£ + 120t — 600 








NOTE: A direct solution for s is possible when t’ = 60s, since the 
triangular area under the v-t graph would yield the displacement 
As = s — Ofrom t = 0 to t' = 60s. Hence, 


As = H60 s)(100 m/s) = 3000 m Ans. 
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EXAMPLE | 12.8 


The v-s graph describing the motion of a motorcycle is shown in 
Fig. 12-15a. Construct the a-s graph of the motion and determine the 
time needed for the motorcycle to reach the position s — 400 ft. 


SOLUTION v (ft/s) 


a-s Graph. Since the equations for segments of the v—s graph are 
given, the a—s graph can be determined using a ds = v dv. 


0 x s « 200 ft; v = (0.2s + 10) ft/s 


v = 02s + 10 


d d 
Ga = (Os TOI ToS 10) = 00 B 
ds ds 








200 ft < s = 400 ft; v = 50 ft/s 


dv d 
= v— = (50)— (50) = 0 
O=O ( ie ) 


The results are plotted in Fig. 12-155. 


Time. The time can be obtained using the v—s graph and v = ds/dt, a (ft/s?) 

because this equation relates v, s, and t. For the first segment of 

motion, s = 0 when t = 0,so LESE de) 
ds ds 


<5 < 200 ft; = (0.2s + 10) ft/s; f= — = 
dc uL uas c L je 


t S 
0 o 02s + 10 
t = (5 n(0.2s + 10) — 51n 10) s 


At s = 200 ft, t = 51n[0.2(200) + 10] — 51n 10 = 8.05 s. Therefore, 
using these initial conditions for the second segment of motion, 


ds ds 
200 ft < s = 400 ft; v = 50 ft/s; dt = — = — 
v 50 


t s 
d 
i) dt = f 
8.05 s 200 m 99 


p= 805 =e r= (5 +405) 


50 50 


Therefore, at s = 400 ft, 


(2599. 105 = 129 A 
50 Í Os ns. 


NOTE: The graphical results can be checked in part by calculating slopes. 
For example, at s = 0, a = v(dv/ds) = 10(50 — 10)/200 = 2 m/s”. 
Also, the results can be checked in part by inspection. The v-s graph 
indicates the initial increase in velocity (acceleration) followed by 
constant velocity (a = 0). 
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P12-2. e) Draw the v-t graph if v — 0 when t= 0. Find the equation 
v — f(t) for each segment. 





PRELIMINARY PROBLEM 





a) Draw the s-t and a-t graphs if s = 0 when t= 0. 


v (m/s) 
4 v = 2t à (3/88) 
2 
- t(s) ; = 1(s) 
b) Draw the a-t and v-t graphs. -2 
s (m) 
2 f) Determine v at s=2 mif v=1 m/s ats=0. 
s=—2t+2 


t (s) a (m/s) 


ym 
c) Draw the v-t and s-t graphs if v = 0, s = 0 when 
t=0. 
a (m/s?) 
3 s (m) 


=2 


d) Determine s and a when t=3 s if s = 0 when t=0. 











g) Determine a at s — 1 m. 


v (m/s) 


v (m/s) 4 
2 
2 4 9) J s (m) 


Prob. P12-2 


F12-9. The particle travels along a straight track such that 
its position is described by the s-t graph. Construct the 
v-t graph for the same time interval. 

s (m) 


Q9 


s = 108 





108 4 

















t (s) 
6 8 10 


Prob. F12-9 
F12-10. A van travels along a straight road with a velocity 
described by the graph. Construct the s—t and a-t graphs 
during the same period. Take s = 0 when t = 0. 


v (ft/s) 








t (s) 
20 


Prob. F12-10 
F12-11. A bicycle travels along a straight road where its 
velocity is described by the v-s graph. Construct the 
a-s graph for the same interval. 


v (m/s) 














40 s (m) 


Prob. F12-11 
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Em FUNDAMENTAL PROBLEMS g 


F12-12. The sports car travels along a straight road such 
that its acceleration is described by the graph. Construct the 
v—s graph for the same interval and specify the velocity of 
the car when s= 10 m and s — 15 m. 


a (m/s?) 


10 4 





aS 








0 s (m) 
5 10 15 
Prob. F12-12 
F12-13. The dragster starts from rest and has an 
acceleration described by the graph. Construct the v-t 
graph for the time interval 0 = f = tr’, where t' is the time 
for the car to come to rest. 


a (m/s?) 





24 Nu. -—— 





0 t (s) 


—104 





Prob. F12-13 
F12-14. The dragster starts from rest and has a velocity 
described by the graph. Construct the s-t graph during the 
time interval 0 < :- 15s. Also, determine the total 
distance traveled during this time interval. 





v (m/s) 
E 8 
v —30t 
150- — 
v = —15t + 225 








5 pO 


Prob. F12-14 
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KINEMATICS OF A PARTICLE 


T TPROSLEMS 


12-35. A freight train starts from rest and travels with a 
constant acceleration of 0.5 ft/s”. After a time ¢’ it maintains a 
constant speed so that when t = 160 s it has traveled 2000 ft. 
Determine the time t’ and draw the v-t graph for the 
motion. 


*12-36. The s-t graph for a train has been experimentally 
determined. From the data, construct the v-t and a-t graphs 
for the motion; 0 = t « 40 s. For 0 St < 30 s, the curve is 
s = (0.42) m, and then it becomes straight for t = 30 s. 


s (m) 


600 








360 








30 40 
Prob. 12-36 


12-37. Two rockets start from rest at the same elevation. 
Rocket A accelerates vertically at 20 m/s? for 12 s and then 
maintains a constant speed. Rocket B accelerates at 15 m/s? 
until reaching a constant speed of 150 m/s. Construct the 
a-t, v-t, and s-t graphs for each rocket until t — 20 s. What is 
the distance between the rockets when t= 20 s? 


12-38. A particle starts from s = 0 and travels along a 
straight line with a velocity v — (2 — 4t 4- 3) m/s, where t is in 
seconds. Construct the v-t and a-t graphs for the time 
interval0 < t S 4s. 


12-39. If the position of a particle is defined by 
s = [2 sin (7/5)t + 4] m, where t is in seconds, construct the 
s—t, v-t, and a-t graphs for 0 = t = 10s. 


*12-40. An airplane starts from rest, travels 5000 ft down 
a runway, and after uniform acceleration, takes off with a 
speed of 162 mi/h. It then climbs in a straight line with a 
uniform acceleration of 3 ft/s? until it reaches a constant 
speed of 220 mi/h. Draw the s-t, v-t, and a-t graphs that 
describe the motion. 


12-41. The elevator starts from rest at the first floor of the 
building. It can accelerate at 5 ft/s? and then decelerate at 
2 ft/s”. Determine the shortest time it takes to reach a floor 
40 ft above the ground. The elevator starts from rest and 
then stops. Draw the a-t, v-t, and s-t graphs for the motion. 











Prob. 12-41 


12-42. The velocity of a car is plotted as shown. Determine 
the total distance the car moves until it stops (t = 80 s). 
Construct the a-t graph. 


v (m/s) 











t (s) 


40 80 


Prob. 12-42 


12-43. The motion of a jet plane just after landing on a 
runway is described by the a-t graph. Determine the time t’ 
when the jet plane stops. Construct the v-t and s-t graphs 
for the motion. Here s = 0, and v = 300 ft/s when t — 0. 











a (m/s?) 
10 20 Ü 
t (s) 
=10 
=20 
Prob. 12-43 


*12-44. The v-t graph for a particle moving through an 
electric field from one plate to another has the shape shown 
in the figure. The acceleration and deceleration that occur 
are constant and both have a magnitude of 4 m/s”. If the 
plates are spaced 200 mm apart, determine the maximum 
velocity Umax and the time t’ for the particle to travel from 
one plate to the other. Also draw the s-t graph. When 
t = t'/2the particle is at s = 100 mm. 


12-45. The v-t graph for a particle moving through an 
electric field from one plate to another has the shape shown 
in the figure, where t’ = 0.2 s and Vmax = 10 m/s. Draw the 
s-t and a-t graphs for the particle. When t = t'/2 the 
particle is at s — 0.5 m. 


E — Snax 





























t'/2 i 





Probs. 12—44/45 
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12-46. The a-s graph for a rocket moving along a straight 
track has been experimentally determined. If the rocket 
starts at s — 0 when v — 0, determine its speed when it is at 
s = 75 ft, and 125 ft, respectively. Use Simpson's rule with 
n — 100 to evaluate v at s — 125 ft. 


a (ft/s?) 





a=5 + 6(s — 10)? 





s (ft) 


100 


Prob. 12-46 


12-47. A two-stage rocket is fired vertically from rest at 
s — 0 with the acceleration as shown. After 30 s the first 
stage, A, burns out and the second stage, B, ignites. Plot the 
v-t and s-t graphs which describe the motion of the second 
stage for 0 x t 60 s. 


a (m/s?) 








t (s) 


Prob. 12-47 
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*12-48. The race car starts from rest and travels along a 
straight road until it reaches a speed of 26 m/s in 8 s as 
shown on the v-t graph. The flat part of the graph is caused 
by shifting gears. Draw the a-t graph and determine the 
maximum acceleration of the car. 


v (m/s) 

















4 5 8 6) 


Prob. 12-48 


12-49. The jet car is originally traveling at a velocity 
of 10 m/s when it is subjected to the acceleration shown. 
Determine the car's maximum velocity and the time t’ when 
it stops. When t —0, s — 0. 


a (m/s?) 








Prob. 12-49 


12-50. The car starts from rest at s = 0 and is subjected to 
an acceleration shown by the a-s graph. Draw the v-s graph 
and determine the time needed to travel 200 ft. 


a (ft/s?) 


A ‘VS 





a A. 









12 
a = —0.04s + 24 


s (ft) 


300 450 


Prob. 12-50 


12-51. The v-t graph for a train has been experimentally 
determined. From the data, construct the s-t and a-t graphs 
for the motion for 0 € t 180 s. When t — 0,5 — 0. 


v (m/s) 














t (s) 


60 120 180 


Prob. 12-51 


*12-52. A motorcycle starts from rest at s = 0 and travels 
along a straight road with the speed shown by the v-t graph. 
Determine the total distance the motorcycle travels until it 
stops when t= 15 s. Also plot the a-t and s-t graphs. 


12-53. A motorcycle starts from rest at s = 0 and travels 
along a straight road with the speed shown by the v-t graph. 
Determine the motorcycle's acceleration and position when 
t—8sandt-— 12 s. 


v (m/s) 








v — 125t v5 








t(s) 


4 10 15 


Probs. 12-52/53 


12-54. The v-t graph for the motion of a car as it moves 
along a straight road is shown. Draw the s-t and a-t graphs. 
Also determine the average speed and the distance traveled 
for the 15-s time interval. When t= 0,s — 0. 


C— Du X 








v (m/s) 





t(s) 





Prob. 12-54 
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12-55. An airplane lands on the straight runway, originally 
traveling at 110 ft/s when s = 0. If it is subjected to the 
decelerations shown, determine the time r’ needed to stop 
the plane and construct the s-t graph for the motion. 





a (ft/s) 














Prob. 12-55 


*12-56. Starting from rest at s = 0, a boat travels in a 
straight line with the acceleration shown by the a-s graph. 
Determine the boat’s speed when s = 50 ft, 100 ft, and 150 ft. 


12-57. Starting from rest at s = 0, a boat travels in a 
straight line with the acceleration shown by the a-s graph. 
Construct the v-s graph. 


a (ft/s?) 


E —4 





s (ft) 


100 150 


Probs. 12—56/57 
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12-58. A two-stage rocket is fired vertically from rest with 
the acceleration shown. After 15 s the first stage A burns out 
and the second stage B ignites. Plot the v-t and s-t graphs 
which describe the motion of the second stage for 0 x t £ 40 s. 


a (m/s?) 








t (s) 


15 40 


Prob. 12-58 


12-59. The speed of a train during the first minute has 
been recorded as follows: 


t (s) 
v (m/s) 
Plot the v-t graph, approximating the curve as straight-line 


segments between the given points. Determine the total 
distance traveled. 


0 20 40 60 
0 16 21 24 


*12-60. A man riding upward in a freight elevator 
accidentally drops a package off the elevator when it is 
100 ft from the ground. If the elevator maintains a constant 
upward speed of 4 ft/s, determine how high the elevator is 
from the ground the instant the package hits the ground. 
Draw the v-t curve for the package during the time it is in 
motion. Assume that the package was released with the 
same upward speed as the elevator. 


12-61. Two cars start from rest side by side and travel 
along a straight road. Car A accelerates at 4 m/s? for 10 s 
and then maintains a constant speed. Car B accelerates at 
5 m/s? until reaching a constant speed of 25 m/s and then 
maintains this speed. Construct the a-t, v-t, and s-t graphs 
for each car until t = 15 s. What is the distance between the 
two cars when t — 15 s? 


12-62. If the position of a particle is defined as s = 
(5t — 38) ft, where t is in seconds, construct the s-t, v-t, and 
a-t graphs for 0 x t< 10 s. 


12-63. From experimental data, the motion of a jet plane 
while traveling along a runway is defined by the v-t graph. 
Construct the s-t and a-t graphs for the motion. When 
[—0,s — 0. 











v (m/s) 
60 
20 
t 
5 20 30 © 
Prob. 12-63 


*12-64. The motion ofa train is described by the a-s graph 
shown. Draw the v-s graph if v — 0 at s — 0. 





300 600 


Prob. 12-64 
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subjected to the acceleration shown. Determine the speed road is shown. Construct the a-s graph. 
of the plane when it has traveled 1000 ft. Also, how much 
time is required for it to travel 1000 ft? 


12-65. The jet plane starts from rest at s = 0 and is 12-67. The v-s graph of a cyclist traveling along a straight g 
12 


a (ft/s?) v (ft/s) 











a = 75 — 0.025s 15 





v = —0.04 s + 19 
v=0.1s+5 





s (ft) 


1000 s (ft) 


100 350 


Prob. 12-65 
Prob. 12-67 


12-66. The boat travels along a straight line with the speed 
described by the graph. Construct the s-t and a-s graphs. 
Also, determine the time required for the boat to travel a 


: : " . Thev- hf hicle is shown. D i 
distances A00 miis eee: 12-68. e v-s graph for a test vehicle is shown. Determine 


its acceleration when s — 100 m and when s — 175 m. 


v (m/s) 
v (m/s) 

















s (m) 





100 400 150 200 


Prob. 12-66 Prob. 12-68 
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12.4 General Curvilinear Motion 





Curvilinear motion occurs when a particle moves along a curved path. 
Since this path is often described in three dimensions, vector analysis will 
be used to formulate the particle’s position, velocity, and acceleration.* In 
this section the general aspects of curvilinear motion are discussed, and 
in subsequent sections we will consider three types of coordinate systems 
often used to analyze this motion. 


Position. Consider a particle located at a point on a space curve 
defined by the path function s(t), Fig. 12-16a. The position of the particle, 
measured from a fixed point O, will be designated by the position vector 
r = r(t). Notice that both the magnitude and direction of this vector will 
change as the particle moves along the curve. 





Position 

(a) EB Displacement. Suppose that during a small time interval Ar the 
particle moves a distance As along the curve to a new position, defined 

byr' = r + Ar, Fig. 12-16b. The displacement Ar represents the change 

in the particle's position and is determined by vector subtraction; i.e., 


Ar-—r'-— r. 


Velocity. During the time At, the average velocity of the particle is 








Ar 
Vay = 
> At 
Displacement The instantaneous velocity is determined from this equation by letting 
At— 0, and consequently the direction of Ar approaches the tangent to 
(b) . 
the curve. Hence, v — jim (Ar/ At) or 
dr 
= 12-7 
vat ( ) 











Since dr will be tangent to the curve, the direction of v is also tangent to 
the curve, Fig. 12-16c. The magnitude of v, which is called the speed, is 
obtained by realizing that the length of the straight line segment Ar in 
Fig. 12-16b approaches the arc length As as At—>0, we have 
v= jim (Ar/Ar) = Jim (As/At), Or 


r 














O 
i d 
Velocity vm » (12-8) 
(c) 
Fig. 12-16 Thus, the speed can be obtained by differentiating the path function s with 


respect to time. 


*A summary of some of the important concepts of vector analysis is given in Appendix B. 
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v' = v + Avatt + At, Fig. 12-16d, then the average acceleration of the 


Acceleration. If the particle has a velocity v at time t and a velocity Y y g 
12 
particle during the time interval At is 


_ Av 
aas = Ay 
(d) 


where Av = v' — v. To study this time rate of change, the two velocity 
vectors in Fig. 12-164 are plotted in Fig. 12-16e such that their tails are 
located at the fixed point O' and their arrowheads touch points on a 
curve. This curve is called a hodograph, and when constructed, it describes Av 
the locus of points for the arrowhead of the velocity vector in the same 
manner as the path s describes the locus of points for the arrowhead of v 
the position vector, Fig. 12-16a. 
To obtain the instantaneous acceleration, let At —0 in the above (e) 
equation. In the limit Av will approach the tangent to the hodograph, and 
soa = Jim (Av/An, or 


O' 





a ^ (12-9) Hodograph 











Substituting Eq. 12-7 into this result, we can also write (t) 


_ dr 
dt 


a 


By definition of the derivative, a acts tangent to the hodograph, 
Fig. 12-16f, and, in general it is not tangent to the path of motion, 
Fig. 12-16g. To clarify this point, realize that Av and consequently a must 
account for the change made in both the magnitude and direction of the 
velocity v as the particle moves from one point to the next along the path, 
Fig. 12-164. However, in order for the particle to follow any curved path, 
the directional change always *swings" the velocity vector toward the Acceleration 
“inside” or “concave side” of the path, and therefore a cannot remain 
tangent to the path. In summary, v is always tangent to the path and a is () 
always tangent to the hodograph. Fig. 12-16 
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Position 


(a) 


v— vd + vj + vk 





Velocity 
(b) 


Fig. 12-17 


y 


12.5 Curvilinear Motion: Rectangular 
Components 


Occasionally the motion of a particle can best be described along a path 
that can be expressed in terms of its x, y, z coordinates. 


Position. If the particle is at point (x, y, z) on the curved path s 
shown in Fig. 12-17a, then its location is defined by the position vector 





r = xi + yj + zk (12-10) 











When the particle moves, the x, y, z components of r will be functions of 
time; i.e., x = x(f), y = y(t), z = z(), so that r = r(?). 

At any instant the magnitude of r is defined from Eq. B-3 in 
Appendix B as 








r= Vx + y +2 
And the direction of r is specified by the unit vector u, = r/r. 


Velocity. The first time derivative of r yields the velocity of the 
particle. Hence, 


dr od d d 
=^ = i) + j) + k 
igi" 409 499 ac ) 





When taking this derivative, it is necessary to account for changes in both 
the magnitude and direction of each of the vector's components. For 
example, the derivative of the i component of r is 


di 
dt 





e apes is 
dr" dt x 


The second term on the right side is zero, provided the x, y, z reference 
frame is fixed, and therefore the direction (and the magnitude) of i does 
not change with time. Differentiation of the j and k components may be 
carried out in a similar manner, which yields the final result, 





dr A : 
mee + v,j + vk (12-11) 











where 





C= x uy m m (12-12) 











12.5 CURVILINEAR MOTION: RECTANGULAR COMPONENTS 


The “dot” notation x, y, z represents the first time derivatives of x = x(t), 
y = y(t), z = z(t), respectively. 
The velocity has a magnitude that is found from 


v= Vu, + o + o 


and a direction that is specified by the unit vector u, = v/v. As discussed 
in Sec. 12.4, this direction is always tangent to the path, as shown in 
Fig. 12-17b. 


Acceleration. The acceleration of the particle is obtained by taking 
the first time derivative of Eq. 12-11 (or the second time derivative of 
Eq. 12-10). We have 





d 
act cabtajtak (12-13) 











where 


(12-14) 





Here ay, a,, a; represent, respectively, the first time derivatives of 
v, = v(t), Vy = V(t), v, = v(t), or the second time derivatives of the 
functions x = x(t), y = y(), z = z(t). 


The acceleration has a magnitude 








a= Va? + a + ae 


and a direction specified by the unit vector u, = a/a. Since a represents 
the time rate of change in both the magnitude and direction of the velocity, 
in general a will not be tangent to the path, Fig. 12-17c. 


a=ait aj +ak 
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Acceleration 


(c) 


y 





38 


CHAPTER 12 


KINEMATICS OF A 


PARTICLE 


Important Points 


Curvilinear motion can cause changes in both the magnitude and 
direction of the position, velocity, and acceleration vectors. 


The velocity vector is always directed tangent to the path. 


In general, the acceleration vector is not tangent to the path, but 
rather, it is tangent to the hodograph. 


If the motion is described using rectangular coordinates, then the 
components along each of the axes do not change direction, only 
their magnitude and sense (algebraic sign) will change. 


By considering the component motions, the change in magnitude 
and direction of the particle’s position and velocity are automatically 
taken into account. 


Procedure for Analysis 


Coordinate System. 


A rectangular coordinate system can be used to solve problems 
for which the motion can conveniently be expressed in terms of 
its x, y, Z components. 


Kinematic Quantities. 


Since rectilinear motion occurs along each coordinate axis, the 
motion along each axis is found using v = ds/dt and a = dv/dt; 
or in cases where the motion is not expressed as a function of 
time, the equation a ds — v dv can be used. 


In two dimensions, the equation of the path y — f(x) can be used 
to relate the x and y components of velocity and acceleration by 
applying the chain rule of calculus. A review of this concept is 
given in Appendix C. 


Once the x, y, z components of v and a have been determined, the 
magnitudes of these vectors are found from the Pythagorean 
theorem, Eq. B-3, and their coordinate direction angles from the 
components of their unit vectors, Eqs. B-4 and B-5. 





12.5 CURVILINEAR MOTION: RECTANGULAR COMPONENTS 


EXAMPLE | 12.9 
At any instant the horizontal position of the weather balloon in 
Fig. 12-18a is defined by x = (87) ft, where ft is in seconds. If the 


equation of the path is y = x?/10, determine the magnitude and 
direction of the velocity and the acceleration when t = 2 s. 


SOLUTION 
Velocity. The velocity component in the x direction is 
v x d (8t) = 8 ft/s > 
= A = 
: dt i 


To find the relationship between the velocity components we will use the 
chain rule of calculus. When t = 2s, x = 8(2) 16 ft, Fig. 12-18a, and so 








V, -y- “(2/10) = xx / 10 = 2016)(8)/ 10 = 25.6 ft/s T 


When t = 2 s, the magnitude of velocity is therefore 





v = V(8 ft/s + (25.6 ft/s)? = 26.8 ft/s 
The direction is tangent to the path, Fig. 12-185, where 


Vv 25.6 
1” = ta OU Ans. 


x 


0, = tan 


Acceleration. The relationship between the acceleration components 
is determined using the chain rule. (See Appendix C.) We have 


d 
Pm c a 


=ù, = “ Oxk/10) = 2(X)x/10 + 2x(X)/10 
= 2(8)7/10 + 2(16)(0)/10 = 12.8 ft/s? f 


Thus, 


a= V Oy + (128) = 12:81 /8^ 


The direction of a, as shown in Fig. 12-18c, is 


12.8 
0, = tan imm = 90° Ans. 


NOTE: It is also possible to obtain v, and a, by first expressing 
y—f(n- (80?/ 10 = 6.42 and then taking successive time derivatives. 





a = 12.8 ft/ 
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v — 26.8 ft/s 
Oy = 72.6 
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For a short time, the path of the plane in Fig. 12-19a is described by 
y = (0.00152) m. If the plane is rising with a constant upward velocity of 
10 m/s, determine the magnitudes of the velocity and acceleration of the 
plane when it reaches an altitude of y — 100 m. 


SOLUTION 
When y = 100 m, then 100 = 0.001: or x = 316.2 m. Also, due to 
constant velocity v, = 10 m/s, so 


MEE 100 m = (10 m/s) 1 t= 10s 
Velocity. Using the chain rule (see Appendix C) to find the 
relationship between the velocity components, we have 


y= O00le 


: d . 
Cy SS 4, 0.0015 — (0.002x)x — 0.002xv, 


Thus 


p Zuge 10 m/s = 0.002(316.2 mY(v,) 
v, = 15.81 m/s 





ae 








* The magnitude of the velocity is therefore 





v = Va +o? = V(5881 m/s)? + (10 m/s? = 18.7m/s — Ans. 


Acceleration. Using the chain rule, the time derivative of Eq. (1) 
gives the relation between the acceleration components. 


GS vy = (0.002x)x + 0.002x(X) = 0.002(v? + xa,) 
When — 3162 m, v, — 15.81 m/$, 4» — d, — 0; 


0 = 0.002 [(15.81 m/s)? + 316.2 m(a)] 
a, = —0.791 m/s? 


I" UNE 
100 a : ES 
» x The magnitude of the plane's acceleration is therefore 


a= Væ + aj = V(-0.791 m/s’? (0 m/s)? 











(b) 
= 0.791 m/s? 





These results are shown in Fig. 12-19b. 


12.6 


12.6 Motion of a Projectile 


The free-flight motion of a projectile is often studied in terms of its 
rectangular components. To illustrate the kinematic analysis, consider a 
projectile launched at point (xo, yo), with an initial velocity of vp, having 
components (vo), and (vo),, Fig. 12-20. When air resistance is neglected, 
the only force acting on the projectile is its weight, which causes the 
projectile to have a constant downward acceleration of approximately 
a, — g — 9.81 m/s? or g — 322 ft/s?.* 





y 

















—-— Xo 











x 
Fig. 12-20 


Horizontal Motion. Since a, = 0, application of the constant 
acceleration equations, 12-4 to 12-6, yields 


(35) = Uo + act Ux = (Vo) 
(35) X = xg + vet + la) X = Xo + (Ug 
(4) v? = vj + 2a,(x — xo); Vx = (Vo) 


The first and last equations indicate that the horizontal component of 
velocity always remains constant during the motion. 


Vertical Motion. 


Since the positive y axis is directed upward, then 





a, = —g. Applying Eqs. 12-4 to 12-6, we get 

(+1) v = VU + af; v, = (Up), — at 

Cf) y = yo + tet + ad; y = yo + (v9)t — ser 
(+1) v^ = vj + 2ay — yo); v; = (Uo); — 28(y — yo) 


Recall that the last equation can be formulated on the basis of eliminating 
the time ¢ from the first two equations, and therefore only two of the above 
three equations are independent of one another. 


*This assumes that the earth’s gravitational field does not vary with altitude. 





MOTION OF A PROJECTILE 


Each picture in this sequence is taken 
after the same time interval. The red ball 
falls from rest, whereas the yellow ball is 
given a horizontal velocity when released. 
Both balls accelerate downward at the 
same rate, and so they remain at the same 
elevation at any instant. This acceleration 
causes the difference in elevation between 
the balls to increase between successive 
photos. Also, note the horizontal distance 
between successive photos of the yellow 
ball is constant since the velocity in the 
horizontal direction remains constant. 
(© R.C. Hibbeler) 
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Once thrown, the basketball follows a 
parabolic trajectory. (© R.C. Hibbeler) 








Gravel falling off the end of this conveyor 
belt follows a path that can be predicted 
using the equations of constant 
acceleration. In this way the location of 
the accumulated pile can be determined. 
Rectangular coordinates are used for the 
analysis since the acceleration is only in 
the vertical direction. (© R.C. Hibbeler) 


To summarize, problems involving the motion of a projectile can have 
at most three unknowns since only three independent equations can be 
written; that is, one equation in the horizontal direction and two in the 
vertical direction. Once v, and v, are obtained, the resultant velocity v, 
which is always tangent to the path, can be determined by the vector sum 


as shown in Fig. 12-20. 


Procedure for Analysis 


Coordinate System. 


e Establish the fixed x, y coordinate axes and sketch the trajectory 
of the particle. Between any two points on the path specify the 
given problem data and identify the three unknowns. In all cases 
the acceleration of gravity acts downward and equals 9.81 m/s” 
or 32.2 ft/s”. The particle's initial and final velocities should be 
represented in terms of their x and y components. 


Remember that positive and negative position, velocity, and 
acceleration components always act in accordance with their 
associated coordinate directions. 


Kinematic Equations. 


e Depending upon the known data and what is to be determined, a 
choice should be made as to which three of the following four 
equations should be applied between the two points on the path 
to obtain the most direct solution to the problem. 


Horizontal Motion. 


e The velocity in the horizontal or x direction is constant, i.e., 
v, = (vo), and 


x = Xo + (vgt 


Vertical Motion. 


e In the vertical or y direction only two of the following three 
equations can be used for solution. 


Dy = (iyi, nr 6 
y — yo + (v9,t + sat 
v? = (vo + 2ay — yo) 


For example, if the particle's final velocity v, is not needed, then 
the first and third of these equations will not be useful. 
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EXAMPLE | 12.11 


A sack slides off the ramp, shown in Fig. 12-21, with a horizontal 
velocity of 12 m/s. If the height of the ramp is 6 m from the floor, 
determine the time needed for the sack to strike the floor and the 
range R where sacks begin to pile up. 


X 





Fig. 12-21 
SOLUTION 


Coordinate System. The origin of coordinates is established at the 
beginning of the path, point A, Fig. 12-21. The initial velocity of a sack 
has components (v4), = 12 m/s and (v4), = 0. Also, between points A 
and B the acceleration isa, = —9.81 m/s”. Since (vg), = (v4), = 12 m/s, 
the three unknowns are (vg),, R, and the time of flight 145. Here we do 
not need to determine (v5),. 


Vertical Motion. The vertical distance from A to B is known, and 
therefore we can obtain a direct solution for t4g by using the equation 
(+f) Ye = Ya + (VAMag + ja fip 
—6m = 0 + 0 + 1(—9.81 m/s?) 
tap ~ Lis Ans. 

Horizontal Motion. Since t4g has been calculated, R is determined 
as follows: 
C) Xp = X4 + (U4)stap 

R = 0 + 12 m/s (1.11 s) 

R= 133m Ans. 


NOTE: The calculation for 145 also indicates that if a sack were released 
from rest at A, it would take the same amount of time to strike the 
floor at C, Fig. 1221. 
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The chipping machine is designed to eject wood chips at vo = 25 ft/s 
as shown in Fig. 12-22. If the tube is oriented at 30° from the horizontal, 
determine how high, h, the chips strike the pile if at this instant they 
land on the pile 20 ft from the tube. 


y 


Vo = 25 ft/s 








Fig. 12-22 


SOLUTION 


Coordinate System. When the motion is analyzed between points O 
and A, the three unknowns are the height h, time of flight 154, and 
vertical component of velocity (v4),. [Note that (v4), = (vo),.] With 
the origin of coordinates at O, Fig. 12-22, the initial velocity of a chip 
has components of 


(vo). = (25 cos 30°) ft/s = 21.65 ft/s > 
(vo), = (25 sin 30°) ft/s = 12.5 ft/s? 


Also, (0). = (Ug), — 21,65 ft/s and à, = —322 ft/s. Since we do 
not need to determine (v4),, we have 


Horizontal Motion. 
(3) XA = Xo JP (Vo)xtoa 
20 ft =O+ (21.65 ft/s)to,4 
toa = 0.9238 S 


Vertical Motion. Relating fg, to the initial and final elevations of a 
chip, we have 
CFT). ya 9 yo + (9ytoa + sata 
(h — 4 ft) = 0 + (12.5 ft/s)(0.9238 s) + 1(—32. ft/s2)(0.9238 s)? 
h = 1.81 ft Ans. 


NOTE: We can determine (v4), by using (v4), = (vo), + ato. 
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EXAMPLE | 12.13 


The track for this racing event was designed so that riders jump off the 
slope at 30°, from a height of 1 m. During a race it was observed that 
the rider shown in Fig. 12-23a remained in mid air for 1.5 s. Determine 
the speed at which he was traveling off the ramp, the horizontal 
distance he travels before striking the ground, and the maximum 
height he attains. Neglect the size of the bike and rider. 


(O R.C. Hibbeler) 


SOLUTION 


Coordinate System. As shown in Fig. 12—23b, the origin of the 
coordinates is established at A. Between the end points of the path AB 
the three unknowns are the initial speed v4, range R, and the vertical 
component of velocity (v,),. 








Vertical Motion. Since the time of flight and the vertical distance 
between the ends of the path are known, we can determine v4. 


CE ye = YA + (Wa)ytap + ja ip 
—1 m = 0 + v,sin30*(1.5 s) + 3(—9.81 m/s2)(1.5 s 
va = 13.38 m/s = 13.4 m/s Ans. 
Horizontal Motion. The range R can now be determined. 








(55) Xp = Xa + (V4)stap 
R = 0 + 13.38 cos 30° m/s(1.5 s) 
= 174m Ans. 
In order to find the maximum height h we will consider the path AC, 
Fig. 12-23b. Here the three unknowns are the time of flight ty, the 
horizontal distance from A to C, and the height h. At the maximum 
height (vc), = 0, and since v4 is known, we can determine h directly 
without considering f4c using the following equation. 
(vc); E: (v4)? F 2a yc a yal 
0? = (13.38 sin 30° m/s)? + 2(—9.81 m/s’)[(A — 1m) — 0] 
h = 3.28m Ans. 
NOTE: Show that the bike will strike the ground at B with a velocity 
having components of 
(v5). — 1Lomjs—, (0g) — 8.02 m/s4 
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E B PRELIMINARY PROBLEMS 


P12-3. Use the chain-rule and find y andy interms of — P12-5. The particle travels from A to B. Identify the 
x,X andx if three unknowns, and write the three equations needed 
to solve for them. 





a) y=4x2 
10 m/s 

b) y= 3e* 30? 

g A 

8m 
c) y=6sinx | B 

x 
Prob. P12-5 


P12-4. The particle travels from A to B. Identify the 
three unknowns, and write the three equations needed 


ko palve tor ihen, P12-6. The particle travels from A to B. Identify the 


three unknowns, and write the three equations needed 
to solve for them. 














y 
y 
40 m/s 
9 
A 
60 m/s Q B 
QB 20° 
x x 
- 20m J a lag = 58 





Prob. P12-4 Prob. P12-6 
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B FUNDAMENTAL PROBLEMS 


F12-15. If the x and y components of a particle's velocity 
are v, = (321) m/s and v, = 8m/s, determine the equation 
of the path y = f(x), if x = 0 and y = 0 when t = 0. 


F12-16. A particle is traveling along the straight path. If 
its position along the x axis is x = (8r) m, where f is in 
seconds, determine its speed when t = 2 s. 























Prob. F12-16 


F12-17. A particle is constrained to travel along the path. 
If x = (4) m, where ¢ is in seconds, determine the 
magnitude of the particle's velocity and acceleration when 
t= 05s. 











——- 
x = (4^) m 


Prob. F12-17 


F12-18. A particle travels along a straight-line path 
y = 0.5x. If the x component of the particle's velocity is 
v, = (22) m /s, where t is in seconds, determine the magnitude 
of the particle's velocity and acceleration when t = 4 s. 


« 


dis = 0.5x 
x 


Prob. F12-18 





F12-19. A particle is traveling along the parabolic path 
y = 025x). If x = 8 m, v, = 8 m/s, and a, = 4 m/s? when 
t = 2 s, determine the magnitude of the particle's velocity 


and acceleration at this instant. 
p4 0.252 
Nd 


Prob. F12-19 








F12-20. The box slides down the slope described by the 
equation y — (0.053?) m, where x is in meters. If the box has 
x components of velocity and acceleration of v, = —3 m/s 
anda, = —1.5 m/s? at x = 5 m,determine the y components 
of the velocity and the acceleration of the box at this instant. 


y = 0.05 x? 








Prob. F12-20 
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F12-21. The ball is kicked from point A with the initial F12-25. A ball is thrown from A. If it is required to clear 
velocity v4 = 10 m/s. Determine the maximum height h it the wall at B, determine the minimum magnitude of its 
reaches. initial velocity v4. 





F 12-22. The ball is kicked from point A with the initial 
velocity v4 = 10 m/s. Determine the range R, and the 
speed when the ball strikes the ground. 
























y 
B 
] [€— —— JM B. —— ——- 
1 U4 = 10 m/s y 
A 30° - 8 ft 
x 
3 ft 
x 
Prob. F12-21/22 
+ 12 ft * 
F12-23. Determine the speed at which the basketball at A Prob. F12-25 


must be thrown at the angle of 30° so that it makes it to the 
basket at B. 











F12-26. A projectile is fired with an initial velocity of 
v4 = 150 m/s off the roof of the building. Determine the 
range R where it strikes the ground at B. 














Prob. F12-23 


F12-24. Water is sprayed at an angle of 90? from the slope 
at 20 m/s. Determine the range R. y 


va = 150 m/s 








150m 














—1 lb 


R 





Prob. F12-24 Prob. F12-26 


a 


12-69. If the velocity of a particle is defined as v(t) = 
(0.821 + 1211/2] + 5k} m/s, determine the magnitude and 
coordinate direction angles a, B, y of the particle’s 
acceleration when t — 2 s. 


12-70. The velocity of a particle is y= {3i+ (6 — 25j) m/s, 
where ft is in seconds. If r — 0 when: — 0, determine the 
displacement of the particle during the time interval 
t— 1stot—3s. 


12-71. A particle, originally at rest and located at point 
(3 ft, 2 ft, 5 ft), is subjected to an acceleration. of 
a= {6ti + 12? Kk] ft/s’. Determine the particle's position 
(x,y, z)att= 1s. 


*12-72. The velocity of a particle is given by v = {16f7i+ 
APj + (5t + 2)k} m/s, where t is in seconds. If the particle 
is at the origin when r = 0, determine the magnitude of the 
particle's acceleration when t = 2 s. Also, what is the x, y, z 
coordinate position of the particle at this instant? 


12-73. The water sprinkler, positioned at the base of a hill, 
releases a stream of water with a velocity of 15 ft/s as 
shown. Determine the point B(x, y) where the water strikes 
the ground on the hill. Assume that the hill is defined by the 
equation y = (0.05x2) ft and neglect the size of the sprinkler. 


y = (0.052) ft 





Prob. 12-73 
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12-74. A particle, originally at rest and located at point (3 ft, 
2 ft, 5 ft), is subjected to an acceleration a = [6ti + 127k} ft/s”. 
Determine the particle's position (x, y, z) when t—2 s. 


12-75. A particle travels along the curve from A to B in2 s. 
It takes 4 s for it to go from B to C and then 3 s to go from C 
to D. Determine its average speed when it goes from A to D. 














Prob. 12-75 


*12-76. A particle travels along the curve from A to B in 5 s. 
It takes 8 s for it to go from B to C and then 10s to go from 
C to A. Determine its average speed when it goes around 
the closed path. 





20m 








A i 30m C 


Prob. 12-76 
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12-77. The position of a crate sliding down a ramp is given 
by x = (0.258) m, y = (1.5) m, z = (6 - 0.756/2) m, where t 
is in seconds. Determine the magnitude of the crate's 
velocity and acceleration when t — 2 s. 


12-78. A rocket is fired from rest at x = 0 and travels 
along a parabolic trajectory described by y? = [120(10?)x] m. 


If the x component of acceleration is a, — 1 P | m/s? 


where t is in seconds, determine the magnitude of the 
rocket's velocity and acceleration when f= 10 s. 


12-79. The particle travels along the path defined by the 
parabola y — 0.5x?. If the component of velocity along 
the x axis is v, = (5t) ft/s, where t is in seconds, determine 
the particle's distance from the origin O and the magnitude 
of its acceleration when: = 1s. When: = 0, x = 0, y = 0. 


y = 0.5x? 








Prob. 12-79 


*12-80. The motorcycle travels with constant speed v 
along the path that, for a short distance, takes the form of a 
sine curve. Determine the x and y components of its velocity 
at any instant on the curve. 


Vo 
— 


ET 








j^ 

Y x. 
: t 

= L Ta 


Prob. 12-80 








12-81. A particle travels along the curve from A to B in 
1 s. If it takes 3 s for it to go from A to C, determine its 
average velocity when it goes from B to C. 








y 
30° 
[45° C 
30m 
B 
A X 
Prob. 12-81 


12-82. The roller coaster car travels down the helical path 
at constant speed such that the parametric equations that 
define its position are x = c sin kt, y = c cos kt, z = h — bt, 
where c, h, and b are constants. Determine the magnitudes 
of its velocity and acceleration. 























Prob. 12-82 


12-83. Pegs A and B are restricted to move in the elliptical 
slots due to the motion of the slotted link. If the link moves 
with a constant speed of 10 m/s, determine the magnitude 
of the velocity and acceleration of peg A when x = Im. 








Prob. 12-83 


*12-84. The van travels over the hill described by 
y = (—1.5(107) x? + 15) ft. If it has a constant speed of 
75 ft/s, determine the x and y components of the van’s 
velocity and acceleration when x = 50 ft. 


y 







y = (7-1. (103) x? + 15) ft 





-— — 100 ft 





Prob. 12-84 


12-85. The flight path of the helicopter as it takes off from 
A is defined by the parametric equations x = (2) m and 
y = (0.042) m, where t is the time in seconds. Determine the 
distance the helicopter is from point A and the magnitudes 
of its velocity and acceleration when t= 10 s. 











a K—— x 





Prob. 12-85 
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corresponding angle 69 at which the ball must be kicked in 


12-86. Determine the minimum initial velocity vp and the g 
order for it to just cross over the 3-m high fence. 


Vo 3m 


Oo 


- 6m 


Prob. 12-86 





12-87. The catapult is used to launch a ball such that it 
strikes the wall of the building at the maximum height of its 
trajectory. If it takes 1.5 s to travel from A to B, determine 
the velocity v4 at which it was launched, the angle of release 0, 
and the height h. 





3.5 ft 








- 18 ft -J 





Prob. 12-87 


*12-88. Neglecting the size of the ball, determine the 
magnitude v4 of the basketball’s initial velocity and its 
velocity when it passes through the basket. 












































B 
30", VA 
A En 3m 
2m | 
10m > 
Prob. 12-88 
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12-89. The girl at A can throw a ball at v4 = 10 m/s. 
Calculate the maximum possible range R = Rmax and the 
associated angle 0 at which it should be thrown. Assume the 
ball is caught at B at the same elevation from which it is 
thrown. 


12-90. Show that the girl at A can throw the ball to the 
boy at B by launching it at equal angles measured up or 
down from a 45° inclination. If v4 = 10 m/s, determine 
the range R if this value is 15°, i.e., 0; = 45? — 15° = 30? 
and 05 = 45° + 15? = 60°. Assume the ball is caught at the 
same elevation from which it is thrown. 











v4 — 10 m/s 
0 

A B 

x 





Probs. 12-89/90 


12-91. The ball at A is kicked with a speed v4 = 80 ft/s 
and at an angle 04 = 30°. Determine the point (x, —y) where 
it strikes the ground. Assume the ground has the shape of a 
parabola as shown. 


*12-92. The ball at A is kicked such that 6, = 30°. If it 
strikes the ground at B having coordinates x = 15 ft, 
y = —9 ft, determine the speed at which it is kicked and the 
speed at which it strikes the ground. 











Probs. 12-91/92 





12-93. A golf ball is struck with a velocity of 80 ft/s as 
shown. Determine the distance d to where it will land. 


12-94. A golf ball is struck with a velocity of 80 ft/s as 
shown. Determine the speed at which it strikes the ground 
at B and the time of flight from A to B. 







QQ v4 = 80 ft/s 
NN 


Probs. 1293/94 


12-95. The basketball passed through the hoop even 
though it barely cleared the hands of the player B who 
attempted to block it. Neglecting the size of the ball, 
determine the magnitude v4 of its initial velocity and the 
height h of the ball when it passes over player B. 

















25 ft -[--5 ft 4 


Prob. 12-95 


*12-96. It is observed that the skier leaves the ramp A at 
an angle 0, = 25° with the horizontal. If he strikes the 
ground at B, determine his initial speed v4 and the time 
of flight t45. 


12-97. Itis observed that the skier leaves the ramp A at an 
angle 04 — 25? with the horizontal. If he strikes the ground 
at B, determine his initial speed v4 and the speed at which 
he strikes the ground. 





NS 


te 





Probs. 12-96/97 


12-98. Determine the horizontal velocity v4 of a tennis 
ball at A so that it just clears the net at B. Also, find the 
distance s where the ball strikes the ground. 





——s$——— 21 ft - 








Prob. 12-98 
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12-99. The missile at A takes off from rest and rises 
vertically to B, where its fuel runs out in 8 s. If the 
acceleration varies with time as shown, determine 
the missile’s height Ag and speed vg. If by internal controls 
the missile is then suddenly pointed 45? as shown, and 
allowed to travel in free flight, determine the maximum 
height attained, Ac, and the range R to where it crashes at D. 

















Petr 
L 
3? 
] | 
he 
Aq | \D 
| R - 
a (m/s?) 
Vl. 
L— o 
Prob. 12-99 


*12-100. The projectile is launched with a velocity vo. 
Determine the range R, the maximum height h attained, 
and the time of flight. Express the results in terms of the 
angle 0 and vp. The acceleration due to gravity is g. 











Prob. 12-100 








54 CHAPTER 12 KINEMATICS OF A PARTICLE 


12-101. The drinking fountain is designed such that the 
nozzle is located from the edge of the basin as shown. 
Determine the maximum and minimum speed at which 
water can be ejected from the nozzle so that it does not 
splash over the sides of the basin at B and C. 





Prob. 12-101 


12-102. If the dart is thrown with a speed of 10 m/s, 
determine the shortest possible time before it strikes the 
target. Also, what is the corresponding angle 04 at which it 
should be thrown, and what is the velocity of the dart when 
it strikes the target? 


12-103. If the dart is thrown with a speed of 10 m/s, 
determine the longest possible time when it strikes the 
target. Also, what is the corresponding angle 04 at which it 
should be thrown, and what is the velocity of the dart when 
it strikes the target? 





4m >| 











Probs. 12-102/103 


*12-104. The man at A wishes to throw two darts at the 
target at B so that they arrive at the same time. If each dart 
is thrown with a speed of 10 m/s, determine the angles 0c 
and 0p at which they should be thrown and the time between 
each throw. Note that the first dart must be thrown at 
0c (> 05), then the second dart is thrown at 0p. 














Prob. 12-104 


12-105. The velocity of the water jet discharging from the 
orifice can be obtained from v = V2 gh, where h = 2 m is 
the depth of the orifice from the free water surface. 
Determine the time for a particle of water leaving the 
orifice to reach point B and the horizontal distance x where 
it hits the surface. 





Prob. 12-105 
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leaves the embankment at A. Determine the time of flight v4 = 40 ft/s and 6, = 60? from the horizontal. When the 

from A to B and the range R of the trajectory. ball is directly overhead of player B he begins to run under 
it. Determine the constant speed at which B must run and 
the distance d in order to make the catch at the same 
elevation at which the ball was hit. 


12-106. The snowmobile is traveling at 10 m/s when it *12-108. The baseball player A hits the baseball at g 














< R 








SS * - 15 ft - d - 
Prob. 12-108 
Prob. 12-106 


12-109. The catapult is used to launch a ball such that it 
strikes the wall of the building at the maximum height of its 
trajectory. If it takes 1.5 s to travel from A to B, determine 
the velocity v4 at which it was launched, the angle of 
release 0, and the height h. 


12-107. The fireman wishes to direct the flow of water 
from his hose to the fire at B. Determine two possible angles 
0, and 0, at which this can be done. Water flows from the 
hose at v4 — 80 ft/s. 











= 35 ft 18 ft 














Prob. 12-107 Prob. 12-109 
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dig crm 


Position 


(a) 


t 





Radius of curvature 


(b) 


O' 


Velocity 
(c) 


Fig. 12-24 


12.7 Curvilinear Motion: Normal and 
Tangential Components 


When the path along which a particle travels is known, then it is often 
convenient to describe the motion using n and t coordinate axes which act 
normal and tangent to the path, respectively, and at the instant considered 
have their origin located at the particle. 


Planar Motion. Consider the particle shown in Fig. 12-24a, which 
moves in a plane along a fixed curve, such that at a given instant it is at 
position s, measured from point O. We will now consider a coordinate 
system that has its origin on the curve, and at the instant considered this 
origin happens to coincide with the location of the particle. The f axis is 
tangent to the curve at the point and is positive in the direction of 
increasing s. We will designate this positive direction with the unit vector 
u,. A unique choice for the normal axis can be made by noting that 
geometrically the curve is constructed from a series of differential arc 
segments ds, Fig. 12—24b. Each segment ds is formed from the arc of an 
associated circle having a radius of curvature p (rho) and center of 
curvature O'. The normal axis n is perpendicular to the t axis with its 
positive sense directed toward the center of curvature O', Fig. 12-24a. 
This positive direction, which is always on the concave side of the curve, 
will be designated by the unit vector u,. The plane which contains the n 
and t axes is referred to as the embracing or osculating plane, and in this 
case it is fixed in the plane of motion.* 


Velocity. Since the particle moves, sis a function of time. As indicated 
in Sec. 12.4, the particle's velocity v has a direction that is always tangent 
to the path, Fig. 12—24c, and a magnitude that is determined by taking the 
time derivative of the path function s = s(t), i.e., v = ds/dt (Eq. 12-8). 
Hence 





v = tu, (12-15) 











where 


v=s (12-16) 


*The osculating plane may also be defined as the plane which has the greatest contact 
with the curve at a point. It is the limiting position of a plane contacting both the point and 
the arc segment ds. As noted above, the osculating plane is always coincident with a plane 
curve; however, each point on a three-dimensional curve has a unique osculating plane. 
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Acceleration. The acceleration of the particle is the time rate of 
change of the velocity. Thus, 


a = v = iu, + và, (12-17) 


In order to determine the time derivative u,, note that as the particle 
moves along the arc ds in time df, u, preserves its magnitude of unity; 
however, its direction changes, and becomes u;, Fig. 12-24d. As shown in 
Fig. 12-24e, we require u, = u, + du,. Here du, stretches between the 
arrowheads of u, and u;, which lie on an infinitesimal arc of radius u, — 1. 
Hence, du, has a magnitude of du, = (1) d0, and its direction is defined by 
u,. Consequently, du, = du, , and therefore the time derivative becomes 
ù, = 6u,. Since ds = pd0, Fig. 12-24d, then ô = s/p, and therefore 


u, = ou, = —U, = —U, 
p p 


Substituting into Eq. 12-17 a can be written as the sum of its two 
components, 





a = au, + am, (12-18) 











where 


a, =v or ads = v dv (12-19) 





and 


(12-20) 





These two mutually perpendicular components are shown in Fig. 12-24f. 
Therefore, the magnitude of acceleration is the positive value of 


a= Væ + a (12-21) 





(e) 


O' 





Acceleration 
(f) 
Fig. 12-24 (cont.) 
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As the boy swings upward with a 
velocity v, his motion can be analyzed 
using n-t coordinates. As he rises, the 
magnitude of his velocity (speed) is 
decreasing, and so a, will be negative. 
The rate at which the direction of his 
velocity changes is a,, which is always 
positive, that is, towards the center of 
rotation. (© R.C. Hibbeler) 


b osculating plane 





Fig. 12-26 


To better understand these results, consider the following two special 
cases of motion. 


1. If the particle moves along a straight line, then p — o» and from 
Eq. 12-20, a, = 0. Thus a = a, = ù, and we can conclude that the 
tangential component of acceleration represents the time rate of 
change in the magnitude of the velocity. 


2. If the particle moves along a curve with a constant speed, then 
a, = 9 = 0 and a = a, = v’/p. Therefore, the normal component 
of acceleration represents the time rate of change in the direction of 
the velocity. Since a, always acts towards the center of curvature, 
this component is sometimes referred to as the centripetal (or center 
seeking) acceleration. 


As a result of these interpretations, a particle moving along the curved 
path in Fig. 12-25 will have accelerations directed as shown. 







Change in 
direction of 
velocity ) 


Increasing se 


a, 
Z 
speed , 


a, 
Change in 
magnitude of 
velocity 


Fig. 12-25 


Three-Dimensional Motion.  Ifthe particle moves along a space 
curve, Fig. 12-26, then at a given instant the f axis is uniquely specified; 
however, an infinite number of straight lines can be constructed normal 
to the tangent axis. As in the case of planar motion, we will choose the 
positive n axis directed toward the path's center of curvature O'. This 
axis is referred to as the principal normal to the curve. With the n and t 
axes so defined, Eqs. 12-15 through 12-21 can be used to determine v 
and a. Since u, and u, are always perpendicular to one another and lie in 
the osculating plane, for spatial motion a third unit vector, u,, defines the 
binormal axis b which is perpendicular to u, and u,, Fig. 12-26. 

Since the three unit vectors are related to one another by the vector 
cross product, e.g., u, = u, X u,, Fig. 12-26, it may be possible to use this 
relation to establish the direction of one of the axes, if the directions of 
the other two are known. For example, no motion occurs in the u, 
direction, and if this direction and u, are known, then u, can be 
determined, where in this case u, = u, X u, Fig. 12-26. Remember, 
though, that u, is always on the concave side of the curve. 
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Procedure for Analysis 


Coordinate System. 


Provided the path of the particle is known, we can establish a set 
of n and t coordinates having a fixed origin, which is coincident 
with the particle at the instant considered. 

The positive tangent axis acts in the direction of motion and the 
positive normal axis is directed toward the path’s center of 
curvature. 


Velocity. 


The particle’s velocity is always tangent to the path. 
The magnitude of velocity is found from the time derivative of 
the path function. 


(URS 


Tangential Acceleration. 


The tangential component of acceleration is the result of the time 
rate of change in the magnitude of velocity. This component acts 
in the positive s direction if the particle's speed is increasing or in 
the opposite direction if the speed is decreasing. 
The relations between a,, v, t, and s are the same as for rectilinear 
motion, namely, 

aà,— v ads = vdv 


If a, is constant, a, = (aj), the above equations, when integrated, 
yield 
= $9 vof + Hapet 
v — vg + (act 
v? = v + 2a)(s — so) 


Normal Acceleration. 


The normal component of acceleration is the result of the time 
rate of change in the direction of the velocity. This component is 
always directed toward the center of curvature of the path, i.e., 
along the positive n axis. 

The magnitude of this component is determined from 


If the path is expressed as y = f(x), the radius of curvature p at 
any point on the path is determined from the equation 


— [1 + (dy/dxy f? 
[dy/dx] 


The derivation of this result is given in any standard calculus text. 





p 








Once the rotation is constant, the riders will 
then have only a normal component of 
acceleration. (© R.C. Hibbeler) 





Motorists traveling along this cloverleaf 
interchange experience a normal 
acceleration due to the change in direction 
of their velocity. A tangential component 
of acceleration occurs when the cars’ 
speed is increased or decreased. 
(© R.C. Hibbeler) 
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EXAMPLE | 12.14 


When the skier reaches point A along the parabolic path in Fig. 12-27a, 
he has a speed of 6 m/s which is increasing at 2 m/s”. Determine the 
direction of his velocity and the direction and magnitude of his 
acceleration at this instant. Neglect the size of the skier in the calculation. 


SOLUTION 


Coordinate System. Although the path has been expressed in terms 
of its x and y coordinates, we can still establish the origin of the n, t axes 
at the fixed point A on the path and determine the components of v 
and a along these axes, Fig. 12-27a. 


Velocity. By definition, the velocity is always directed tangent to 
the path. Since y = 35x’, dy/dx = Jx, then at x = 10 m, dy/dx = 1. 
Hence, at A, v makes an angle of 0 — tan !| = 45° with the x axis, 
Fig. 12-27b. Therefore, 


va — 6m/s 45°" Ans. 
The acceleration is determined from a = bu, + (7?/p)u,. However, it 


is first necessary to determine the radius of curvature of the path at A 
(10 m, 5 m). Since dy/dx? = h, then 





m= 


Tite a 
" * 


[d2y/dx)| 


The acceleration becomes 


iol 


i E v? 
a, = Uu, — u, 
p 











(6 m/s) 
28.28 m 
{2u, + 1.273u, } m/s” 





= 2u, + u, 


As shown in Fig. 12-27b, 


n 





NOI mis a= VQ m/s). + (1.273 m/s’)? = 237 m/s? 
90° 
2 


Ase t = ee : o 
Lk Ai eoa a 
5 Om Thus, 45? + 90? + 57.5? — 180? = 12.5? so that, 
a— 237 m/s 19:52 77 Ans. 


NOTE: By using n, t coordinates, we were able to readily solve this 
problem through the use of Eq. 12-18, since it accounts for the 
separate changes in the magnitude and direction of v. 
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EXAMPLE | 12.15 


A race car C travels around the horizontal circular track that has a 
radius of 300 ft, Fig. 12-28. If the car increases its speed at a constant 
rate of 7 ft/s’, starting from rest, determine the time needed for it to 
reach an acceleration of 8 ft/s?. What is its speed at this instant? 


SOLUTION 


Coordinate System. The origin of the n and t axes is coincident with 
the car at the instant considered. The t axis is in the direction of motion, 
and the positive n axis is directed toward the center of the circle. This 
coordinate system is selected since the path is known. 


Acceleration. The magnitude of acceleration can be related to its 
components using a = Va? + az. Here a, = 7 ft/s”. Since a, = v? /p, 
the velocity as a function of time must be determined first. 

VO =o act 

(peu esset 


2 2 

v (7t) 
= — = —— = 0163P ft/s? 
i p 300 L 


The time needed for the acceleration to reach 8 ft/s? is therefore 
a= V ar ls a 


8 ft/s? = V(7 ft/s’)? (0.1632 





Solving for the positive value of t yields 
0.1632 = V(8 ft/s?) — (7 ft/s?) 
t = 4878s Ans. 





Velocity. The speed at time t = 4.87 is 
v = Tt = 7(4.87) = 34.1 ft/s Ans. 


NOTE: Remember the velocity will always be tangent to the path, 
whereas the acceleration will be directed within the curvature of the path. 
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EXAMPLE 











ND 
ON 


B 1.138 m/s? 


(c) 
Fig. 12-29 


(© R.C. Hibbeler) 


KINEMATICS OF A PARTICLE 


The boxes in Fig. 12-29a travel along the industrial conveyor. If a box 
as in Fig. 12—29b starts from rest at A and increases its speed such that 
a, = (0.21) m/ s?, where t is in seconds, determine the magnitude of its 
acceleration when it arrives at point B. 


SOLUTION 


Coordinate System. The position of the box at any instant is defined 
from the fixed point A using the position or path coordinate s, 
Fig. 12-29b. The acceleration is to be determined at B, so the origin of 
the n, t axes is at this point. 


Acceleration. To determine the acceleration components a, = 0 
and a, = v? /p, it is first necessary to formulate v and ù so that they 
may be evaluated at B. Since v, = 0 when t = 0, then 


a, =  — 02t (1) 


v t 
J dv = 0.2t dt 
0 0 


pue (2) 


The time needed for the box to reach point B can be determined by 
realizing that the position of B is sg = 3 + 27 (2)/4 = 6.142 m, 
Fig. 12-295, and since s, = 0 when t = 0 we have 


—-—-01P 
i TUER 


6.142 m i 
J ds = 0.1£dt 
0 0 


6.142 m = 0.033343 
iy = 5.690s 

Substituting into Eqs. 1 and 2 yields 

(az), = v5 = 026.690) — 1.138 m/s? 

Ug = 0.1(5.69)* = 3.238 m/s 

At B, pg = 2 m, so that 
vj _ (3.238 m/s) 
PB 2m 
The magnitude of ag, Fig. 12-29c, is therefore 


21524) m/s 





(4p) = 





ag = V(1.138 m/s)? + (5.242 m/s)? = 536 m/s? Ans. 
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[3 PRELIMINARY PROBLEM E 


P12-7. d) Determine the normal and tangential components of 
. : i acceleration at s = 0 if v = (4s + 1) m/s, where s is 
a) Determine the acceleration at the instant shown. ir meters. 
v —2mj/s 
b -3mj/g 
— 
9 








e) Determine the acceleration at s = 2 m if ù = (2 s) m/s?, 


b) Determine the increase in speed and the normal component where s is in meters. At s = 0,v— 1 m/s. 


of acceleration at s — 2 m. At s— 0,v — 0. 


Lo prend 









3m 


f. Determine the acceleration when t= 1 s if v = (42 +2) m/s, 


c) Determine the acceleration at the instant shown. The where tisini seconds: 


particle has a constant speed of 2 m/s. 











y . v —(4 P +2) m/s 
-= 
y=2x 
x 
2 m/s 


Prob. P12-7 
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F12-27. The boat is traveling along the circular path 
with a speed of v = (0.06251) m/s, where t is in seconds. 
Determine the magnitude of its acceleration when t = 10s. 


KINEMATICS OF A PARTICLE 


t 


v = 0.06257 


40 d n 
O 
Prob. F12-27 


F12-28. The car is traveling along the road with a speed 
of v = (2s)m/s, where s is in meters. Determine the 
magnitude of its acceleration when s = 10 m. 


v = (2s) m/s 





Prob. F12-28 


F12-29. Ifthe car decelerates uniformly along the curved 
road from 25 m/s at A to 15 m/s at C, determine the 
acceleration of the car at B. 





Prob. F12-29 


F12-30. When x — 10 ft, the crate has a speed of 20 ft/s 
which is increasing at 6 ft/s?. Determine the direction of the 
crate's velocity and the magnitude of the crate's acceleration 
at this instant. 








Prob. F12-30 


F12-31. If the motorcycle has a deceleration of 
a, = —(0.001s) m/s? and its speed at position A is 25 m/s, 
determine the magnitude of its acceleration when it 
passes point B. 








Prob. F12-31 


F12-32. The car travels up the hill with a speed of 
v = (0.2s) m/s, where s is in meters, measured from A. 
Determine the magnitude of its acceleration when it is at 
point s = 50 m, where p = 500 m. 


y 





Prob. F12-32 
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PE TPROBLEMS 


12-110. An automobile is traveling on a curve having a 
radius of 800 ft. If the acceleration of the automobile is 
5 ft/s?, determine the constant speed at which the 
automobile is traveling. 


12-111. Determine the maximum constant speed a race 
car can have if the acceleration of the car cannot exceed 
7.5 m/s? while rounding a track having a radius of curvature 
of 200 m. 


*12-112. A boat has an initial speed of 16 ft/s. If it then 
increases its speed along a circular path of radius p = 80 ft at 
the rate of v = (1.5s) ft/s, where s is in feet, determine the 
time needed for the boat to travel s = 50 ft. 


12-113. The position of a particle is defined by r — 
{4(¢ — sin Hi + (22 — 3)j} m, where t is in seconds and the 
argument for the sine is in radians. Determine the speed of 
the particle and its normal and tangential components of 
acceleration when t= 1 s. 


12-114. The automobile has a speed of 80 ft/s at point A 
and an acceleration having a magnitude of 10 ft/s?, acting in 
the direction shown. Determine the radius of curvature of 
the path at point A and the tangential component of 
acceleration. 





Prob. 12-114 


12-115. The automobile is originally at rest at s — O. If its 
speed is increased by ò = (0.0572) ft/s?, where t is in 
seconds, determine the magnitudes of its velocity and 
acceleration when t = 18 s. 


*12-116. The automobile is originally at rest s — O. If it 
then starts to increase its speed at ù = (0.0512) ft / s?, where 
t is in seconds, determine the magnitudes of its velocity and 


acceleration at s — 550 ft. 
-— 300 ft 
lié 








Probs. 12-115/116 


12-117. The two cars A and B travel along the circular 
path at constant speeds v4 = 80 ft/s and vg = 100 ft/s, 
respectively. If they are at the positions shown when t = 0, 
determine the time when the cars are side by side, and the 
time when they are 90° apart. 


12-118. Cars A and B are traveling around the circular 
race track. At the instant shown, A has a speed of 60 ft/s 
and is increasing its speed at the rate of 15 ft/s? until it 
travels for a distance of 1007 ft, after which it maintains a 
constant speed. Car B has a speed of 120 ft/s and is 
decreasing its speed at 15 ft/s? until it travels a distance 
of 657 ft, after which it maintains a constant speed. 
Determine the time when they come side by side. 








Probs. 12-117/118 
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12-119. The satellite S travels around the earth in a 
circular path with a constant speed of 20 Mm/h. If the 
acceleration is 2.5 m/s?, determine the altitude 4. Assume 
the earth’s diameter to be 12 713 km. 





Prob. 12-119 


*12-120. The car travels along the circular path such that 
its speed is increased by a, = (0.5&) m/s?, where t is in 
seconds. Determine the magnitudes of its velocity and 
acceleration after the car has traveled s — 18 m starting 
from rest. Neglect the size of the car. 


N 


s=18m 





Prob. 12-120 


12-121. The car passes point A with a speed of 25 m/s 
after which its speed is defined by v = (25 — 0.15s) m/s. 
Determine the magnitude of the car’s acceleration when it 
reaches point B, where s = 51.5 m and x = 50m. 


12-122. If the car passes point A with a speed of 20 m/s 
and begins to increase its speed at a constant rate of 
a, = 0.5 m/s?, determine the magnitude of the car's 
acceleration when s = 101.68 mand x = 0. 








Probs. 12-121/122 


12-123. The motorcycle is traveling at 1 m/s when it is 
at A. If the speed is then increased at ù = 0.1 m/s?, determine 
its speed and acceleration at the instant t — 5 s. 








y 
y = 0.5x" 
(^ 4 
- x 
Prob. 12-123 
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*12-124. The box of negligible size is sliding down along a 
curved path defined by the parabola y = 0.4x?. When it is at 
A(x4 = 2 m, y4 = 1.6 m), the speed is v = 8 m/s and the 
increase in speed is dv/dt = 4 m/s? Determine the 
magnitude of the acceleration of the box at this instant. 











12-125. The car travels around the circular track having a 
radius of r = 300 m such that when it is at point A it has a 
velocity of 5 m/s, which is increasing at the rate of 
V = (0.06?) m/s*, where t is in seconds. Determine the 
magnitudes of its velocity and acceleration when it has 
traveled one-third the way around the track. 


12-126. The car travels around the portion of a circular 
track having a radius of r — 500 ft such that when it is at 
point A it has a velocity of 2 ft/s, which is increasing at the 
rate of ù = (0.0027) ft/s?, where t is in seconds. Determine 
the magnitudes of its velocity and acceleration when it has 
traveled three-fourths the way around the track. 








Probs. 12-125/126 


12-127. Atagiven instant the train engine at E has a speed 
of 20 m/s and an acceleration of 14 m/s? acting in the 
direction shown. Determine the rate of increase in the 
train's speed and the radius of curvature p of the path. 


NG 20 m/s 
R 


75" X 
a — 14 m/s? E 


Prob. 12-127 


*12-128. The car has an initial speed v, = 20 m/s. If it 
increases its speed along the circular track at s = 0, 
a, = (0.85) m/ s*, where s is in meters, determine the time 
needed for the car to travel s — 25 m. 


12-129. The car starts from rest at s = 0 and increases its 
speed at a, = 4 m/s? Determine the time when the 
magnitude of acceleration becomes 20 m/s?. At what 
position s does this occur? 


p 740m 


Probs. 12-128/129 
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12-130. A boat is traveling along a circular curve having a 
radius of 100 ft. If its speed at t= 0 is 15 ft/s and is 
increasing at ù = (0.82) ft/s’, determine the magnitude of 
its acceleration at the instant t = 5 s. 


12-131. A boat is traveling along a circular path having a 
radius of 20 m. Determine the magnitude of the boat's 
acceleration when the speed is v — 5 m/s and the rate of 
increase in the speed is ù = 2 m/s?. 


*12-132. Starting from rest, a bicyclist travels around 
a horizontal circular path, p = 10m, at a speed of 
v = (0.097? + 0.11) m/s, where t is in seconds. Determine 
the magnitudes of his velocity and acceleration when he has 
traveled s — 3 m. 


12-133. A particle travels around a circular path having a 
radius of 50 m. If it is initially traveling with a speed of 
10 m/s and its speed then increases at a rate of 
v= (0.05 v) m/s?, determine the magnitude of the particle's 
acceleration four seconds later. 


12-134. The motorcycle is traveling at a constant speed of 
60 km/h. Determine the magnitude of its acceleration when 
it is at point A. 









Fm 


Prob. 12-134 


12-135. When t=0, the train has a speed of 8 m/s, which is 
increasing at 0.5 m/s2. Determine the magnitude of the 
acceleration of the engine when it reaches point A, at 
t—20 s. Here the radius of curvature of the tracks is p4 — 400 m. 





Prob. 12-135 


*12-136. At a given instant the jet plane has a speed of 
550 m/s and an acceleration of 50 m/s? acting in the 
direction shown. Determine the rate of increase in the 
plane's speed, and also the radius of curvature p of the path. 


550 m/s 
~ 





Prob. 12-136 


12-137. The ball is ejected horizontally from the tube with 
a speed of 8 m/s. Find the equation of the path, y = f(x), 
and then find the balls velocity and the normal and 
tangential components of acceleration when t = 0.25 s. 





Prob. 12-137 


12-138. The motorcycle is traveling at 40 m/s when it is at 
A. If the speed is then decreased at ù = — (0.05 s) m/s?, 
where s is in meters measured from A, determine its speed 
and acceleration when it reaches B. 








Prob. 12-138 
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12-139. Cars move around the “traffic circle” which is in the 
shape of an ellipse. If the speed limit is posted at 60 km/h, 
determine the minimum acceleration experienced by the 
passengers. 


*12-140. Cars move around the “traffic circle” which is in 
the shape of an ellipse. If the speed limit is posted at 60 km/h, 
determine the maximum acceleration experienced by the 
passengers. 





2 
x x 


(607  (40y - 



































Probs. 12-139/140 


12-141. A package is dropped from the plane which is 
flying with a constant horizontal velocity of v4 — 150 ft/s. 
Determine the normal and tangential components of 
acceleration and the radius of curvature of the path of 
motion (a) at the moment the package is released at A, 
where it has a horizontal velocity of v4 — 150 ft/s, and 
(b) just before it strikes the ground at B. 


1500 ft 





B 


Prob. 12-141 


12-142. The race car has an initial speed v4 = 15 m/s at A. 
If it increases its speed along the circular track at the rate 
a, = (0.4s) m/s?, where s is in meters, determine the time 
needed for the car to travel 20 m. Take p = 150 m. 


Prob. 12-142 


12-143. The motorcycle travels along the elliptical track at 
a constant speed v. Determine its greatest acceleration if 
a b. 


*12-144. The motorcycle travels along the elliptical track 
at a constant speed v. Determine its smallest acceleration if 
a b. 


a? 
Mc US 

CN T 
Lm 9r 
2 


Probs. 12-143/144 


MEL 
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12-145. Particles A and B are traveling counter-clockwise 
around a circular track at a constant speed of 8 m/s. If at the 
instant shown the speed of A begins to increase by 
(ada = (0.4s4) m/s?, where s4 is in meters, determine the 
distance measured counterclockwise along the track from B 
to A when t — 1 s. What is the magnitude of the acceleration 
of each particle at this instant? 


12-146. Particles A and B are traveling around a circular 
track at a speed of 8 m/s at the instant shown. If the speed 
of B is increasing by (a;)g ^ 4 m/s?, and at the same instant A 
has an increase in speed of (a;)4 = 0.8t m/s?, determine how 
long it takes for a collision to occur. What is the magnitude 
of the acceleration of each particle just before the 
collision occurs? 








Probs. 12-145/146 


12-147. The jet plane is traveling with a speed of 120 m/s 
which is decreasing at 40 m/s? when it reaches point A. 
Determine the magnitude of its acceleration when it is at 
this point. Also, specify the direction of flight, measured 
from the x axis. 


*12-148. The jet plane is traveling with a constant speed 
of 110 m/s along the curved path. Determine the magnitude 
of the acceleration of the plane at the instant it reaches 
point A(y — 0). 


y 








Probs. 12-147/148 


12-149. The train passes point B with a speed of 20 m/s 
which is decreasing at a, = —0.5 m/s?. Determine the 
magnitude of acceleration of the train at this point. 


12-150. The train passes point A with a speed of 30 m/s 
and begins to decrease its speed at a constant rate of 
a,=— 0.25 m/s. Determine the magnitude of the acceleration 
of the train when it reaches point B, where s45 = 412 m. 


x 


y = 200 e1000 








m— 400 m——| 





Probs. 12-149/150 


12-151. The particle travels with a constant speed of 
300 mm/s along the curve. Determine the particle’s 
acceleration when it is located at point (200 mm, 100 mm) 
and sketch this vector on the curve. 


y (mm) 





20(10°) 
x 











| x (mm) 


Prob. 12-151 
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*12-152. A particle P travels along an elliptical spiral path 
such that its position vector r is defined by 
r= (2cos(0.16)i + 1.5 sin(0.10j + (20k) m, where t is in 
seconds and the arguments for the sine and cosine are given 
in radians. When t = 8 s, determine the coordinate direction 
angles a, B, and y, which the binormal axis to the osculating 
plane makes with the x, y, and z axes. Hint: Solve for the 
velocity vp and acceleration ap of the particle in terms of their 
i, j, k components. The binormal is parallel to vp X ap. Why? 


C | > 
nat 








Prob. 12-152 


12-153. The motion of a particle is defined by the 
equations x = Qt + ?)m and y = (2) m, where t is in 
seconds. Determine the normal and tangential components 
of the particle's velocity and acceleration when t = 2 s. 


12-154. If the speed of the crate at A is 15 ft/s, which is 
increasing at a rate V = 3 ft/s? , determine the magnitude of 
the acceleration of the crate at this instant. 

















I—— 10 ft —— 


Prob. 12-154 





12.8 Curvilinear Motion: Cylindrical 


Components 


Sometimes the motion of the particle is constrained on a path that is best 


described using cylindrical coordinates. If motion is restricted to the plane, 


then polar coordinates are used. 


Polar Coordinates. 


We can specify the location of the particle 
shown in Fig. 12—30a using a radial coordinate r, which extends outward 
from the fixed origin O to the particle, and a transverse coordinate 0, 


which is the counterclockwise angle between a fixed reference line and r 
the r axis. The angle is generally measured in degrees or radians, where lo 
1 rad = 180?/7. The positive directions of the r and 0 coordinates are O 


defined by the unit vectors u, and uy, respectively. Here u, is in the 





Position 


direction of increasing r when @ is held fixed, and uy is in a direction of (a) 
increasing 0 when r is held fixed. Note that these directions are 


perpendicular to one another. 


Fig. 12-30 
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Position 
(a) 
Uy v, Au, 
u, 
A0 
(b) 
ipee 
Vo 
r 
—E 
Velocity 


(c) 


Fig. 12-30 (cont.) 


Position. At any instant the position of the particle, Fig. 12-30a, is 
defined by the position vector 


= ru, (12-22) 


Velocity. The instantaneous velocity v is obtained by taking the time 
derivative of r. Using a dot to represent the time derivative, we have 


v—r-;u,4 rù, 


To evaluate u,, notice that u, only changes its direction with respect to 
time, since by definition the magnitude of this vector is always one unit. 
Hence, during the time At, a change Ar will not cause a change in the 
direction of u,; however, a change A0 will cause u, to become u;, where 
u, = u, + Au,, Fig. 12-305. The time change in u, is then Au,. For small 
angles A0 this vector has a magnitude Au, ~ 1(A0) and acts in the ug 
direction. Therefore, Au, = A6u,, and so 





= im oa tim £ 
Or Aro At Aro At) 8 
ù, = ĝu (12-23) 


Substituting into the above equation, the velocity can be written in 
component form as 

















v = vu, + Vougo (12-24) 
where 
(em p 
g , 12-25 
[Un rü ( ) 











These components are shown graphically in Fig. 12-30c. The radial 
component v, is a measure of the rate of increase or decrease in the 
length of the radial coordinate, i.e., 7; whereas the transverse component 
vg can be interpreted as the rate of motion along the circumference of a 
circle having a radius r. In particular, the term 0 = d6/dt is called the 
angular velocity, since it indicates the time rate of change of the angle 0. 
Common units used for this measurement are rad/s. 

Since v, and v, are mutually perpendicular, the magnitude of velocity 
or speed is simply the positive value of 


v= V Gy. + (r6 (12-26) 


and the direction of v is, of course, tangent to the path, Fig. 12-30c. 
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Acceleration. Taking the time derivatives of Eq. 12-24, using 
Eqs. 12-25, we obtain the particle's instantaneous acceleration, 


a = y = Tu, + iù, + jôu + rou, + ru, 


To evaluate ug, it is necessary only to find the change in the direction of 
Uy since its magnitude is always unity. During the time Ar, a change Ar 
will not change the direction of ug, however, a change A0 will cause uy to 
become uy, where ug = uy + Aug, Fig. 12-30d. The time change in uy is 
thus Aug. For small angles this vector has a magnitude Aug ^ 1(AQ@) and 
acts in the —u, direction; i.e., Aug = —A6u,. Thus, 





imd Aug E li A0 
46 Ao At Amo At J or 
uy = —óu, (12-27) 


Substituting this result and Eq. 12-23 into the above equation for a, we 
can write the acceleration in component form as 





a= a,u, T agug (12-28) 











where 





a, = TY — r0? 


a : 12-2 
ag = r0 + 2r0 ( 9) 











The term 0 = d?8/d? = d/dt(d0/dt) is called the angular acceleration 
since it measures the change made in the angular velocity during an 
instant of time. Units for this measurement are rad/s?. 

Since a, and a, are always perpendicular, the magnitude of acceleration 
is simply the positive value of 





a= VG — rO + (rö + 276) (12-30) 


The direction is determined from the vector addition of its two 
components. In general, a will not be tangent to the path, Fig. 12—30e. 





(d) 





Acceleration 


(e) 
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Fig. 12-31 





The spiral motion of this girl can 
be followed by using cylindrical 
components. Here the radial 
coordinate r is constant, the 
transverse coordinate 0 will 
increase with time as the girl 
rotates about the vertical, and her 
altitude z will decrease with time. 
(© R.C. Hibbeler) 








Cylindrical Coordinates. If the particle moves along a space 
curve as shown in Fig. 12-31, then its location may be specified by the 
three cylindrical coordinates, r, 0, z. The z coordinate is identical to that 
used for rectangular coordinates. Since the unit vector defining its 
direction, u,, is constant, the time derivatives of this vector are zero, and 
therefore the position, velocity, and acceleration of the particle can be 
written in terms of its cylindrical coordinates as follows: 


Ip = ru, + zu, 

v = iu, + rOuy + zu, (12-31) 
a = (Y — ru, + (rö + 276)uy + zu, (12-32) 
Time Derivatives. The above equations require that we obtain the 


time derivatives 7, 7, 0, and 0 in order to evaluate the r and 0 components 
of v and a. Two types of problems generally occur: 


1. If the polar coordinates are specified as time parametric equations, 
r = r(r) and 0 = 0(D,then the time derivatives can be found directly. 

2. Ifthe time-parametric equations are not given, then the path r — f(0) 
must be known. Using the chain rule of calculus we can then find the 
relation between ; and 6, and between 7 and 0. Application of the 
chain rule, along with some examples, is explained in Appendix C. 


Procedure for Analysis 


Coordinate System. 


e Polar coordinates are a suitable choice for solving problems when 
data regarding the angular motion of the radial coordinate r is 
given to describe the particle’s motion. Also, some paths of motion 
can conveniently be described in terms of these coordinates. 


To use polar coordinates, the origin is established at a fixed point, 
and the radial line r is directed to the particle. 


The transverse coordinate 0 is measured from a fixed reference 
line to the radial line. 


Velocity and Acceleration. 


e Once r and the four time derivatives +, 7, 0, and 6 have been 
evaluated at the instant considered, their values can be substituted 
into Eqs. 12-25 and 12-29 to obtain the radial and transverse 
components of v and a. 


If it is necessary to take the time derivatives of r — f(0), then the 
chain rule of calculus must be used. See Appendix C. 


Motion in three dimensions requires a simple extension of the 
above procedure to include z and z. 
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EXAMPLE | 12.17 


The amusement park ride shown in Fig. 12—32a consists of a chair that 
is rotating in a horizontal circular path of radius r such that the arm OB 
has an angular velocity 0 and angular acceleration 0. Determine the 
radial and transverse components of velocity and acceleration of the 
passenger. Neglect his size in the calculation. 





Fig. 12-32 


SOLUTION 

Coordinate System. Since the angular motion of the arm is 
reported, polar coordinates are chosen for the solution, Fig. 12-32a. 
Here 6 is not related to r, since the radius is constant for all 0. 


Velocity and Acceleration. It is first necessary to specify the first 
and second time derivatives of r and 0. Since r is constant, we have 


Thus, 


7 — r? = —r? 
rö + 270 = rö 
These results are shown in Fig. 12-32b. 
NOTE: The n, t axes are also shown in Fig. 12-325, which in this special 


case of circular motion happen to be collinear with the r and 0 axes, 
respectively. Since v = vg = v, = r0, then by comparison, 


r 








Ta, an 


uM EU " 
Ch = Cre sU err O 
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The rod OA in Fig. 12-33a rotates in the horizontal plane such that 
0 = (P)rad. At the same time, the collar B is sliding outward along OA 
so that r = (1007) mm. If in both cases f is in seconds, determine the 
velocity and acceleration of the collar when t = 1 s. 


SOLUTION 


Coordinate System. Since time-parametric equations of the path 
are given, it is not necessary to relate r to 0. 


Velocity and Acceleration. Determining the time derivatives and 


evaluating them when t = 1 s, we have 


r — 1002 = 100mm 6=f — irade— 57:39 


t=1s t=1s 


r = 200t = 200mm/s 6 = 3f = 3 rad/s 


t=l1s t=1s 


7 = 200 = 200 mm/s? 6 = 6t = 6 rad/s”. 


t=1s t=l1s 


As shown in Fig. 12-33), 
v =7u, + rou, 
= 200u, + 100(3)ug = {200u, + 300u,} mm/s 


(b) The magnitude of v is 


v = V (200) + (300)? = 361 mm/s 


300 
ô = a (258) = 56.3° ê + 57.3° = 114° 


As shown in Fig. 12-33c, 
a = (7 — r6’)u, + (rö + 276)uy 
[200 — 100(3)^]u, + [100(6) + 2(200)3]u, 
(—700u, + 1800u, } mm/s” 
a, = 700 mm/s? : The magnitude of a is 
a = V(—700)2 + (1800)? = 1930 mm/s? Ans. 


() ( 1800 
Qj i( 1800 
Fig. 12-33 700 





) = 68.7 (180° — @) + 57.3° = 169° Ans. 


NOTE: The velocity is tangent to the path; however, the acceleration is 
directed within the curvature of the path, as expected. 
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EXAMPLE | 12.19 


The searchlight in Fig. 12-34a casts a spot of light along the face of a 
wall that is located 100 m from the searchlight. Determine the 
magnitudes of the velocity and acceleration at which the spot appears 
to travel across the wall at the instant 0 = 45°. The searchlight rotates 
at a constant rate of 0 = 4 rad/s. 


SOLUTION 


Coordinate System. Polar coordinates will be used to solve this 
problem since the angular rate of the searchlight is given. To find the 
necessary time derivatives it is first necessary to relate r to 6. From 
Fig. 12-34a, 


r = 100/cos 0 = 100 sec 0 


Velocity and Acceleration. Using the chain rule of calculus, noting 
that d(sec 0) = sec 0 tan 0 d0, and d(tan 0) = sec? 0 d0, we have 


+ = 100(sec 0 tan 6)0 
7 = 100(sec 0 tan 0)6(tan 0) + 100 sec 0(sec? 8)6(0) 
+ 100 sec 6 tan 0(0) 
= 100 sec 0 tan? 0 (0)? + 100 sec?0 (0)? + 100(sec 0 tan 0)0 


Since 0 = 4 rad/s = constant, then 6 = 0, and the above equations, 
when 6 = 45°, become 


r— l00isec45- = 1414 
r = 400 sec 45° tan 45° = 565.7 
T = 1600 (sec 45° tan? 45° + sec? 45°) = 6788.2 


As shown in Fig. 12-345, 
v = iu, + rou, 
565.7u, + 141.4(4)ug 
= {565.7u, + 565.7u,} m/s 
v = Vo + v = V 665.7" + (565.7 
= 800 m/s 
As shown in Fig. 12-34c, 
a = (7 — ru, + (r8 + 276)uy 
= [6788.2 — 141.4(4)?]u, + [141.4(0) + 2(565.7)4]uy 
= {4525.5u, + 4525.5uy } m/s? 


a = Val + a) = V(4525.5) + (4525.5) 
= 6400 m/s? Ans. 














NOTE: It is also possible to find a without having to calculate 7 (or 
a,). As shown in Fig. 12-34d, since ay = 4525.5 m/s’, then by vector 
resolution, a = 4525.5/cos 45° = 6400 m/s”. 
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0-45 
a, ag = 4525.5 m/s? 
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r= 0.5 (1 — cos 0) ft 




















Fig. 12-35 


Due to the rotation of the forked rod, the ball in Fig. 12—35a travels 
around the slotted path, a portion of which is in the shape of a 
cardioid, r = 0.5(1 — cos 0) ft, where 0 is in radians. If the ball's 
velocity is v — 4 ft/s and its acceleration is a — 30 ft/s? at the instant 
0 = 180°, determine the angular velocity 0 and angular acceleration 
0 of the fork. 


SOLUTION 


Coordinate System. This path is most unusual, and mathematically 
it is best expressed using polar coordinates, as done here, rather than 
rectangular coordinates. Also, since 6 and 6 must be determined, 
then r, 0 coordinates are an obvious choice. 


Velocity and Acceleration. The time derivatives of r and 0 can be 
determined using the chain rule. 


r = 0.5(1 — cos 0) 

i = 0.5(sin 00 

7 = 0.5(cos 0)0(0) + 0.5(sin 0)0 
Evaluating these results at 0 = 180°, we have 


r=1f r0 r2-059 


Since v = 4 ft/s, using Eq. 12-26 to determine 6 yields 
v = VGY + (ry. 
4 = VOP + (16) 


6 = 4 rad/s 


In a similar manner, Ó can be found using Eq. 12-30. 





a= Vi — ry. + (rö + 276) 





30 = V[[-0.5(4 — 14 P + [16 + 2(0)(4)f? 
G0y = (-22? + 8? 
8 = 18 rad/s? 


Vectors a and v are shown in Fig. 12-35b. 


NOTE: At this location, the 0 and t (tangential) axes will coincide. The 
+n (normal) axis is directed to the right, opposite to +r. 
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ES FUNDAMENTAL PROBLEMS 


F12-33. The car has a speed of 55 ft/s. Determine the 
angular velocity 0 of the radial line OA at this instant. 


r — 400 ft 


O Prob. F12-33 


F12-34. The platform is rotating about the vertical axis 
such that at any instant its angular position is 0 = (41°) rad, 
where t is in seconds. A ball rolls outward along the radial 
groove so that its position is r = (0.1?) m, where t is in 
seconds. Determine the magnitudes of the velocity and 
acceleration of the ball when t — 1.5 s. 





" Prob. F12-34 


F12-35. Peg P is driven by the fork link OA along the 
curved path described by r — (20)ft At the instant 
0 = 7/4 rad, the angular velocity and angular acceleration 
of the link are à = 3 rad/s and Ë = 1 rad/s?. Determine the 
magnitude of the peg's acceleration at this instant. 

















Prob. F12-35 


F12-36. Peg P is driven by the forked link OA along the path 
described by r = e, where ris in meters. When 6 = § rad, the 
link has an angular velocity and angular acceleration of 
0 = 2rad/s and 6 = 4rad/s?. Determine the radial and 
transverse components of the peg's acceleration at this instant. 





Prob. F12-36 
F12-37. The collars are pin connected at B and are free to 
move along rod OA and the curved guide OC having 
the shape of a cardioid, r = [0.2(1 + cos 0)] m. At 0 = 30°, 
the angular velocity of OA is à = 3 rad/s. Determine the 
magnitude of the velocity of the collars at this point. 








6 = 3 rad/s 
F12-38. At the instant 0 = 45°, the athlete is running with 
a constant speed of 2 m/s. Determine the angular velocity at 
which the camera must turn in order to follow the motion. 


Prob. F12-37 





r = (30 csc 6) m 








Prob. F12-38 
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T TPROBLEMS 


12-155. A particle is moving along a circular path having a 
radius of 4 in. such that its position as a function of time is 
given by 0 = cos 2t, where 0 is in radians and t is in seconds. 
Determine the magnitude of the acceleration of the particle 
when 0 = 30°. 


*12-156. For a short time a rocket travels up and to the 
right at a constant speed of 800 m/s along the parabolic 
path y = 600 — 35x?. Determine the radial and transverse 
components of velocity of the rocket at the instant 0 — 60^, 
where 0 is measured counterclockwise from the x axis. 


12-157. A particle moves along a path defined by polar 
coordinates r = (2e!) ft and 0 = (82) rad, where t is in seconds. 
Determine the components of its velocity and acceleration 
when ( — 1 s. 


12-158. An airplane is flying in a straight line with a 
velocity of 200 mi/h and an acceleration of 3 mi/h?. If the 
propeller has a diameter of 6 ft and is rotating at a constant 
angular rate of 120 rad/s, determine the magnitudes of 
velocity and acceleration of a particle located on the tip of 
the propeller. 


12-159. 'The small washer is sliding down the cord OA. 
When it is at the midpoint, its speed is 28 m/s and its 
acceleration is 7 m/s?. Express the velocity and acceleration 
of the washer at this point in terms of its cylindrical 
components. 
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Prob. 12-159 


*12-160. A radar gun at O rotates with the angular 
velocity of ø = 0.1 rad/s and angular acceleration of 6 = 
0.025 rad/s?, at the instant 0 = 45°, as it follows the motion 
of the car traveling along the circular road having a radius 
of r = 200 m. Determine the magnitudes of velocity and 
acceleration of the car at this instant. 





Prob. 12-160 


12-161. If a particle moves along a path such that 
r = (2 cos t) ft and 0 = (t/2) rad, where t is in seconds, plot 
the path r = f(0) and determine the particle’s radial and 
transverse components of velocity and acceleration. 


12-162. Ifa particle moves along a path such that r= (e^) m 
and 0 = t, where t is in seconds, plot the path r = f(0), and 
determine the particle's radial and transverse components 
of velocity and acceleration. 


12-163. The car travels along the circular curve having a 
radius r — 400 ft. At the instant shown, its angular rate of 
rotation is Ô = 0.025 rad/s, which is decreasing at the rate 
0 — —0.008 rad/s?. Determine the radial and transverse 
components of the car's velocity and acceleration at this 
instant and sketch these components on the curve. 


*12-164. The car travels along the circular curve of radius 
r — 400 ft with a constant speed of v — 30 ft/s. Determine 
the angular rate of rotation 0 of the radial line r and the 
magnitude of the car's acceleration. 


ae 


r = 400 ft 
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Probs. 12-163/164 


12.8 


12-165. The time rate of change of acceleration is referred 
to as the jerk, which is often used as a means of measuring 
passenger discomfort. Calculate this vector, a, in terms of its 
cylindrical components, using Eq. 12-32. 


12-166. A particle is moving along a circular path having a 
radius of 6 in. such that its position as a function of time is 
given by 0 = sin 3t, where 0 and the argument for the sine 
are in radians, and t is in seconds. Determine the magnitude 
of the acceleration of the particle at 0 = 30°. The particle 
starts from rest at 0 = 0°. 


12-167. The slotted link is pinned at O, and as a result of 
the constant angular velocity 0 = 3 rad/s it drives the peg P 
for a short distance along the spiral guide r = (0.4 6) m, 
where 0 is in radians. Determine the radial and transverse 
components of the velocity and acceleration of P at the 
instant 0 = 7/3 rad. 








Prob. 12-167 


*12-168. Forashort time the bucket of the backhoe traces 
the path of the cardioid r = 25(1 — cos 0) ft. Determine 
the magnitudes of the velocity and acceleration of the 
bucket when 0 = 120° if the boom is rotating with an angular 
velocity of @ = 2 rad/s and an angular acceleration of 
0 =0.2 rad/s? at the instant shown. 





Prob. 12-168 
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12-169. The slotted link is pinned at O, and as a result of 
the constant angular velocity 0 — 3 rad/s it drives the peg P 
for a short distance along the spiral guide r — (0.4 0) m, 
where 0 is in radians. Determine the velocity and 
acceleration of the particle at the instant it leaves the slot in 
the link, i.e., when r — 0.5 m. 








Prob. 12-169 


12-170. A particle moves in the x—y plane such that its 
position is defined by r= (2ti + 4Pj) ft, where ¢ is in 
seconds. Determine the radial and transverse components 
of the particle’s velocity and acceleration when t = 2 s. 


12-171. At the instant shown, the man is twirling a hose 
over his head with an angular velocity 0 — 2 rad/s and an 
angular acceleration 6 = 3 rad/s?. If it is assumed that the 
hose lies in a horizontal plane, and water is flowing through 
it at a constant rate of 3 m/s, determine the magnitudes of 
the velocity and acceleration of a water particle as it exits 
the open end, r = 1.5 m. 


6 = 2 rad/s 
6 = 3 rad/s? 





Prob. 12-171 
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*12-172. The rod OA rotates clockwise with a constant 
angular velocity of 6 rad/s. Two pin-connected slider blocks, 
located at B, move freely on OA and the curved rod whose 
shape is a limaçon described by the equation 
r = 200(2 — cos 0) mm. Determine the speed of the slider 
blocks at the instant 0 = 150°. 

12-173. Determine the magnitude of the acceleration of 
the slider blocks in Prob. 12-172 when 0 = 150°. 
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Probs. 12-172/173 


12-174. A double collar C is pin connected together such 
that one collar slides over a fixed rod and the other slides over 
a rotating rod. If the geometry of the fixed rod for a short 
distance can be defined by a lemniscate, 7? = (4 cos 20) ft?, 
determine the collar's radial and transverse components of 
velocity and acceleration at the instant 0 — 0? as shown. Rod 
OA is rotating at a constant rate of 0 = 6 rad/s. 


r =4cos20 
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Prob. 12-174 


12-175. A block moves outward along the slot in the 
platform with a speed of + = (4t) m/s, where t is in seconds. 
The platform rotates at a constant rate of 6 rad/s. If the 
block starts from rest at the center, determine the 
magnitudes of its velocity and acceleration when t = 1 s. 





Prob. 12-175 


*12-176. The car travels around the circular track with a 
constant speed of 20 m/s. Determine the car's radial and 
transverse components of velocity and acceleration at the 
instant 0 = 7/4 rad. 


12-177. The car travels around the circular track such that 
its transverse component is 0 = (0.0062) rad, where t is in 
seconds. Determine the cars radial and transverse 
components of velocity and acceleration at the instant t= 4 s. 





. r= (400 cos 0) m 





Probs. 12-176/177 


12-178. The car travels along a road which for a short 
distance is defined by r — (200/0) ft, where 0 is in radians. 
If it maintains a constant speed of v — 35 ft/s, determine the 
radial and transverse components of its velocity when 
0 — 7/3 rad. 


y 
que. 


Prob. 12-178 
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12-179. A horse on the merry-go-round moves according 
to the equations r = 8 ft, 0 = (0.67) rad, and z = (1.5 sin 0) ft, 
where t is in seconds. Determine the cylindrical components 
of the velocity and acceleration of the horse when t= 4 s. 


*12-180. A horse on the merry-go-round moves according 
to the equations r = 8 ft, 0 = 2 rad/s and z = (1.5 sin 0) ft, 
where ¢ is in seconds. Determine the maximum and 
minimum magnitudes of the velocity and acceleration of 
the horse during the motion. 











Probs. 12-179/180 


12-181. If the slotted arm AB rotates counterclockwise 
with a constant angular velocity of 0 = 2 rad/s, determine 
the magnitudes of the velocity and acceleration of peg P at 
0 — 30*. The peg is constrained to move in the slots of the 
fixed bar CD and rotating bar AB. 


12-182. The peg is constrained to move in the slots of the 
fixed bar CD and rotating bar AB. When 0 = 30°, the angular 
velocity and angular acceleration of arm AB are 6 —2 rad/s 
and Ü =3 rad/s?, respectively. Determine the magnitudes of 
the velocity and acceleration of the peg P at this instant. 











Probs. 12-181/182 


12-183. A truck is traveling along the horizontal circular 
curve of radius r = 60 m with a constant speed v = 20 m/s. 
Determine the angular rate of rotation of the radial line r 
and the magnitude of the truck's acceleration. 


*12-184. A truck is traveling along the horizontal circular 
curve of radius r = 60 m with a speed of 20 m/s which is 
increasing at 3 m/s?, Determine the truck's radial and 
transverse components of acceleration. 





Probs. 12-183/184 


12-185. The rod OA rotates counterclockwise with a 
constant angular velocity of 0 = 5 rad/s. Two pin-connected 
slider blocks, located at B, move freely on OA and the 
curved rod whose shape is a limaçon described by the 
equation r= 100(2 — cos 0) mm. Determine the speed of the 
slider blocks at the instant 0 = 120°. 


12-186. Determine the magnitude of the acceleration of 
the slider blocks in Prob. 12-185 when 0 = 120°. 


 — 5 rad/s 








r = 100 (2 — cos 09) mm 





Probs. 12-185/186 
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12-187. The searchlight on the boat anchored 2000 ft from 
shore is turned on the automobile, which is traveling along 
the straight road at a constant speed 80 ft/s, Determine the 
angular rate of rotation of the light when the automobile is 
r= 3000 ft from the boat. 


*12-188. If the car in Prob. 12-187 is accelerating at 
15 ft/s? at the instant r — 3000 ft determine the required 
angular acceleration 0 of the light at this instant. 


2000 ft 





Probs. 12-187/188 


12-189. A particle moves along an Archimedean spiral 
r = (80) ft, where 0 is given in radians. If 6 = 4 rad/s 
(constant), determine the radial and transverse components 
of the particle’s velocity and acceleration at the instant 
0 = 7/2 rad. Sketch the curve and show the components on 
the curve. 


12-190. Solve Prob. 12-189 if the particle has an angular 
acceleration 0 = 5 rad/s? when à = 4 rad/sat 0 = m/2 rad. 






r — (80) ft 


x 


Probs. 12-189/190 


12-191. The arm of the robot moves so that r = 3 ft is 
constant, andits grip A moves along the pathz = (3 sin 40) ft, 
where 0 is in radians. If 0 = (0.57) rad, where t is in seconds, 
determine the magnitudes of the grip's velocity and 
acceleration when t = 3 s. 


*12-192. For a short time the arm of the robot is extending 
such that + = 1.5ft/s when r= 3ft, z = (42) ft, and 
0 = O.5trad, where ¢ is in seconds. Determine the 
magnitudes of the velocity and acceleration of the grip A 
when t — 3s. 








Probs. 12-191/192 


12-193. The double collar C is pin connected together such 
that one collar slides over the fixed rod and the other slides 
over the rotating rod AB. If the angular velocity of AB is 
given as Ê= (e?5 P ) rad/s, where t is in seconds, and the path 
defined by the fixed rod is r = |(0.4 sin 6 + 0.2)| m, determine 
the radial and transverse components of the collar’s velocity 
and acceleration when t= 1 s. When t=0, 6 — 0. Use Simpson's 
rule with n = 50 to determine 0 at t= 1 s. 


12-194. The double collar C is pin connected together such 
that one collar slides over the fixed rod and the other slides 
over the rotating rod AB. If the mechanism is to be designed 
so that the largest speed given to the collar is 6 m/s, determine 
the required constant angular velocity 0 of rod AB. The path 
defined by the fixed rod is r= (0.4 sin 0 + 0.2) m. 





0.2m 0.2m 


Probs. 12-193/194 


12.9 ABSOLUTE DEPENDENT MOTION ANALYSIS OF TWO PARTICLES 


12.9 Absolute Dependent Motion 
Analysis of Two Particles 


In some types of problems the motion of one particle will depend on the 
corresponding motion of another particle. This dependency commonly 
occurs if the particles, here represented by blocks, are interconnected by 
inextensible cords which are wrapped around pulleys. For example, the 
movement of block A downward along the inclined plane in Fig. 12-36 
will cause a corresponding movement of block B up the other incline. We 
can show this mathematically by first specifying the location of the blocks 
using position coordinates s, and sg. Note that each of the coordinate axes 
is (1) measured from a fixed point (O) or fixed datum line, (2) measured 
along each inclined plane in the direction of motion of each block, and 
(3) has a positive sense from the fixed datums to A and to B. If the total 
cord length is /7, the two position coordinates are related by the equation 


SA + lop + sg = lr 


Here /cp is the length of the cord passing over arc CD. Taking the time 
derivative of this expression, realizing that /-p and I; remain constant, while 
54 and sg measure the segments of the cord that change in length, we have 


oes 
dt dt 


The negative sign indicates that when block A has a velocity downward, 
i.e., in the direction of positive s4, it causes a corresponding upward 
velocity of block B;i.e., B moves in the negative sz direction. 

In a similar manner, time differentiation of the velocities yields the 
relation between the accelerations, i.e., 


= 0 or Vg = —VA 


ag — UA 


A more complicated example is shown in Fig. 12—37a. In this case, the 
position of block A is specified by s4, and the position of the end of the 
cord from which block B is suspended is defined by sg. As above, we have 
chosen position coordinates which (1) have their origin at fixed points 
or datums, (2) are measured in the direction of motion of each block, and 
(3) from the fixed datums are positive to the right for s, and positive 
downward for sz. During the motion, the length of the red colored 
segments of the cord in Fig. 12-37a remains constant. If | represents the 
total length of cord minus these segments, then the position coordinates 
can be related by the equation 


2sg thts, =1 
Since / and A are constant during the motion, the two time derivatives yield 
2Up = —VA 2üg = A 


Hence, when B moves downward (+s,), A moves to the left (—s,4) with 
twice the motion. 


85 








Fig. 12-36 
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This example can also be worked by defining the position of block B 
from the center of the bottom pulley (a fixed point), Fig. 12-37b. In 
this case 





2(h —sg) tht sy=l 
Time differentiation yields 


2Up = VA 2dp =a, 





Here the signs are the same. Why? 














" Daun ! Procedure for Analysis 
| 
L | The above method of relating the dependent motion of one particle 
ay | to that of another can be performed using algebraic scalars or 
(b) position coordinates provided each particle moves along a rectilinear 


path. When this is the case, only the magnitudes of the velocity and 
acceleration of the particles will change, not their line of direction. 


Fig. 12-37 (cont.) 


Position-Coordinate Equation. 


e Establish each position coordinate with an origin located at a 
fixed point or datum. 


It is not necessary that the origin be the same for each of the 
coordinates; however, it is important that each coordinate axis 
selected be directed along the path of motion of the particle. 


Using geometry or trigonometry, relate the position coordinates 
to the total length of the cord, lr, or to that portion of cord, l, 


which excludes the segments that do not change length as the 
particles move—such as arc segments wrapped over pulleys. 


If a problem involves a system of two or more cords wrapped 
around pulleys, then the position of a point on one cord must be 
related to the position of a point on another cord using the above 
procedure. Separate equations are written for a fixed length of 
each cord of the system and the positions of the two particles are 
then related by these equations (see Examples 12.22 and 12.23). 


Time Derivatives. 


e Two successive time derivatives of the position-coordinate 
equations yield the required velocity and acceleration equations 
which relate the motions of the particles. 





The signs of the terms in these equations will be consistent with 
The cable is wrapped around the pulleys on those that specify the positive and negative sense of the position 


this crane in order to reduce the required force coordinates. 
needed to hoist a load. (© R.C. Hibbeler) 
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EXAMPLE | 12.21 


Determine the speed of block A in Fig. 12-38 if block B has an upward 
speed of 6 ft/s. 














Fig. 12-38 


SOLUTION 


Position-Coordinate Equation. There is one cord in this system 
having segments which change length. Position coordinates s4 and sg 
will be used since each is measured from a fixed point (C or D) and 
extends along each block’s path of motion. In particular, sz is directed 
to point E since motion of B and E is the same. 

The red colored segments of the cord in Fig. 12-38 remain at a 
constant length and do not have to be considered as the blocks move. 
The remaining length of cord, /, is also constant and is related to the 
changing position coordinates s, and sz by the equation 


SA zh: 3sp =] 
Time Derivative. Taking the time derivative yields 
Vat 3ug =0 


so that when vg = —6 ft/s (upward), 


va = 18 ft/s | 
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Determine the speed of A in Fig. 12-39 if B has an upward speed 
of 6 ft/s. 











Fig. 12-39 


SOLUTION 


Position-Coordinate Equation. As shown, the positions of blocks 
A and B are defined using coordinates s4 and sg. Since the system has 
two cords with segments that change length, it will be necessary to use 
a third coordinate, sc, in order to relate s4 to sg. In other words, the 
length of one of the cords can be expressed in terms of s4 and sc, and 
the length of the other cord can be expressed in terms of sg and sc. 

The red colored segments of the cords in Fig. 12-39 do not have to 
be considered in the analysis. Why? For the remaining cord lengths, 
say /, and b, we have 


sa + 2sc = Hh Sg + (sp — SC) — b 
Time Derivative. Taking the time derivative of these equations yields 


va + 20c = 0 2Upg — Vc = 0 


Eliminating vc produces the relationship between the motions of each 
cylinder. 


VA ae 4Ug = 0 
so that when vg = —6 ft/s (upward), 
va = +24 ft/s = 24 ft/s | 
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EXAMPLE | 12.23 


Determine the speed of block B in Fig. 12-40 if the end of the cord at 
A is pulled down with a speed of 2 m/s. 








SOLUTION 
Position-Coordinate Equation. The position of point A is defined by 
54, and the position of block B is specified by sg since point E on the 
pulley will have the same motion as the block. Both coordinates are 
measured from a horizontal datum passing through the fixed pin at pulley 
D. Since the system consists of two cords, the coordinates s4 and sz cannot 
be related directly. Instead, by establishing a third position coordinate, sc, 
we can now express the length of one of the cords in terms of sz and sc, 
and the length of the other cord in terms of s4, sg, and sc. 

Excluding the red colored segments of the cords in Fig. 12-40, the 
remaining constant cord lengths /, and J, (along with the hook and 
link dimensions) can be expressed as 


$c m Sp) ae l 
(sa — sc) + (sg — sc) + sg =h 

Time Derivative. The time derivative of each equation gives 

ve t UR = 0 

va — 2vc + 20g = 0 

Eliminating vc, we obtain 

UA ar 4Ug —0 
so that when v4 — 2 m/s (downward), 


Vg = —0.5 m/s = 0.5 m/s 





90 CHAPTER 12 KINEMATICS OF A PARTICLE 


A man at A is hoisting a safe S as shown in Fig. 12-41 by walking to the 
right with a constant velocity v4 = 0.5 m/s. Determine the velocity and 
acceleration of the safe when it reaches the elevation of 10 m. The rope 
is 30 m long and passes over a small pulley at D. 


SOLUTION 


Position-Coordinate Equation. This problem is unlike the previous 
examples since rope segment DA changes both direction and 
magnitude. However, the ends of the rope, which define the positions 
of C and A, are specified by means of the x and y coordinates since 
they must be measured from a fixed point and directed along the paths 
of motion of the ends of the rope. 

The x and y coordinates may be related since the rope has a fixed 
length / = 30 m, which at all times is equal to the length of segment DA 
plus CD. Using the Pythagorean theorem to determine /p4, we have 


lp, = V (15. + 2°; also, icp = 15 — y. Hence, 
| = lp + lep 
30 = V(15)? + x7 + (15 — y) 
y= V225 + xà — 15 (1) 
Time Derivatives. Taking the time derivative, using the chain rule 
(see Appendix C), where vs = dy/dt and v4 = dx/dt, yields 





dy E 2x IE 
Qe = = 


dt dt 


2 N/225 + xi 
- Q) 
eae S 


At y = 10m, x is determined from Eq. 1, i.e., x = 20 m. Hence, from 
Eq. 2 with v4 = 0.5 m/s, 
20 


se i) 
"5 ms ao 


The acceleration is determined by taking the time derivative of Eq. 2. 
Since v4 is constant, then a, = dv,/dt = 0, and we have 


dy —x(dx/dt) 1 dx 1 dv, 22504 
as~ = 379 Oaa VA T DX = ^3/2 
Ge KOSE V225 + x! lN dt wss | dt (225 x^)" 


At x = 20 m, with v4 = 0.5 m/s, the acceleration becomes 
225(0.5 m/s)* 
[225 + (20 my P2 


5) = 0.4 m/s = 400mm/s f Ans. 














dg = = 0.00360 m/s? = 3.60 mm/s? 1 Ans. 


NOTE: The constant velocity at A causes the other end C of the rope 
to have an acceleration since v4 causes segment DA to change its 
direction as well as its length. 
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12.10  Relative-Motion of Two Particles 
Using Translating Axes 


Throughout this chapter the absolute motion of a particle has been 
determined using a single fixed reference frame. There are many cases, 
however, where the path of motion for a particle is complicated, so that it 
may be easier to analyze the motion in parts by using two or more frames 
of reference. For example, the motion of a particle located at the tip of an 
airplane propeller, while the plane is in flight, is more easily described if 
one observes first the motion of the airplane from a fixed reference and 
then superimposes (vectorially) the circular motion of the particle 
measured from a reference attached to the airplane. 

In this section translating frames of reference will be considered for the 
analysis. 


Position. Consider particles A and B, which move along the 
arbitrary paths shown in Fig. 12-42. The absolute position of each 
particle, r4 and rg, is measured from the common origin O of the fixed 
x, y, z reference frame. The origin of a second frame of reference x’, y’, 
z' is attached to and moves with particle A. The axes of this frame are 
only permitted to translate relative to the fixed frame. The position of B 
measured relative to A is denoted by the relative-position vector rgy,. 
Using vector addition, the three vectors shown in Fig. 12-42 can be 
related by the equation 





Ha = Ea a ay (12-33) 











Velocity. An equation that relates the velocities of the particles is 
determined by taking the time derivative of the above equation; i.e., 





Ya = Va Vya (12-34) 





Here vz = drp/dt and v4, = dr,/dt refer to absolute velocities, since 
they are observed from the fixed frame; whereas the relative velocity 
Vp/4 = drgjąa/dt is observed from the translating frame. It is important 
to note that since the x’, y', z' axes translate, the components of rg, 
will not change direction and therefore the time derivative of these 
components will only have to account for the change in their 
magnitudes. Equation 12-34 therefore states that the velocity of B is 
equal to the velocity of A plus (vectorially) the velocity of “B with 
respect to A,” as measured by the translating observer fixed in the 
X', y', z' reference frame. 


Fixed 
observer 









Translating 
observer 


Fig. 12-42 
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Acceleration. The time derivative of Eq. 12-34 yields a similar 
vector relation between the absolute and relative accelerations of 
particles A and B. 








ag = a4 + agi, (12-35) 





Here aj, is the acceleration of B as seen by the observer located at A and 
translating with the x’, y’, z’ reference frame.* 


Procedure for Analysis 


e When applying the relative velocity and acceleration equations, it 
is first necessary to specify the particle A that is the origin for the 
translating x’, y’, z' axes. Usually this point has a known velocity 
or acceleration. 


Since vector addition forms a triangle, there can be at most two 
unknowns, represented by the magnitudes and/or directions of 
the vector quantities. 


These unknowns can be solved for either graphically, using 
trigonometry (law of sines, law of cosines), or by resolving each of 
the three vectors into rectangular or Cartesian components, 
thereby generating a set of scalar equations. 





The pilots of these close-flying planes 
must be aware of their relative positions 
and velocities at all times in order to 
avoid a collision. (© R.C. Hibbeler) 





* An easy way to remember the setup of these equations is to note the “cancellation” of 
the subscript A between the two terms, e.g., ag = ay + agy4. 
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EXAMPLE | 12.25 


A train travels at a constant speed of 60 mi/h and crosses over a road 
as shown in Fig. 12-43a. If the automobile A is traveling at 45 mi/h 
along the road, determine the magnitude and direction of the velocity 
of the train relative to the automobile. 


SOLUTION I 


Vector Analysis. The relative velocity v7,, is measured from the 
translating x’, y' axes attached to the automobile, Fig. 12—43a. It is 
determined from vr = v4 + vyz/4. Since vr and v, are known in both 
magnitude and direction, the unknowns become the x and y components 
of vz/4. Using the x, y axes in Fig. 12-43a, we have 


Vr VA T VA 
60i = (45 cos 45°i + 45 sin 45°j) + vra 
Vra = (282i — 31.8j} mi/h 


The magnitude of vz), is thus 


Vra = V Q82Y + (—31.8Y = 42.5 mi/h Ans. 





From the direction of each component, Fig. 12-435, the direction of 
VT/A iS 
(vr), 31.8 
tan 9 = imei ERES 
(VrjA) 28.2 
GC 45s = Ans. 
Note that the vector addition shown in Fig. 12-43b indicates the 
correct sense for vr. This figure anticipates the answer and can be 
used to check it. 


SOLUTION Il 


Scalar Analysis. The unknown components of vr; can also be 
determined by applying a scalar analysis. We will assume these 
components act in the positive x and y directions. Thus, 





Np = VA ch VT/A 
ls 2a _ |: | 2 ee " lud 
— A 45° — f 

Resolving each vector into its x and y components yields 
(5) 60 = 45 cos 45° + (vr), + 0 
(+f) 0 = 45 sin 45° + 0 + (vri), 
Solving, we obtain the previous results, 

(vrj4), = 28.2 mi/h = 28.2 mi/h > 

(Vrj4), = —31.8 mi/h = 31.8 mi/h | 
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j| VB/A 


cx vg = 600 km/h 


(b) 


900 km/h? 


150 km/h? 





Plane A in Fig. 12-44a is flying along a straight-line path, whereas 
plane B is flying along a circular path having a radius of curvature 
of pg = 400 km. Determine the velocity and acceleration of B as 
measured by the pilot of A. 


SOLUTION 


Velocity. The origin of the x and y axes are located at an arbitrary 
fixed point. Since the motion relative to plane A is to be determined, 
the translating frame of reference x', y' is attached to it, Fig. 12-44a. 
Applying the relative-velocity equation in scalar form since the velocity 
vectors of both planes are parallel at the instant shown, we have 


(ep Up = VA + UpjA 
600 km/h = 700 km/h + vga 
Vpja = —100 km/h = 100 km/h | 
The vector addition is shown in Fig. 12-445. 


Acceleration. Plane B has both tangential and normal components 
of acceleration since it is flying along a curved path. From Eq. 12-20, 
the magnitude of the normal component is 


2 2 
UB 600 km/h)* 
(ag), — Fs x m — 900 km/h? 





400 km 
Applying the relative-acceleration equation gives 


agp = aq t AB/A 
900i — 100j = 50j + ag 
Thus, 
agja = {900i — 150j} km/h? 


From Fig. 12-44c, the magnitude and direction of ag, are therefore 


150 
agja = 912km/h? 6 = tan O60 = 946 SG Ans. 


NOTE: The solution to this problem was possible using a translating 
frame of reference, since the pilot in plane A is “translating.” 
Observation of the motion of plane A with respect to the pilot of 
plane B, however, must be obtained using a rotating set of axes 
attached to plane B. (This assumes, of course, that the pilot of B is 
fixed in the rotating frame, so he does not turn his eyes to follow the 
motion of A.) The analysis for this case is given in Example 16.21. 
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EXAMPLE | 12.27 


At the instant shown in Fig. 12-45a, cars A and B are traveling with 
speeds of 18 m/s and 12 m/s, respectively. Also at this instant, A has a 
decrease in speed of 2 m/s?, and B has an increase in speed of 3 m/s?. 
Determine the velocity and acceleration of B with respect to A. 


SOLUTION 


Velocity. The fixed x, y axes are established at an arbitrary point on 
the ground and the translating x', y' axes are attached to car A, 
Fig. 12-45a. Why? The relative velocity is determined from 
Vg = Va + Vgj4. What are the two unknowns? Using a Cartesian vector 
analysis, we have 


Vg = Va + Vaya 
—12j = (718 cos 607i — 18 sin 60°j) + vg, 
vga = {9i + 3.588j} m/s 
Thus, 


vy = VOY + (3.588) = 9.69 m/s Ans. 


Noting that vg/4 has +i and +j components, Fig. 12-455, its direction is 
u (UBya)y — 3.588 


E (Vp A) | 9 
(2e Dae a Ans. 


Acceleration. Car B has both tangential and normal components of 

acceleration. Why? The magnitude of the normal component is 
es v? " (12 m/s)? 
MEQUE 100 m 


Applying the equation for relative acceleration yields 


tan 


— 1440 m/s? 


ap = ay ar Qp/A 
(-1.440i — 3j) = (2 cos 60*i + 2 sin 60°j) + agya 
agja = (—2440i — 4.732j] m/s? 


Here a5, has —i and —j components. Thus, from Fig. 12-45c, 





agja = 'V/(2.440Y. + (4.732 = 5.32 m/s? 


| (asp), — 4.732 
(apjA) 2.440 





tan $ 


@ = oT? ge Ans. 4.732 m/s? 


NOTE: Is it possible to obtain the relative acceleration of a4/5 using this (c) 
method? Refer to the comment made at the end of Example 12.26. Fig. 12-45 
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= Fal FUNDAMENTAL PROBLEMS 


F12-39. Determine the velocity of block D if end A of the F12-42. Determine the velocity of block A if end F of the 
rope is pulled down with a speed of v4 = 3 m/s. rope is pulled down with a speed of vp = 3 m/s. 





vr=3m/s 
Prob. F12-39 | à / Prob. F12-42 


F12-40. Determine the velocity of block A if end B of the F12-43. Determine the velocity of car A if point P on the 
rope is pulled down with a speed of 6 m/s. cable has a speed of 4 m/s when the motor M winds the cable in. 





Prob. F12-43 
Frob: 4 F12-44. Determine the velocity of cylinder B if cylinder A 
F12-41. Determine the velocity of block A if end B of the moves downward with a speed of v, = 4 ft/s. 


rope is pulled down with a speed of 1.5 m/s. 





Prob. F12-41 Prob. F12-44 
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80 km/h due north, while car B is traveling with a constant 
speed of 100 km/h due east. Determine the velocity of car B 
relative to car A. 


va = 15 m/s and vg = 10 m/s when they leave the pier at 
O at the same time. Determine the distance between them 


F12-45. Car A is traveling with a constant speed of F12-47. The boats A and B travel with constant speeds of g 
when t = 4s. 





Prob. F12-47 
Prob. F12-45 
; ; 12-48. hei h A B li 
F12-46. Two planes A and B are traveling with the E B UE ines di post and Pare tave ms at 
i ; ; the speeds shown. If B is accelerating at 1200 km/h“ while A 
constant velocities shown. Determine the magnitude and mainan a-constant sneed. determine the- velocity and 
direction of the velocity of plane B relative to plane A. psec, y 


acceleration of A with respect to B. 





Prob. F12-46 Prob. F12-48 
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Sap [PRosiems MM 


12-195. If the end of the cable at A is pulled down with a 12-198. If the end of the cable at A is pulled down with a 
speed of 2 m/s, determine the speed at which block B rises. speed of 5 m/s, determine the speed at which block B rises. 





sia lean Prob. 12-198 
*12-196. The motor at C pulls in the cable with an 
acceleration ac — BA m/ s2, where t is in seconds. The 12-199. Determine the displacement of the log if the truck 
motor at D draws in its cable at ay = 5 m/s?. If both motors at C pulls the cable 4 ft to the right. 


start at the same instant from rest when d — 3 m,determine 
(a) the time needed for d — 0, and (b) the velocities of 
blocks A and B when this occurs. 























Prob. 12-199 
Prob. 12-196 f f *12-200. Determine the constant speed at which the cable 
12-197. The pulley arrangement shown is designed for at A must be drawn in by the motor in order to hoist the 
hoisting materials. If BC remains fixed while the plunger P is load6min15s. 
pushed downward with a speed of 4 ft/s, determine the 
speed of the load at A. 12-201. Starting from rest, the cable can be wound onto 


the drum of the motor at a rate of v4 = (32) m/s, where t is 
in seconds. Determine the time needed to lift the load 7 m. 





Prob. 12-197 
Probs. 12-200/201 
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12-202. If the end A of the cable is moving at v4 = 3 m/s, 12-206. Determine the speed of the block at B. 
determine the speed of block B. 


va — 3 m/s 














Prob. 12-206 


Prop. 42-202 12-207. Determine the speed of block A if the end of the 
rope is pulled down with a speed of 4 m/s. 
12-203. Determine the time needed for the load at B to 
attain a speed of 10 m/s, starting from rest, if the cable is 
drawn into the motor with an acceleration of 3 m/s?. 


*12-204. The cable at A is being drawn toward the motor 
at v4 = 8 m/s. Determine the velocity of the block. 








Prob. 12-207 


*12-208. The motor draws in the cable at C with a 
constant velocity of vc = 4 m/s. The motor draws in the 
cable at D with a constant acceleration of ap = 8 m/s’. If 
Vp = 0 when t = 0, determine (a) the time needed for 
. i block A to rise 3 m, and (b) the relative velocity of block A 
12-205. If block A of the pulley system is moving with respect to block B when this occurs. 

downward at 6 ft/s while block C is moving down at 18 ft/s, 

determine the relative velocity of block B with respect to C. 





Probs. 12-203/204 











Prob. 12-205 Prob. 12-208 
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12-209. The cord is attached to the pin at C and passes 
over the two pulleys at A and D. The pulley at A is attached 
to the smooth collar that travels along the vertical rod. 
Determine the velocity and acceleration of the end of the 
cord at B if at the instant s4 = 4 ft the collar is moving 
upward at 5 ft/s, which is decreasing at 2 ft/s. 


12-210. The 16-ft-long cord is attached to the pin at C and 
passes over the two pulleys at A and D. The pulley at A is 
attached to the smooth collar that travels along the vertical 
rod. When sz = 6 ft, the end of the cord at B is pulled 
downward with a velocity of 4 ft/s and is given an 
acceleration of 3 ft/s? Determine the velocity and 
acceleration of the collar at this instant. 








i 3 ft T 3 ft - 











Probs. 12-209/210 


12-211. The roller at A is moving with a velocity of 
v4 = 4 m/s and has an acceleration of a, = 2 m/s? when 
x4 — 3m. Determine the velocity and acceleration. of 
block B at this instant. 


va =4m/s 
a 








Prob. 12-211 


*12-212. The girl at C stands near the edge of the pier and 
pulls in the rope horizontally at a constant speed of 6 ft/s. 
Determine how fast the boat approaches the pier at the 
instant the rope length AB is 50 ft. 








Prob. 12-212 


12-213. If the hydraulic cylinder H draws in rod BC at 
2 ft/s, determine the speed of slider A. 





Prob. 12-213 


12-214. At the instant shown, the car at A is traveling at 
10 m/s around the curve while increasing its speed at 5 m/s?. 
The car at B is traveling at 18.5 m/s along the straightaway and 
increasing its speed at 2 m/s*. Determine the relative velocity 
and relative acceleration of A with respect to B at this instant. 


vg = 18.5 m/s 





Prob. 12-214 
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12-215. The motor draws in the cord at B with an 
acceleration of ag = 2 m/s?. When s4 = 1.5 m, vg = 6 m/s. 
Determine the velocity and acceleration of the collar at 
this instant. 














Prob. 12-215 


*12-216. If block B is moving down with a velocity vg and 
has an acceleration ag, determine the velocity and 
acceleration of block A in terms of the parameters shown. 


4 





Th 








VB, ag 


AI 


12-217. The crate C is being lifted by moving the roller at A 
downward with a constant speed of v4 = 2 m/s along the 
guide. Determine the velocity and acceleration of the crate at 
the instant s — 1 m. When the roller is at B, the crate rests on 
the ground. Neglect the size of the pulley in the calculation. 
Hint: Relate the coordinates xc and x4 using the problem 
geometry, then take the first and second time derivatives. 


Prob. 12-216 

















Prob. 12-217 


12-218. Two planes, A and B, are flying at the same 
altitude. If their velocities are v4 = 500 km/h and 
vg = 700 km/h such that the angle between their straight- 
line courses is 0 = 60°, determine the velocity of plane B 


with respect to plane A. 
: | 


va = 500 km/h 


vg = 700 km 


ZA 


B 





Prob. 12-218 


12-219. At the instant shown, cars A and B are traveling at 
speeds of 55 mi/h and 40 mi/h, respectively. If B is 
increasing its speed by 1200 mi/h?, while A maintains a 
constant speed, determine the velocity and acceleration of B 
with respect to A. Car B moves along a curve having a 
radius of curvature of 0.5 mi. 





va = 55 mi/h 


Prob. 12-219 


*12-220. The boat can travel with a speed of 16 km/h in still 
water. The point of destination is located along the dashed 
line. If the water is moving at 4 km/h, determine the bearing 
angle 0 at which the boat must travel to stay on course. 





Prob. 12-220 
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12-221. Two boats leave the pier P at the same time and 
travel in the directions shown. If v4 = 40 ft/s and vg = 
30 ft/s, determine the velocity of boat A relative to boat B. 
How long after leaving the pier will the boats be 1500 ft apart? 





Prob. 12-221 


12-222. A car is traveling north along a straight road at 
50 km/h. An instrument in the car indicates that the wind is 
coming from the east. If the car’s speed is 80 km/h, the 
instrument indicates that the wind is coming from the 
northeast. Determine the speed and direction of the wind. 


12-223. Two boats leave the shore at the same time and 
travel in the directions shown. If v, = 10m/s and 
Up = 15 m/s, determine the velocity of boat A with respect 
to boat B. How long after leaving the shore will the boats be 
600 m apart? 





Prob. 12-223 


*12-224. Atthe instant shown, car A has a speed of 20 km/h, 
which is being increased at the rate of 300 km/h? as the car 
enters the expressway. At the same instant, car B is 
decelerating at 250 km/h? while traveling forward at 
100 km/h. Determine the velocity and acceleration of A 
with respect to B. 





Prob. 12-224 


12-225. Cars A and B are traveling around the circular 
race track. At the instant shown, A has a speed of 90 ft/s 
and is increasing its speed at the rate of 15 ft/s?, whereas B 
has a speed of 105 ft/s and is decreasing its speed at 25 ft/s?. 
Determine the relative velocity and relative acceleration of 
car A with respect to car B at this instant. 





Prob. 12-225 
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12-226. A man walks at 5 km/h in the direction of a 
20 km/h wind. If raindrops fall vertically at 7 km/h in still 
air, determine direction in which the drops appear to fall 
with respect to the man. 


Vy = 20 km/h 











Prob. 12-226 


12-227. At the instant shown, cars A and B are traveling at 
velocities of 40 m/s and 30 m/s, respectively. If B is 
increasing its velocity by 2 m/s?, while A maintains a constant 
velocity, determine the velocity and acceleration of B with 
respect to A. The radius of curvature at B is pg = 200 m. 


*12-228. Atthe instant shown, cars A and B are traveling at 
velocities of 40 m/s and 30 m/s, respectively. If A is increasing 
its speed at 4 m/s, whereas the speed of B is decreasing at 
3 m/s?, determine the velocity and acceleration of B with 
respect to A. The radius of curvature at B is pg = 200 m. 


A 
B 
AE 
VN v4 = 40 m/s 
vg = 30 m/s 
30 


Probs. 12-227/228 
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12-229. A passenger in an automobile observes that 
raindrops make an angle of 30? with the horizontal as the 
auto travels forward with a speed of 60 km/h. Compute the 
terminal (constant) velocity v, of the rain if it is assumed to 
fall vertically. 











Prob. 12-229 


12-230. A man can swim at 4 ft/s in still water. He wishes 
to cross the 40-ft-wide river to point B, 30 ft downstream. If 
the river flows with a velocity of 2 ft/s, determine the speed 
of the man and the time needed to make the crossing. Note: 
While in the water he must not direct himself toward point B 
to reach this point. Why? 





Prob. 12-230 
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12-231. The ship travels at a constant speed of v, = 20 m/s 
and the wind is blowing at a speed of v, = 10 m/s, as 
shown. Determine the magnitude and direction of the 
horizontal component of velocity of the smoke coming from 
the smoke stack as it appears to a passenger on the ship. 





Prob. 12-231 


*12-232. The football player at A throws the ball in the 
y-z plane at a speed v4 = 50 ft/s and an angle 04 = 60° with 
the horizontal. At the instant the ball is thrown, the player is 
at B and is running with constant speed along the line BC in 
order to catch it. Determine this speed, vg, so that he makes 
the catch at the same elevation from which the ball 
was thrown. 


12-233. The football player at A throws the ball in the 
y-z plane with a speed v4 = 50 ft/s and an angle 04 = 60? with 
the horizontal. At the instant the ball is thrown, the player is 
at B and is running at a constant speed of vg = 23 ft/s along 
the line BC. Determine if he can reach point C, which has the 
same elevation as A, before the ball gets there. 





Probs. 12-232/233 


12-234. Ata given instant the football player at A throws 
a football C with a velocity of 20 m/s in the direction shown. 
Determine the constant speed at which the player at B must 
run so that he can catch the football at the same elevation at 
which it was thrown. Also calculate the relative velocity and 
relative acceleration of the football with respect to B at the 
instant the catch is made. Player B is 15 m away from A 
when A starts to throw the football. 


20 m/s © 


E 


Prob. 12-234 








12-235. At the instant shown, car A travels along the 
straight portion of the road with a speed of 25 m/s. At this 
same instant car B travels along the circular portion of the 
road with a speed of 15 m/s. Determine the velocity of car B 
relative to car A. 








Prob. 12-235 
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5H CONCEPTUAL PROBLEMS g 


C12-1. Ifyou measured the time it takes for the construction C12-3. The basketball was thrown at an angle measured 
elevator to go from A to B, then B to C, and then C to D, and from the horizontal to the man’s outstretched arm. If 
you also know the distance between each of the points, how the basket is 3m from the ground, make appropriate 
could you determine the average velocity and average measurements in the photo and determine if the ball located 
acceleration of the elevator as it ascends from A to D? Use as shown will pass through the basket. 


numerical values to explain how this can be done. 





Prob. C12-3 (© R.C. Hibbeler) 


C12-4. The pilot tells you the wingspan of her plane and 
her constant airspeed. How would you determine the 
acceleration of the plane at the moment shown? Use 
numerical values and take any necessary measurements 
from the photo. 





Prob. C12-1 (O R.C. Hibbeler) 


C12-2. If the sprinkler at A is 1 m from the ground, then 
scale the necessary measurements from the photo to 
determine the approximate velocity of the water jet as it 
flows from the nozzle of the sprinkler. 


4 


- 


V x e 
MS 4 v 





Prob. C12-2 (O R.C. Hibbeler) Prob. C12-4 (© R.C. Hibbeler) 
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CHAPTER REVIEW 


Rectilinear Kinematics 


Rectilinear kinematics refers to motion 
along a straight line. A position 
coordinate s specifies the location of the 
particle on the line, and the displacement 
As is the change in this position. 


The average velocity is a vector quantity, 
defined as the displacement divided by 
the time interval. 


The average speed is a scalar, and is the 
total distance traveled divided by the 
time of travel. 


The time, position, velocity, and 
acceleration are related by three 
differential equations. 


If the acceleration is known to be 
constant, then the differential equations 
relating time, position, velocity, and 
acceleration can be integrated. 





e 
Il 
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Uavg = AL 


ST 


(Usp)avg = AL 


Vv = U9 t at 
s = so + vot + had 


vg + 2a(s — so) 




















ST 








Graphical Solutions 


If the motion is erratic, then it can be 
described by a graph. If one of these 
graphs is given, then the others can 
be established using the differential 
relations between a, v, s, and t. 





| dv 
EE 
_ ds 
VU dÉ 


ads = vdv 





Curvilinear Motion, x, y, z 


Curvilinear motion along the path can be 
resolved into rectilinear motion along the x, 
y, z axes. The equation of the path is used to 
relate the motion along each axis. 
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Projectile Motion 


Free-flight motion of a projectile follows a 
parabolic path. It has a constant velocity in 
the horizontal direction, and a constant 
downward acceleration of g = 9.81 m/s? or 
32.2 ft/s? in the vertical direction. Any two 
of the three equations for constant 
acceleration apply in the vertical direction, 
and in the horizontal direction only one 
equation applies. 








+ act 


1 
(Vo) yt + ja 





? + 2aCy — yo) 





Xo T (Uo) xt 
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Curvilinear Motion n, t 


If normal and tangential axes are used 
for the analysis, then v is always in the 
positive ¢ direction. 


The acceleration has two components. 
The tangential component, a,, accounts 
for the change in the magnitude of the 
velocity; a slowing down is in the 
negative t direction, and a speeding up is 
in the positive f direction. The normal 
component a, accounts for the change 
in the direction of the velocity. This 
component is always in the positive n 
direction. 











Curvilinear Motion r, 0 


If the path of motion is expressed in 
polar coordinates, then the velocity and 
acceleration components can be related 
to the time derivatives of r and 0. 


To apply the time-derivative equations, 
it is necessary to determine r,r, 7, 0, 0 at 
the instant considered. If the path 
r — f(0) is given, then the chain rule of 
calculus must be used to obtain time 
derivatives. (See Appendix C.) 


Once the data are substituted into the 
equations, then the algebraic sign of the 
results will indicate the direction of 
the components of v or a along each axis. 














ag = rö + 270 


Velocity 





Acceleration 





Absolute Dependent Motion of Two 
Particles 


The dependent motion of blocks that 
are suspended from pulleys and cables 
can be related by the geometry of the 
system. This is done by first establishing 
position coordinates, measured from a 
fixed origin to each block. Each 
coordinate must be directed along the 
line of motion of a block. 


Using geometry and/or trigonometry, 
the coordinates are then related to the 
cable length in order to formulate a 
position coordinate equation. 


The first time derivative of this equation 
gives a relationship between the 
velocities of the blocks, and a second 
time derivative gives the relation between 
their accelerations. 
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2sp + ht sg =l 

















Relative-Motion Analysis Using 
Translating Axes 


If two particles A and B undergo 
independent motions, then these 
motions can be related to their relative 
motion using a translating set of axes 
attached to one of the particles (A). 


For planar motion, each vector equation 
produces two scalar equations, one in 
the x, and the other in the y direction. 
For solution, the vectors can be 
expressed in Cartesian form, or the x 
and y scalar components can be written 
directly. 











Translating 
observer 


Fixed 
observer 
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R12-1. The position of a particle along a straight line is 
given by s = (t? — 9r? + 15t) ft, where t is in seconds. 
Determine its maximum acceleration and maximum 
velocity during the time interval 0 < t < 10 s. 


R12-2. Ifa particle has an initial velocity vo = 12 ft/s to the 
right, and a constant acceleration of 2 ft/s? to the left, 
determine the particle's displacement in 10 s. Originally sọ — 0. 


R12-3. A projectile, initially at the origin, moves along a 
straight-line path through a fluid medium such that its 
velocity is v = 1800(1 — e 99) mm/s where t is in seconds. 
Determine the displacement of the projectile during the 
first 3 s. 


R12-4. The v-t graph of a car while traveling along a road 
is shown. Determine the acceleration when t — 2.5 s, 10 s, 
and 25 s. Also if s = 0 when ¢ = 0, find the position when 
t=5s,20s, and 30 s. 


v (m/s) 














t (s) 





Prob. R12-4 
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R12-5. A car traveling along the straight portions of the 
road has the velocities indicated in the figure when it arrives 
at points A, B, and C. If it takes 3 s to go from A to B, and 
then 5 s to go from B to C, determine the average 
acceleration between points A and B and between points A 
and C. 


m/s 





/s 





Prob. R12-5 


R12-6. From a videotape, it was observed that a player 
kicked a football 126 ft during a measured time of 
3.6 seconds. Determine the initial speed of the ball and the 
angle 0 at which it was kicked. 


: 


. 126 ft 





Prob. R12-6 


R12-7. The truck travels in a circular path having a radius 
of 50 m at a speed of v = 4 m/s. For a short distance from 
s = 0, its speed is increased by ù = (0.05s) m/s”, where s is 
in meters. Determine its speed and the magnitude of its 
acceleration when it has moved s — 10 m. 


ù = (0.05s) m/s? 
v=4m/s 
































Prob. R12-7 


R12-8. Car B turns such that its speed is increased by 
(a)g = (0.5e') m/ s?, where t is in seconds. If the car starts 
from rest when 0 = 0°, determine the magnitudes of its 
velocity and acceleration when t = 2 s. Neglect the size of 
the car. 
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R12-9. A particle is moving along a circular path of 2-m 
radius such that its position as a function of time is given by 
0 = (52) rad, where t is in seconds. Determine the magnitude 
of the particle's acceleration when 0 = 30°. The particle 
starts from rest when 0 = 0°. 


R12-10. Determine the time needed for the load at B to 
attain a speed of 8 m/s, starting from rest, if the cable is 
drawn into the motor with an acceleration of 0.2 m/s?. 





Prob. R12-10 


R12-11. Two planes, A and B, are flying at the same 
altitude. If their velocities are v4 = 600 km/h and 
Ug = 500 km/h such that the angle between their straight- 
line courses is 0 = 75°, determine the velocity of plane B 
with respect to plane A. 








Prob. R12-8 


Prob. R12-11 








(© Migel/Shutterstock) 


A car driving along this road will be subjected to forces that create both 
normal and tangential accelerations. In this chapter we will study how these 
forces are related to the accelerations they create. 





Kinetics of a Particle: 
Force and Acceleration 





13.1 Newton's Second Law of Motion 


Kinetics is a branch of dynamics that deals with the relationship between 
the change in motion of a body and the forces that cause this change. The 
basis for kinetics is Newton’s second law, which states that when an 
unbalanced force acts on a particle, the particle will accelerate in the 
direction of the force with a magnitude that is proportional to the force. 

This law can be verified experimentally by applying a known 
unbalanced force F to a particle, and then measuring the acceleration a. 
Since the force and acceleration are directly proportional, the constant of 
proportionality, m, may be determined from the ratio m = F/a. This 
positive scalar m is called the mass of the particle. Being constant during 
any acceleration, m provides a quantitative measure of the resistance of 
the particle to a change in its velocity, that is its inertia. 





The jeep leans backward due to its inertia, 
which resists its forward acceleration. 
(© R.C. Hibbeler) 
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CHAPTER 13 


KINETICS OF A PARTICLE: FORCE AND ACCELERATION 


If the mass of the particle is m, Newton’s second law of motion may be 
written in mathematical form as 


F = ma 


The above equation, which is referred to as the equation of motion, is one 
of the most important formulations in mechanics.* As previously stated, 
its validity is based solely on experimental evidence. In 1905, however, 
Albert Einstein developed the theory of relativity and placed limitations 
on the use of Newton’s second law for describing general particle motion. 
Through experiments it was proven that time is not an absolute quantity 
as assumed by Newton; and as a result, the equation of motion fails to 
predict the exact behavior of a particle, especially when the particle’s 
speed approaches the speed of light (0.3 Gm/s). Developments of the 
theory of quantum mechanics by Erwin Schrodinger and others indicate 
further that conclusions drawn from using this equation are also invalid 
when particles are the size of an atom and move close to one another. 
For the most part, however, these requirements regarding particle speed 
and size are not encountered in engineering problems, so their effects 
will not be considered in this book. 


Newton's Law of Gravitational Attraction. Shortly after 
formulating his three laws of motion, Newton postulated a law governing 
the mutual attraction between any two particles. In mathematical form 
this law can be expressed as 

















RI GRE (13-1) 
r 
where 
F = force of attraction between the two particles 
G-  universalconstant of gravitation; according to experimental 
evidence G = 66.73(10 P?) m?/(kg* s?) 
mı,m, = mass of each of the two particles 
r= distance between the centers of the two particles 


*Since m is constant, we can also write F = d(mv)/dt, where mv is the particle’s linear 
momentum. Here the unbalanced force acting on the particle is proportional to the time 
rate of change of the particle's linear momentum. 
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In the case of a particle located at or near the surface of the earth, the 
only gravitational force having any sizable magnitude is that between the 
earth and the particle. This force is termed the *weight" and, for our 
purpose, it will be the only gravitational force considered. 

From Eq. 13-1, we can develop a general expression for finding the 
weight W of a particle having a mass m, = m. Let m, = M, be the mass 
of the earth and r the distance between the earth's center and the particle. 
Then, if g = GM,/7), we have 


By comparison with F — ma, we term g the acceleration due to gravity. 
For most engineering calculations g is measured at a point on the surface 
of the earth at sea level, and at a latitude of 45?, which is considered the 
“standard location.” Here the values g = 9.81 m/s? = 322 ft/s? will be 
used for calculations. 

In the SI system the mass of the body is specified in kilograms, and the 
weight must be calculated using the above equation, Fig. 13-1a. Thus, 

















m (kg) 
=, — 2 — 
W = mg(N) (g = 9.81 m/s?) (13-2) n 
W = mg (N) 

As a result, a body of mass 1 kg has a weight of 9.81 N; a 2-kg body SI system 
weighs 19.62 N; and so on. (a) 

In the FPS system the weight of the body is specified in pounds. The 
mass is measured in slugs, a term derived from “sluggish” which refers to 
the body's inertia. It must be calculated, Fig. 13-15, using 

m= ¥ (lug 
a = g (ft/s) 


m= = (slug (g = 32.2 ft/s?) (13-3) 











Therefore, a body weighing 32.2 lb has a mass of 1 slug; a 64.4-Ib body has 
a mass of 2 slugs; and so on. 





W (Ib) 


FPS system 
(b) 
Fig. 13-1 
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KINETICS OF A PARTICLE: FORCE AND ACCELERATION 


13.2 The Equation of Motion 


When more than one force acts on a particle, the resultant force is 
determined by a vector summation of all the forces; i.e., Fg = $F. For this 
more general case, the equation of motion may be written as 








XF = ma (13-4) 








To illustrate application of this equation, consider the particle shown 
in Fig. 13-2a, which has a mass m and is subjected to the action of two 
forces, F, and F,. We can graphically account for the magnitude and 
direction of each force acting on the particle by drawing the particle's 
free-body diagram, Fig. 13—2b. Since the resultant of these forces produces 
the vector ma, its magnitude and direction can be represented graphically 
on the kinetic diagram, shown in Fig. 13-2c.* The equal sign written 
between the diagrams symbolizes the graphical equivalency between the 
free-body diagram and the kinetic diagram; i.e., $F = ma.t In particular, 
note that if Fk = XF = 0, then the acceleration is also zero, so that the 
particle will either remain at rest or move along a straight-line path with 
constant velocity. Such are the conditions of static equilibrium, Newton's 
first law of motion. 


Inertial Reference Frame. When applying the equation of 
motion, it is important that the acceleration of the particle be measured 
with respect to a reference frame that is either fixed or translates with a 
constant velocity. In this way, the observer will not accelerate and 
measurements of the particle's acceleration will be the same from any 
reference of this type. Such a frame of reference is commonly known as a 
Newtonian or inertial reference frame, Fig. 13-3. 

When studying the motions of rockets and satellites, it is justifiable to 
consider the inertial reference frame as fixed to the stars, whereas 
dynamics problems concerned with motions on or near the surface of the 
earth may be solved by using an inertial frame which is assumed fixed to 
the earth. Even though the earth both rotates about its own axis and 
revolves about the sun, the accelerations created by these rotations are 
relatively small and so they can be neglected for most applications. 


*Recall the free-body diagram considers the particle to be free of its surrounding supports 
and shows all the forces acting on the particle. The kinetic diagram pertains to the particle’s 
motion as caused by the forces. 

"The equation of motion can also be rewritten in the form $F — ma = 0. The vector 
—ma is referred to as the inertia force vector. If it is treated in the same way as a “force 
vector,” then the state of “equilibrium” created is referred to as dynamic equilibrium. This 
method of application, which will not be used in this text, is often referred to as the 
D'Alembert principle, named after the French mathematician Jean le Rond d'Alembert. 
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We are all familiar with the sensation one feels when sitting in a car that is subjected to a forward acceleration. Often 
people think this is caused by a “force” which acts on them and tends to push them back in their seats; however, this is 
not the case. Instead, this sensation occurs due to their inertia or the resistance of their mass to a change in velocity. 

Consider the passenger who is strapped to the seat of a rocket sled. Provided the sled is at rest or is moving with 
constant velocity, then no force is exerted on his back as shown on his free-body diagram. 





eystone/Hulton Archive/ 
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When the thrust of the rocket engine causes the sled to accelerate, then the seat upon which he is sitting exerts a 
force F on him which pushes him forward with the sled. In the photo, notice that the inertia of his head resists this 
change in motion (acceleration), and so his head moves back against the seat and his face, which is nonrigid, tends 
to distort backward. 





Keystone/Hulton Archive/ 
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Upon deceleration the force of the seatbelt F' tends to pull his body to a stop, but his head leaves contact with the 
back of the seat and his face distorts forward, again due to his inertia or tendency to continue to move forward. 
No force is pulling him forward, although this is the sensation he receives. 
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CHAPTER 13 KINETICS OF A PARTICLE: FORCE AND ACCELERATION 


13.3 Equation of Motion for a System 
of Particles 


The equation of motion will now be extended to include a system 
of particles isolated within an enclosed region in space, as shown in 
Fig. 13-4a. In particular, there is no restriction in the way the particles 
are connected, so the following analysis applies equally well to the 
motion of a solid, liquid, or gas system. 

At the instant considered, the arbitrary i-th particle, having a mass m;, 
is subjected to a system of internal forces and a resultant external force. 
The internal force, represented symbolically as f;, is the resultant of all 
the forces the other particles exert on the ith particle. The resultant 
external force F; represents, for example, the effect of gravitational, 
electrical, magnetic, or contact forces between the ith particle and 
adjacent bodies or particles not included within the system. 

The free-body and kinetic diagrams for the ith particle are shown in 
Fig. 13-45. Applying the equation of motion, 


XF — ma; F; + f; = ma; 
When the equation of motion is applied to each of the other particles of 


the system, similar equations will result. And, if all these equations are 
added together vectorially, we obtain 


XF; + Ef, = Ema; 


f, 


Free-body Kinetic 
diagram diagram 








Inertial coordinate 
system 


(a) (b) 


Fig. 13-4 


13.3 EQUATION OF MOTION FOR A SYSTEM OF PARTICLES 


The summation of the internal forces, if carried out, will equal zero, since 
internal forces between any two particles occur in equal but opposite 
collinear pairs. Consequently, only the sum of the external forces will 
remain, and therefore the equation of motion, written for the system of 
particles, becomes 


EF; = yma; (13-5) 


If rg is a position vector which locates the center of mass G of the 
particles, Fig. 13-4a, then by definition of the center of mass, mrg = Xmjr;, 
where m = Èm; is the total mass of all the particles. Differentiating this 
equation twice with respect to time, assuming that no mass is entering or 
leaving the system, yields 


mag — Ema, 


Substituting this result into Eq. 13-5, we obtain 








XF — mag (13-6) 








Hence, the sum of the external forces acting on the system of particles is 
equal to the total mass of the particles times the acceleration of its center 
of mass G. Since in reality all particles must have a finite size to possess 
mass, Eq. 13-6 justifies application of the equation of motion to a body 
that is represented as a single particle. 


Important Points 


The equation of motion is based on experimental evidence and is 
valid only when applied within an inertial frame of reference. 


The equation of motion states that the unbalanced force on a 
particle causes it to accelerate. 


An inertial frame of reference does not rotate, rather its axes 
either translate with constant velocity or are at rest. 


Mass is a property of matter that provides a quantitative measure 
of its resistance to a change in velocity. It is an absolute quantity 
and so it does not change from one location to another. 

Weight is a force that is caused by the earth’s gravitation. It is not 
absolute; rather it depends on the altitude of the mass from the 
earth’s surface. 
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13.4 Equations of Motion: Rectangular 
Coordinates 


When a particle moves relative to an inertial x, y, z frame of reference, the 
forces acting on the particle, as well as its acceleration, can be expressed 
in terms of their i, j, k components, Fig. 13-5. Applying the equation of 
motion, we have 


EF = ma; XFi- XF j+ XFk = mai + a,j + ak) 


For this equation to be satisfied, the respective i, j, k components on the 
left side must equal the corresponding components on the right side. 
Consequently, we may write the following three scalar equations: 











(13-7) 








Fig. 13-5 In particular, if the particle is constrained to move only in the x-y plane, 
then the first two of these equations are used to specify the motion. 


Procedure for Analysis 


The equations of motion are used to solve problems which require 
a relationship between the forces acting on a particle and the 
accelerated motion they cause. 


Free-Body Diagram. 


e Select the inertial coordinate system. Most often, rectangular or 
x, y, Z coordinates are chosen to analyze problems for which the 
particle has rectilinear motion. 


Once the coordinates are established, draw the particle’s free- 
body diagram. Drawing this diagram is very important since it 
provides a graphical representation that accounts for all the forces 
(SF) which act on the particle, and thereby makes it possible to 
resolve these forces into their x, y, z components. 

The direction and sense of the particle’s acceleration a should also 
be established. If the sense is unknown, for mathematical 
convenience assume that the sense of each acceleration component 
acts in the same direction as its positive inertial coordinate axis. 


The acceleration may be represented as the ma vector on the 
kinetic diagram.* 


e Identify the unknowns in the problem. 





*It is a convention in this text always to use the kinetic diagram as a graphical aid when 
developing the proofs and theory. The particle’s acceleration or its components will be 
shown as blue colored vectors near the free-body diagram in the examples. 
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Equations of Motion. 


e Ifthe forces can be resolved directly from the free-body diagram, 
apply the equations of motion in their scalar component form. 


If the geometry of the problem appears complicated, which often 
occurs in three dimensions, Cartesian vector analysis can be used 
for the solution. 


Friction. If a moving particle contacts a rough surface, it may be 
necessary to use the frictional equation, which relates the 
frictional and normal forces F; and N acting at the surface of 
contact by using the coefficient of kinetic friction, i.e., Fy = mN. 
Remember that F; always acts on the free-body diagram such 
that it opposes the motion of the particle relative to the surface it 
contacts. If the particle is on the verge of relative motion, then the 
coefficient of static friction should be used. 


Spring. If the particle is connected to an elastic spring having 
negligible mass, the spring force F, can be related to the 
deformation of the spring by the equation F, = ks. Here k is 
the spring’s stiffness measured as a force per unit length, and s is 
the stretch or compression defined as the difference between the 
deformed length / and the undeformed length Jp, i.e., s = 1 — lọ. 


Kinematics. 


e If the velocity or position of the particle is to be found, it will be 
necessary to apply the necessary kinematic equations once the 
particle's acceleration is determined from $F = ma. 


If acceleration is a function of time, use a = dv/dt and v = ds/dt 
which, when integrated, yield the particle’s velocity and position, 
respectively. 


If acceleration is a function of displacement, integrate a ds = v dv 
to obtain the velocity as a function of position. 


If acceleration is constant, use v = v + act, s = so + Vot + laf, 
? = vy) + 2a(s — sy) to determine the velocity or position of the 
particle. 


If the problem involves the dependent motion of several particles, 
use the method outlined in Sec. 12.9 to relate their accelerations. 
In all cases, make sure the positive inertial coordinate directions 
used for writing the kinematic equations are the same as those 
used for writing the equations of motion; otherwise, simultaneous 
solution of the equations will result in errors. 


If the solution for an unknown vector component yields a 
negative scalar, it indicates that the component acts in the 
direction opposite to that which was assumed. 
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EXAMPLE pase Ln 


P = 400 N 





490.5 N 
































Fig. 13-6 


The 50-kg crate shown in Fig. 13—6a rests on a horizontal surface for 
which the coefficient of kinetic friction is ju, = 0.3. If the crate is 
subjected to a 400-N towing force as shown, determine the velocity of 
the crate in 3 s starting from rest. 


SOLUTION 

Using the equations of motion, we can relate the crate’s acceleration 
to the force causing the motion. The crate’s velocity can then be 
determined using kinematics. 


Free-Body Diagram. The weight of the crate is W = mg = 
50 kg (9.81 m/s?) = 490.5 N. As shown in Fig. 13-65, the frictional 
force has a magnitude F = y,Nc and acts to the left, since it opposes 
the motion ofthe crate. The acceleration ais assumed to act horizontally, 
in the positive x direction. There are two unknowns, namely Nç and a. 
Equations of Motion. Using the data shown on the free-body 
diagram, we have 


AQ $F, = mag 400 cos 30° — 0.3Nc = 50a (1) 
+ÎEF, = ma; Nc — 490.5 + 400 sin 30° = 0 (2) 
Solving Eq. 2 for Nc, substituting the result into Eq. 1, and solving 
for a yields 
Nc = 290.5 N 
a = 5.185 m/s? 
Kinematics. Notice that the acceleration is constant, since the applied 


force P is constant. Since the initial velocity is zero, the velocity of the 
crate in 3 s is 


(55) v 


Up + at = 0 + 5.185(3) 
15.6 m/s > Ans. 


490.5 N 
400 N 



































NOTE: We can also use the alternative procedure of drawing the 
crate’s free-body and kinetic diagrams, Fig. 13-6c, prior to applying 
the equations of motion. 
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EXAMPLE 


A 10-kg projectile is fired vertically upward from the ground, with an a 
initial velocity of 50 m/s, Fig. 13-7a. Determine the maximum height 
to which it will travel if (a) atmospheric resistance is neglected; and 
(b) atmospheric resistance is measured as Fp = (0.012?) N, where v is 
the speed of the projectile at any instant, measured in m/s. 








SOLUTION 

In both cases the known force on the projectile can be related to its 
acceleration using the equation of motion. Kinematics can then be 
used to relate the projectile's acceleration to its position. 


Part (a) Free-Body Diagram. As shown in Fig. 13-7b,the projectile's (a) 
weight is W = mg = 10(9.81) = 98.1 N. We will assume the unknown 
acceleration a acts upward in the positive z direction. 


Equation of Motion. 


TIEF, = ma; —98.1 = 10a, a = —9.81 m/s? 
The result indicates that the projectile, like every object having free- | 
flight motion near the earth's surface, is subjected to a constant 981 N 
downward acceleration of 9.81 m/s?. 


Kinematics. Initially, z; = 0 and vy) = 50 m/s, and at the maximum (b) 
height z = h, v = 0. Since the acceleration is constant, then 
(+f) v? = vk + 2a(z — zo) 
0 = (50? + 2(-9.81)(h — 0) x ] 
h = 127m Ans. ° 
Part (b) Free-Body Diagram. Since the force Fp = (0.010?) N tends | 
to retard the upward motion of the projectile, it acts downward as ere 


shown on the free-body diagram, Fig. 13-7c. 

Equation of Motion. (c) 
+Î5F, = ma; -—001v— 981 = 10a, a = —(0.001v* + 9.81) Fig. 13-7 
Kinematics. Here the acceleration is not constant since Fp depends 

on the velocity. Since a = f(v), we can relate a to position using 


(+t) adz = v dv; —(0.001v? + 9.81) dz = v dv 


Separating the variables and integrating, realizing that initially z; = 0, 
vo = 50 m/s (positive upward), and at z = h, v = 0, we have 





h P v dv 2 
J dz = -[ 2 = —500 In(v? + 9810) 
0 som/s 0.001v* + 9.81 50 m/s 
h — 114m Ans. 


NOTE: The answer indicates a lower elevation than that obtained in 
part (a) due to atmospheric resistance or drag. 


124 CHAPTER 13 KINETICS OF A PARTICLE: FORCE AND ACCELERATION 


EXAMPLE | 13.3 


The baggage truck A shown in the photo has a weight of 900 Ib and tows 
a 550-Ib cart B and a 325-Ib cart C. For a short time the driving frictional 
force developed at the wheels of the truck is F4 = (40r) lb, where t is in 
seconds. If the truck starts from rest, determine its speed in 2 seconds. 
Also, what is the horizontal force acting on the coupling between the 
truck and cart B at this instant? Neglect the size of the truck and carts. 


900 Ib 
550 Ib 325 lb 
" | } hi Lahti 


© R.C. Hibbeler L gem 
( ) m 0] ——« 


F; P | 
N 
N A Ng i: 


(a) 
SOLUTION 


Free-Body Diagram. As shown in Fig. 13-8a, it is the frictional 
driving force that gives both the truck and carts an acceleration. Here 
we have considered all three vehicles as a single system. 


Equation of Motion. Only motion in the horizontal direction has to 
be considered. 


Ł3F, = ma 





+ 
mE (™ 550 + 225) 
23 


= 0.7256t 


Kinematics. Since the acceleration is a function of time, the velocity 
of the truck is obtained using a — dv/dt with the initial condition that 
Vo = Oat t = 0. We have 


2s 


v 2s 
J dv = il 0.7256t dt, v = 0.36287} = 1.45 ft/s Ans. 
0 0 0 


Free-Body Diagram. In order to determine the force between the 
truck and cart B, we will consider a free-body diagram of the truck so 
that we can “expose” the coupling force T as external to the free-body 
diagram, Fig. 13-8b. 


Equation of Motion. When t = 2s, then 
900 
+ 3F, = maz 40(2) - T= (358 )i0.7256 


T = 39.4 lb Ans. 


NOTE: Try and obtain this same result by considering a free-body 
diagram of carts B and C as a single system. 
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EXAMPLE | 13.4 


A smooth 2-kg collar, shown in Fig. 13-9a, is attached to a spring 

having a stiffness k = 3 N/m and an unstretched length of 0.75 m. If j Í Ese Som. -ig 
the collar is released from rest at A, determine its acceleration and the AMAMA—G 
normal force of the rod on the collar at the instant y — 1 m. a f- 


SOLUTION 


Free-Body Diagram. The free-body diagram of the collar when it 
is located at the arbitrary position y is shown in Fig. 13-9b. Furthermore, 
the collar is assumed to be accelerating so that “a” acts downward in 
the positive y direction. There are four unknowns, namely, Nc, F,, a, 


and 0. 


Equations of Motion. 
+ $F, = may —Nc + F,cos0 = 0 (1) 
+) 3F, = may 19.62 — F,sin@ = 2a (2) 


From Eq. 2 it is seen that the acceleration depends on the magnitude 
and direction of the spring force. Solution for Nc and a is possible 
once F, and 0 are known. 


The magnitude of the spring force is a function of the stretch s of the 
spring; i.e., F, = ks. Here the unstretched length is AB = 0.75 m, 
Fig. 13-9a; therefore, s — CB — AB — Vy + (0.75 — 0.75. Since 
k — 3N/m, then 


F,=ks = (vy OMe): s 075) (3) 


From Fig. 13—9a, the angle 0 is related to y by trigonometry. 


y 
t 0 SF 
ee TG 


Substituting y = 1m into Eqs. 3 and 4 yields F, = 1.50N and 
0 = 53.1°. Substituting these results into Eqs. 1 and 2, we obtain 


Nc = 0.900 N Ans. 
@=921m/s* V Ans. 
NOTE: This is not a case of constant acceleration, since the spring 


force changes both its magnitude and direction as the collar moves 
downward. 
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EXAMPLE [91905 


2T 
(b) 


2T 


SA 981N 


— —— 


Fig. 13-10 








The 100-kg block A shown in Fig. 13-10a is released from rest. If the 
masses of the pulleys and the cord are neglected, determine the velocity 
of the 20-kg block B in 2 s. 


SOLUTION 


Free-Body Diagrams. Since the mass of the pulleys is neglected, then 
for pulley C, ma = 0 and we can apply XF, = 0, as shown in Fig. 13-10b. 
The free-body diagrams for blocks A and B are shown in Fig. 13-10c and 
d, respectively. Notice that for A to remain stationary T — 490.5 N, 
whereas for B to remain static T — 196.2 N. Hence A will move down 
while B moves up. Although this is the case, we will assume both blocks 
accelerate downward, in the direction of +s, and +s,. The three 
unknowns are T, a4, and ag. 


Equations of Motion. Block A, 


+13F, = may 981 — 2T = 100a, (1) 
Block B, 
T|XF,- may 196.2 — T = 20ag (2) 


Kinematics. The necessary third equation is obtained by relating a, 
to ag using a dependent motion analysis, discussed in Sec. 12.9. The 
coordinates s4 and sg in Fig. 13-10a measure the positions of A and B 
from the fixed datum. It is seen that 

254 + Sp — l 
where / is constant and represents the total vertical length of cord. 
Differentiating this expression twice with respect to time yields 


2a, = —ag (3) 
Notice that when writing Eqs. 1 to 3, the positive direction was 
always assumed downward. It is very important to be consistent in this 
assumption since we are seeking a simultaneous solution of equations. 
The results are 
T = 327.0N 
a, = 3.27 m/s” 
ag = —6.54 m/s? 
Hence when block A accelerates downward, block B accelerates upward 
as expected. Since ag is constant, the velocity of block B in 2 s is thus 
(+1) v = vo + apt 
0 + (—6.54)(2) 
= —13.1 m/s Ans. 
The negative sign indicates that block B is moving upward. 
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Ld PRELIMINARY PROBLEMS 


P13-1. The 10-kg block is subjected to the forces shown. P13-3. Determine the initial acceleration of the 10-kg 
In each case, determine its velocity when / = 2 s if v = 0 smooth collar. The spring has an unstretched length of 1 m. 
when t — 0. 

500N 


(a) 


(b) 
Prob. P13-1 








Prob. P13-3 


P13-2. The 10-kg block is subjected to the forces shown. 

In each case, determine its velocity ats — 8 m if v — 3 m/s . . ] : 

ats — 0. Motion occurs to the right. P134. Write the equations of motion in the x and y 
directions for the 10-kg block. 


200N 





(a) 


F —(2.55)N 





(b) 
Prob. P13-2 Prob. P13-4 
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m FUNDAMENTAL PROBLEMS 





F13-1. The motor winds in the cable with a constant 
acceleration, such that the 20-kg crate moves a distance 
s — 6m in 3 s, starting from rest. Determine the tension 
developed in the cable. The coefficient of kinetic friction 
between the crate and the plane is uj = 0.3. 





Prob. F13-1 


F13-2. If motor M exerts a force of F = (107 + 100) Non 
the cable, where t is in seconds, determine the velocity of the 
25-kg crate when t = 4s. The coefficients of static and 
kinetic friction between the crate and the plane are u, = 0.3 
and u, = 0.25, respectively. The crate is initially at rest. 





Prob. F13-2 


F13-3. A spring of stiffness k = 500 N/m is mounted 
against the 10-kg block. If the block is subjected to the force 
of F = 500 N, determine its velocity at s = 0.5 m. When 
s = 0, the block is at rest and the spring is uncompressed. 
The contact surface is smooth. 





Prob. F13-3 


F13-4. The 2-Mg car is being towed by a winch. If the 
winch exerts a force of T = 100(s + 1) N on the cable, 
where s is the displacement of the car in meters, determine 
the speed of the car when s — 10 m, starting from rest. 
Neglect rolling resistance of the car. 











Prob. F13-4 


F13-5. The spring has a stiffness k — 200 N/m and is 
unstretched when the 25-kg block is at A. Determine the 
acceleration of the block when s = 0.4 m. The contact 
surface between the block and the plane is smooth. 












- k = 200N/m 
0.3 m 





Prob. F13-5 


F13-6. Block B rests upon a smooth surface. If the 
coefficients of static and kinetic friction between A and B 
are u, = 0.4 and ug = 0.3, respectively, determine the 
acceleration of each block if P = 6 lb. 


B 501b 











Prob. F13-6 
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PROBLEMS 


13-1. The 6-lb particle is subjected to the action of its 
weight and forces F, = {2i+ 6j— 2tk} lb, F, = 
{17 i — 4j — 1k} Ib, and F; = {—2ri} lb, where t is in 
seconds. Determine the distance the ball is from the origin 
2 s after being released from rest. 


Z 


F, y 
F; 


ut Fi 


x 


Prob. 13-1 


13-2. The two boxcars A and B have a weight of 20 000 Ib 
and 30 000 Ib, respectively. If they are freely coasting down 
the incline when the brakes are applied to all the wheels of 
car A, determine the force in the coupling C between the 
two cars. The coefficient of kinetic friction between the 
wheels of A and the tracks is uj, = 0.5. The wheels of car B 
are free to roll. Neglect their mass in the calculation. 
Suggestion: Solve the problem by representing single 
resultant normal forces acting on A and B, respectively. 








Prob. 13-2 


13-3. If the coefficient of kinetic friction between the 
50-kg crate and the ground is mą = 0.3, determine the 
distance the crate travels and its velocity when t = 3s. 
The crate starts from rest, and P = 200 N. 


*13-4. If the 50-kg crate starts from rest and achieves a 
velocity of v = 4 m/s when it travels a distance of 5 m to 
the right, determine the magnitude of force P acting on the 
crate. The coefficient of kinetic friction between the crate 
and the ground is uj = 0.3. 


30° 











Probs. 13-3/4 
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13-5. Ifblocks A and B of mass 10 kg and 6 kg respectively, 
are placed on the inclined plane and released, determine 
the force developed in the link. The coefficients of kinetic 
friction between the blocks and the inclined plane are 
MA = 0.1 and ug = 0.3. Neglect the mass of the link. 





Prob. 13-5 


13-6. The 10-Ib block has a speed of 4 ft/s when the force 
of F = (82) Ib is applied. Determine the velocity of the 
block when f = 2 s. The coefficient of kinetic friction at the 
surface is ju, = 0.2. 


13-7. The 10-lb block has a speed of 4 ft/s when the force 
of F = (82) Ib is applied. Determine the velocity of the 
block when it moves s — 30 ft. The coefficient of kinetic 
friction at the surface is u, = 0.2. 


v = 4 ft/s 





Probs. 13-6/7 
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*13-8. The speed of the 3500-lb sports car is plotted over 
the 30-s time period. Plot the variation of the traction force 
F needed to cause the motion. 


c ma 





v (ft/s) 














t (s) 


Prob. 13-8 


13-9. The conveyor belt is moving at 4 m/s. If the 
coefficient of static friction between the conveyor and 
the 10-kg package B is u, = 0.2, determine the shortest 
time the belt can stop so that the package does not slide 
on the belt. 


13-10. The conveyor belt is designed to transport packages 
of various weights. Each 10-kg package has a coefficient of 
kinetic friction uw, = 0.15. If the speed of the conveyor is 
5 m/s, and then it suddenly stops, determine the distance the 
package will slide on the belt before coming to rest. 


Ha 


Probs. 13-9/10 





13-11. Determine the time needed to pull the cord at B 
down 4 ft starting from rest when a force of 10 Ib is applied 
to the cord. Block A weighs 20 Ib. Neglect the mass of the 
pulleys and cords. 





Prob. 13-11 


*13-12. Cylinder B has a mass m and is hoisted using the 
cord and pulley system shown. Determine the magnitude 
of force F as a function of the block's vertical position y so 
that when F is applied the block rises with a constant 
acceleration ag. Neglect the mass of the cord and pulleys. 











Prob. 13-12 
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13-13. Block A has a weight of 8 Ib and block B has a 
weight of 6 Ib. They rest on a surface for which the coefficient 
of kinetic friction is ju, = 0.2. If the spring has a stiffness of 
k = 20 lb/ft, and it is compressed 0.2 ft, determine the 
acceleration of each block just after they are released. 


A B 
| k 
[00 MANN 
Prob. 13-13 


13-14. The 2-Mg truck is traveling at 15 m/s when the 
brakes on all its wheels are applied, causing it to skid for a 
distance of 10 m before coming to rest. Determine the 
constant horizontal force developed in the coupling C, and 
the frictional force developed between the tires of the truck 
and the road during this time. The total mass of the boat and 
trailer is 1 Mg. 








Prob. 13-14 


13-15. The motor lifts the 50-kg crate with an acceleration 
of 6 m/s?. Determine the components of force reaction and 
the couple moment at the fixed support A. 











7 
30° 





I m/s? 

















Prob. 13-15 


*13-16. The 75-kg man pushes on the 150-kg crate with a 
horizontal force F. If the coefficients of static and kinetic 
friction between the crate and the surface are u, = 0.3 and 
uk = 02, and the coefficient of static friction between the 
man’s shoes and the surface is u, = 0.8, show that the man 
is able to move the crate. What is the greatest acceleration 
the man can give the crate? 








Prob. 13-16 


13-17. Determine the acceleration of the blocks when the 
system is released. The coefficient of kinetic friction is uy, 
and the mass of each block is m. Neglect the mass of the 
pulleys and cord. 

















Prob. 13-17 


13-18. A 40-Ib suitcase slides from rest 20 ft down the 
smooth ramp. Determine the point where it strikes the 
ground at C. How long does it take to go from A to C? 


13-19. Solve Prob. 13-18 if the suitcase has an initial 
velocity down the ramp of v4 — 10 ft/s and the coefficient 
of kinetic friction along AB is uj = 0.2. 








Probs. 13-18/19 
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*13-20. The conveyor belt delivers each 12-kg crate to the 13-23. If the supplied force F — 150 N, determine the 
ramp at A such that the crate's speed is v4 — 2.5 m/s, velocity of the 50-kg block A when it has risen 3 m, starting 
directed down along the ramp. If the coefficient of kinetic from rest. 

friction between each crate and the ramp is jj = 0.3, 

determine the speed at which each crate slides off the ramp 

at B. Assume that no tipping occurs. Take 6 = 30°. 


13-21. The conveyor belt delivers each 12-kg crate to the 
ramp at A such that the crate's speed is v4 — 2.5 m/s, 
directed down along the ramp. If the coefficient of kinetic 
friction between each crate and the ramp is jj = 0.3, 
determine the smallest incline 0 of the ramp so that the 
crates will slide off and fall into the cart. 


vA = 2.5 m/s 





Prob. 13-23 





Probs. 13-20/21 

*13-24. A 60-kg suitcase slides from rest 5 m down the 
smooth ramp. Determine the distance R where it strikes the 
ground at B. How long does it take to go from A to B? 


13-25. Solve Prob. 13-24 if the suitcase has an initial 
velocity down the ramp of v4 = 2 m/s, and the coefficient 
of kinetic friction along AC is u, = 0.2. 


13-22. The 50-kg block A is released from rest. Determine 
the velocity of the 15-kg block B in 2 s. 








Prob. 13-22 Probs. 13-24/25 
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13-26. The 15 Mg sports car has a tractive force of *13-28. At the instant shown the 100-lb block A is moving 
F = 4.5 kN. If it produces the velocity described by v-t graph down the plane at 5 ft/s while being attached to the 50-Ib 


shown, plot the air resistance R versus t for this time period. block B. If the coefficient of kinetic friction between the 
block and the incline is jj, = 0.2, determine the acceleration 


of A and the distance A slides before it stops. Neglect the 
mass of the pulleys and cables. 











» &() © 
T A > 3 

C 

v (m/s) D 
v = (-0.05t? + 3t) m/s 

45 E 
N B 
Prob. 13-28 


13-29. 'The force exerted by the motor on the cable is 
t(s) shown in the graph. Determine the velocity of the 200-Ib 
30 crate when t = 2.5 s. 





F (Ib) 


Prob. 13-26 
250 Ib- 


13-27. The conveyor belt is moving downward at 4 m/s. 
If the coefficient of static friction between the conveyor and 
the 15-kg package B is u, = 0.8, determine the shortest 
time the belt can stop so that the package does not slide 
on the belt. Prob. 13-29 





13-30. The force of the motor M on the cable is shown in 
the graph. Determine the velocity of the 400-kg crate A 
when t — 2s. 

F(N) 


2500 


F = 625 t2 
T t(s) 





Prob. 13-27 Prob. 13-30 
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13-31. The tractor is used to lift the 150-kg load B with the 
24-m-long rope, boom, and pulley system. If the tractor 
travels to the right at a constant speed of 4 m/s, determine 
the tension in the rope when s4 = 5 m. When s4 = 0, sg = 0. 


*13-32. The tractor is used to lift the 150-kg load B with 
the 24-m-long rope, boom, and pulley system. If the tractor 
travels to the right with an acceleration of 3 m/s? and has a 
velocity of 4 m/s at the instant s4 — 5 m, determine the 
tension in the rope at this instant. When s4 = 0, sg = 0. 











Probs. 13-31/32 


13-33. Block A and B each have a mass m. Determine the 
largest horizontal force P which can be applied to B so that 
it will not slide on A. Also, what is the corresponding 
acceleration? The coefficient of static friction between 
A and B is u, Neglect any friction between A and the 
horizontal surface. 





Prob. 13-33 


13-34. The 4-kg smooth cylinder is supported by the 
spring having a stiffness of kag = 120 N/m. Determine the 
velocity of the cylinder when it moves downward s — 0.2m 
from its equilibrium position, which is caused by the 
application of the force F — 60 N. 


F=60N 






kag = 120 N/m 


Prob. 13-34 


13-35. The coefficient of static friction between the 200-kg 
crate and the flat bed of the truck is u, = 0.3. Determine 
the shortest time for the truck to reach a speed of 60 km/h, 
starting from rest with constant acceleration, so that the 
crate does not slip. 


-—— 


_ eae 


Prob. 13-35 


*13-36. The 2-lb collar C fits loosely on the smooth shaft. 
If the spring is unstretched when s = 0 and the collar is 
given a velocity of 15 ft/s, determine the velocity of the 
collar when s — 1 ft. 





Prob. 13-36 
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13-37. The 10-kg block A rests on the 50-kg plate B in the 
position shown. Neglecting the mass of the rope and pulley, 
and using the coefficients of kinetic friction indicated, 
determine the time needed for block A to slide 0.5 m on the 
plate when the system is released from rest. 





Prob. 13-37 


13-38. The 300-kg bar B, originally at rest, is being towed 
over a series of small rollers. Determine the force in the 
cable when t = 5 s, if the motor M is drawing in the cable 
for a short time at a rate of v = (0.42?) m/s, where t is in 
seconds (0 S t < 6 s). How far does the bar move in 5 s? 
Neglect the mass of the cable, pulley, and the rollers. 








Prob. 13-38 





13-39. An electron of mass m is discharged with an initial 
horizontal velocity of vo. If it is subjected to two fields of 
force for which F, = Fy and F, = 0.3F, where Fo is 
constant, determine the equation of the path, and the speed 
of the electron at any time t. 


TRBBAYAAGAG4G&GAX 

















Vo 











ttte tee e+ --.-.4c4x 














ul 


Prob. 13-39 


*13-40. The 400-Ib cylinder at A is hoisted using the 
motor and the pulley system shown. If the speed of point B 
on the cable is increased at a constant rate from zero to 
Vp = 10 ft/s in t = 5s, determine the tension in the cable 
at B to cause the motion. 





Prob. 13-40 
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13-41. Block A has a mass m, and is attached to a spring 
having a stiffness k and unstretched length lọ. If another 
block B, having a mass mg, is pressed against A so that the 
spring deforms a distance d, determine the distance both 
blocks slide on the smooth surface before they begin to 
separate. What is their velocity at this instant? 


13-42. Block A has a mass m, and is attached to a spring 
having a stiffness k and unstretched length l. If another 
block B, having a mass mpg, is pressed against A so that the 
spring deforms a distance d, show that for separation to 
occur it is necessary that d > 2j4g(m,4 + mg)/k, where ug 
is the coefficient of kinetic friction between the blocks and 
the ground. Also, what is the distance the blocks slide on the 
surface before they separate? 








Probs. 13-41/42 


13-43. A parachutist having a mass m opens his parachute 
from an at-rest position at a very high altitude. If the 
atmospheric drag resistance is Fp = kv?, where k is a 
constant, determine his velocity when he has fallen for a 
time ¢. What is his velocity when he lands on the ground? 
This velocity is referred to as the terminal velocity, which is 
found by letting the time of fall t — ~. 








Prob. 13-43 


*13-44. Ifthe motor draws in the cable with an acceleration 
of 3 m/s”, determine the reactions at the supports A and B. 
The beam has a uniform mass of 30 kg/m, and the crate has 
a mass of 200 kg. Neglect the mass of the motor and pulleys. 
































Prob. 13-44 


13-45. If the force exerted on cable AB by the motor is 
F = (10072?) N, where t is in seconds, determine the 50-kg 
crate's velocity when t = 5 s. The coefficients of static and 
kinetic friction between the crate and the ground are u, = 0.4 
and uj = 0.3, respectively. Initially the crate is at rest. 








Prob. 13-45 
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13-46. Blocks A and B each have a mass m. Determine 
the largest horizontal force P which can be applied to B so 
that A will not move relative to B. All surfaces are smooth. 


13-47. Blocks A and B each have a mass m. Determine the 
largest horizontal force P which can be applied to B so that A 
will not slip on B. The coefficient of static friction between A 
and B is u,. Neglect any friction between B and C. 





Probs. 13—46/47 


*13-48. The smooth block B of negligible size has a mass m 
and rests on the horizontal plane. If the board AC pushes on 
the block at an angle 0 with a constant acceleration aj, 
determine the velocity of the block along the board and the 
distance s the block moves along the board as a function of 
time t. The block starts from rest when s = 0, t = 0. 


Prob. 13-48 


13-49. Ifa horizontal force P = 12 lb is applied to block A 
determine the acceleration of the block B. Neglect friction. 





8 Ib 





M 
Se 
Prob. 13-49 


13-50. A freight elevator, including its load, has a mass of 
1 Mg. It is prevented from rotating due to the track and 
wheels mounted along its sides. If the motor M develops a 
constant tension T = 4 kN in its attached cable, determine 
the velocity of the elevator when it has moved upward 6 m 
starting from rest. Neglect the mass of the pulleys and 
cables. 























Prob. 13-50 


13-51. The block A has a mass m, and rests on the pan B, 
which has a mass mg. Both are supported by a spring having 
a stiffness k that is attached to the bottom of the pan and to 
the ground. Determine the distance d the pan should be 
pushed down from the equilibrium position and then 
released from rest so that separation of the block will take 
place from the surface of the pan at the instant the spring 
becomes unstretched. 











Prob. 13-51 
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Inertial coordinate 
system 


Fig. 13-11 


13.5 Equations of Motion: Normal 
and Tangential Coordinates 
When a particle moves along a curved path which is known, the equation 
of motion for the particle may be written in the tangential, normal, and 
binormal directions, Fig. 13-11. Note that there is no motion of the particle 


in the binormal direction, since the particle is constrained to move along 
the path. We have 


EF — ma 
EF, XF,u, + XFju,- ma, + ma, 


This equation is satisfied provided 





>F, = ma, 
EF, = ma, (13-8) 
XXn —0 











Recall that a, (— dv/dt) represents the time rate of change in the 
magnitude of velocity. So if =F, acts in the direction of motion, the 
particle's speed will increase, whereas if it acts in the opposite direction, 
the particle will slow down. Likewise, a, (— v?/p) represents the time 
rate of change in the velocity's direction. It is caused by XF,, which 
always acts in the positive n direction, i.e., toward the path's center of 
curvature. For this reason it is often referred to as the centripetal force. 





As a roller coaster falls downward along the 
track, the cars have both a normal and a 
tangential component of acceleration. 
(O R.C. Hibbeler) 
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Procedure for Analysis 


When a problem involves the motion of a particle along a known 
curved path, normal and tangential coordinates should be 
considered for the analysis since the acceleration components can 
be readily formulated. The method for applying the equations of 
motion, which relate the forces to the acceleration, has been outlined 
in the procedure given in Sec. 13.4. Specifically, for t, n, b coordinates 
it may be stated as follows: 


Free-Body Diagram. 


e Establish the inertial t, n, b coordinate system at the particle and 
draw the particle's free-body diagram. 


The particle’s normal acceleration a, always acts in the positive n 
direction. 


If the tangential acceleration a, is unknown, assume it acts in the 
positive f direction. 


There is no acceleration in the b direction. 
Identify the unknowns in the problem. 
Equations of Motion. 
e Apply the equations of motion, Eq. 13-8. 
Kinematics. 


e Formulate the tangential and normal components of acceleration; 
ie.a, = dv/dt or a, = v dv/ds and a, = v?/p. 


e If the path is defined as y = f(x), the radius of curvature at the 
point where the particle is located can be obtained from 
p = [1 + dy/dxy P /|g*yJav |. 








The unbalanced force of the rope on the 
skier gives him a normal component of 
acceleration. (O R.C. Hibbeler) 
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EXAMPLE baa 


Determine the banking angle 0 for the race track so that the wheels of 
the racing cars shown in Fig. 13-12a will not have to depend upon 
friction to prevent any car from sliding up or down the track. Assume 
the cars have negligible size, a mass m, and travel around the curve of 
radius p with a constant speed v. 


(© R.C. Hibbeler) 





SOLUTION " 
Before looking at the following solution, give some thought as to why 
it should be solved using f, n, b coordinates. 

Free-Body Diagram. As shown in Fig. 13-12b, and as stated in the 
problem, no frictional force acts on the car. Here Nc represents the 
resultant of the ground on all four wheels. Since a, can be calculated, 
the unknowns are Nç and 0. 


Equations of Motion. Using the n, b axes shown, 
2 





$ SF, = ma,; Ncsin0 = m^ (1) (b) 
+f SF, = 0; Nccos 0 — mg = 0 (2) Fig. 13-12 
Eliminating Nç and m from these equations by dividing Eq. 1 by Eq. 2, 
we obtain 
à 
tan 6 == 
Sp 
x 
0 = tan! (=) Ans. 
gp 


NOTE: The result is independent of the mass of the car. Also, a force 
summation in the tangential direction is of no consequence to the 
solution. If it were considered, then a, = dv/dt = 0, since the car 
moves with constant speed. A further analysis of this problem is 
discussed in Prob. 21-53. 
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EXAMPLE 


The 3-kg disk D is attached to the end of a cord as shown in Fig. 13-134. 
The other end of the cord is attached to a ball-and-socket joint located 
at the center of a platform. If the platform rotates rapidly, and the disk 
is placed on it and released from rest as shown, determine the time it 
takes for the disk to reach a speed great enough to break the cord. The 
maximum tension the cord can sustain is 100 N, and the coefficient of 
kinetic friction between the disk and the platform is uj = 0.1. 


Motion of 
—. platform 


~ 
~ 





^ 
LU 


SOLUTION 


b Free-Body Diagram. The frictional force has a magnitude 
F = p,Np = 0.1Np and a sense of direction that opposes the relative 
motion of the disk with respect to the platform. It is this force that 
gives the disk a tangential component of acceleration causing v to 
increase, thereby causing T to increase until it reaches 100 N. The 
weight of the disk is W — 3(9.81) — 29.43 N. Since a, can be related to 
v, the unknowns are Np, a,, and v. 


Equations of Motion. 





v2 
XF, = ma, T= (t) (1) 

(b) 1 
ZF, = ma; 0.1Np = 3a 2 
Fig. 13-13 i : D i (2) 
XF, = 0; Np — 29.43 = 0 (3) 


Setting T = 100 N, Eq. 1 can be solved for the critical speed v,, of the 
disk needed to break the cord. Solving all the equations, we obtain 


Np = 29.43 N 
a, = 0.981 m/s? 
Va = 5.77 m/s 


Kinematics. Since a, is constant, the time needed to break the cord is 
Ve = Vo + at 
5.77 = 0 + (0.981)t 
t = 5.89s Ans. 
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EXAMPLE sug. 


Design of the ski jump shown in the photo requires knowing the type 
of forces that will be exerted on the skier and her approximate 
trajectory. If in this case the jump can be approximated by the parabola 
shown in Fig. 13-14a, determine the normal force on the 150-Ib skier 
the instant she arrives at the end of the jump, point A, where her 
velocity is 65 ft/s. Also, what is her acceleration at this point? 








(O R.C. Hibbeler) 


SOLUTION 

Why consider using n, t coordinates to solve this problem? 
Free-Body Diagram. Since dy/dx = x/100| „=o = 0, the slope at A 
is horizontal. The free-body diagram of the skier when she is at A is 
shown in Fig. 13-145. Since the path is curved, there are two 
components of acceleration, a, and a,. Since a, can be calculated, the 
unknowns are a, and N,. 





Equations of Motion. 











150 em) 
+7 SF, = : — 150 = —— 1 
TSF, = may; N, — 150 A 7 (1) 
n 
150 
£ ÈF, = ma; 0- 25:3 (2) ^| 
The radius of curvature p for the path must be determined at point 150 Ib 
A(0, —200 ft). Here y = 39927 — 200, dy/dx = rx, dy/dx? = 4l, so 
that at x = 0, xe 
t= e 
[1 + (dy/ dx? VECES NA , 
p M ——— M ——— —— 
Jya] o Trol | 
Substituting this into Eq. 1 and solving for N4, we obtain Na 
(b) 
N, = 347 lb Ans. Fig. 13-14 
Kinematics. From Eq. 2, 
a, = 0 
Thus, 
2 2 
v (65) 2 
=== = 42.2 ft 
Ar SS 7-100 P 
a, = a, = 422 ft/s? T Ans. 


NOTE: Apply the equation of motion in the y direction and show that 
when the skier is in midair her downward acceleration is 32.2 ft/s”. 
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EXAMPLE aaa 







60 (9.81) N 





(b) 





(c) 
Fig. 13-15 


NX 


PN 


The 60-kg skateboarder in Fig. 13-15a coasts down the circular 
track. If he starts from rest when 0 = 0°, determine the 
magnitude of the normal reaction the track exerts on him when 
0 — 60*. Neglect his size for the calculation. 


SOLUTION 

Free-Body Diagram. The free-body diagram of the skateboarder 
when he is at an arbitrary position 0 is shown in Fig. 13-155. At 
0 = 60° there are three unknowns, N,, a,, and a, (or v). 


Equations of Motion. 


2 
+7 SF, = ma; N, — [60(9.81)N]sin8 = (60 ef a ) (1) 


4m 
+N SF, = ma; [60(9.81)N] cos 0 = (60 kg) a, 
a, = 9.81 cos 0 
Kinematics. Since a, is expressed in terms of 0, the equation 


vdv = ads must be used to determine the speed of the 
skateboarder when 0 = 60°. Using the geometric relation s = 6r, 
where ds = rd0 = (4m)d0, Fig. 13-15c, and the initial condition 
v = Oat 0 = 0°, we have, 








v dv = a,ds 
v 60° 
f vdv = / 9.81 cos 0(4 d0) 
9 y|? " 60° 
—| = 39.24 sin 0 
2 |o 0 
m 
57 0 = 39.24(sin 60° — 0) 


v? = 67.97 m/s? 
Substituting this result and 0 = 60° into Eq. (1), yields 


N, = 1529.23 N = 1.53 kN Ans. 
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ES PRELIMINARY PROBLEMS 


P13-5. Set up the n, t axes and write the equations of P13-6. Set up the n, b, t axes and write the equations of 
motion for the 10-kg block along each of these axes. motion for the 10-kg block along each of these axes. 


6 m/s 


-———— 


Mk 7 0.3 








(a) 
(a) 


30° 


5m 


NS 4 m/s 
er e: 





Hk 7 0.2 


(b) 


60° 


6m 





Constant rotation 
K m/s Block has impending motion 


(c) (b) 
Prob. P13-5 Prob. P13-6 
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ET FUNDAMENTAL PROBLEMS 


F13-7. The block rests at a distance of 2 m from the center 
of the platform. If the coefficient of static friction between the 
block and the platform is u, = 0.3, determine the maximum 
speed which the block can attain before it begins to slip. 
Assume the angular motion of the disk is slowly increasing. 





Prob. F13-7 


F13-8. Determine the maximum speed that the jeep can travel 
over the crest of the hill and not lose contact with the road. 


p = 250 ft 





Prob. F13-8 


F13-9. A pilot weighs 150 Ib and is traveling at a constant 
speed of 120 ft/s. Determine the normal force he exerts on 
the seat of the plane when he is upside down at A. The loop 
has a radius of curvature of 400 ft. 


“| 
NV LZ 


Prob. F13-9 








F13-10. The sports car is traveling along a 30? banked 
road having a radius of curvature of p = 500 ft. If the 
coefficient of static friction between the tires and the road is 
Hs = 0.2, determine the maximum safe speed so no slipping 
occurs. Neglect the size of the car. 


| p = 500 ft | 









Prob. F13-10 


F13-11. Ifthe 10-kg ball has a velocity of 3 m/s when it is 
at the position A, along the vertical path, determine the 
tension in the cord and the increase in the speed of the ball at 
this position. 





Prob. F13-11 


F13-12. The motorcycle has a mass of 0.5 Mg and a 
negligible size. It passes point A traveling with a speed of 
15 m/s, which is increasing at a constant rate of 1.5 m/s’. 
Determine the resultant frictional force exerted by the road 
on the tires at this instant. 


pa = 200m 





Prob. F13-12 
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a PROBLEMS 





*13-52. A girl, having a mass of 15 kg, sits motionless 
relative to the surface of a horizontal platform at a distance 
ofr = 5m from the platform's center. If the angular motion 
of the platform is slowly increased so that the girl’s 
tangential component of acceleration can be neglected, 
determine the maximum speed which the girl will have 
before she begins to slip off the platform. The coefficient of 
static friction between the girl and the platform is u = 0.2. 


Zz 





Prob. 13-52 


13-53. The 2-kg block B and 15-kg cylinder A are 
connected to a light cord that passes through a hole in the 
center of the smooth table. If the block is given a speed of 
v = 10 m/s, determine the radius r of the circular path 
along which it travels. 


13-54. The 2-kg block B and 15-kg cylinder A are connected 
to a light cord that passes through a hole in the center of the 
smooth table. If the block travels along a circular path of 
radius r — 1.5m, determine the speed of the block. 





Probs. 13-53/54 


13-55. Determine the maximum constant speed at which 
the pilot can travel around the vertical curve having a radius 
of curvature p — 800 m, so that he experiences a maximum 
acceleration a, — 8g — 78.5 m/s?. If he has a mass of 70 kg, 
determine the normal force he exerts on the seat of the 
airplane when the plane is traveling at this speed and is at 
its lowest point. 


p = 800m 





Prob. 13-55 


*13-56. Cartons having a mass of 5 kg are required to 
move along the assembly line at a constant speed of 8 m/s. 
Determine the smallest radius of curvature, p, for the 
conveyor so the cartons do not slip. The coefficients of static 
and kinetic friction between a carton and the conveyor are 
Hs = 0.7 and u; = 0.5, respectively. 





Prob. 13-56 
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13-57. The collar A, having a mass of 0.75 kg, is attached to 
a spring having a stiffness of k = 200 N/m. When rod BC 
rotates about the vertical axis, the collar slides outward 
along the smooth rod DE. If the spring is unstretched when 
s = 0, determine the constant speed of the collar in order 
that s = 100 mm. Also, what is the normal force of the rod 
on the collar? Neglect the size of the collar. 





Prob. 13-57 


13-58. The 2-kg spool S fits loosely on the inclined rod for 
which the coefficient of static friction is u, = 0.2. If the 
spool is located 0.25 m from A, determine the minimum 
constant speed the spool can have so that it does not slip 
down the rod. 


13-59. The 2-kg spool S fits loosely on the inclined rod for 
which the coefficient of static friction is u, — 0.2. If the spool 
is located 0.25 m from A, determine the maximum constant 
speed the spool can have so that it does not slip up the rod. 





Probs. 13-58/59 


*13-60. At the instant 0 = 60°, the boy's center of mass G 
has a downward speed vg = 15 ft/s. Determine the rate of 
increase in his speed and the tension in each of the two 
supporting cords of the swing at this instant. The boy has a 
weight of 60 Ib. Neglect his size and the mass of the seat 
and cords. 


13-61. Atthe instant 0 — 60^, the boy's center of mass G 
is momentarily at rest. Determine his speed and the tension 
in each of the two supporting cords of the swing when 
6 = 90°. The boy has a weight of 60 Ib. Neglect his size and 
the mass of the seat and cords. 








Probs. 13-60/61 


13-62. A girl having a mass of 25 kg sits at the edge of the 
merry-go-round so her center of mass G is at a distance of 
1.5 m from the axis of rotation. If the angular motion of the 
platform is slowly increased so that the girl's tangential 
component of acceleration can be neglected, determine the 
maximum speed which she can have before she begins to 
slip off the merry-go-round. The coefficient of static friction 
between the girl and the merry-go-round is u, = 0.3. 


zZ 





Prob. 13-62 
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13-63. The pendulum bob B has a weight of 5 Ib and is 
released from rest in the position shown, 0 = 0°. Determine 
the tension in string BC just after the bob is released, 
0 = 0°, and also at the instant the bob reaches 0 = 45°. 
Take r — 3 ft. 


*13-64. The pendulum bob B has a mass m and is released 
from rest when 0 = 0°. Determine the tension in string BC 
immediately afterwards, and also at the instant the bob 
reaches the arbitrary position 0. 





Probs. 13-63/64 


13-65. Determine the constant speed of the passengers on 
the amusement-park ride if it is observed that the supporting 
cables are directed at 0 — 30? from the vertical. Each chair 
including its passenger has a mass of 80 kg. Also, what are 
the components of force in the n, t, and b directions which 
the chair exerts on a 50-kg passenger during the motion? 








Prob. 13-65 


13-66. A motorcyclist in a circus rides his motorcycle 
within the confines of the hollow sphere. If the coefficient of 
static friction between the wheels of the motorcycle and the 
sphere is u, = 0.4, determine the minimum speed at which 
he must travel if he is to ride along the wall when 0 = 90°. 
The mass of the motorcycle and rider is 250 kg, and the 
radius of curvature to the center of gravity is p — 20 ft. 
Neglect the size of the motorcycle for the calculation. 








Prob. 13-66 


13-67. The vehicle is designed to combine the feel of a 
motorcycle with the comfort and safety of an automobile. If 
the vehicle is traveling at a constant speed of 80 km/h along 
a circular curved road of radius 100 m, determine the tilt 
angle 0 of the vehicle so that only a normal force from the 
seat acts on the driver. Neglect the size of the driver. 








Prob. 13-67 
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*13-68. The 0.8-Mg car travels over the hill having the 
shape of a parabola. If the driver maintains a constant speed 
of 9 m/s, determine both the resultant normal force and the 
resultant frictional force that all the wheels of the car exert 
on the road at the instant it reaches point A. Neglect the size 
of the car. 


13-69. The 0.8-Mg car travels over the hill having the 
shape of a parabola. When the car is at point A, it is traveling 
at 9 m/s and increasing its speed at 3 m/s”. Determine both 
the resultant normal force and the resultant frictional force 
that all the wheels of the car exert on the road at this instant. 
Neglect the size of the car. 


2 
= = 
y = 20 (1 - gy 


r: 


A 


«0m 


Probs. 13-68/69 











13-70. The package has a weight of 5 Ib and slides down the 
chute. When it reaches the curved portion AB, it is traveling 
at 8 ft/s (0 = 0°). If the chute is smooth, determine the speed 
of the package when it reaches the intermediate point 
C(0 = 30°) and when it reaches the horizontal plane 
(0 = 45°). Also, find the normal force on the package at C. 








Prob. 13-70 


13-71. The 150-Ib man lies against the cushion for which 
the coefficient of static friction is u, = 0.5. Determine the 
resultant normal and frictional forces the cushion exerts on 
him if, it due to rotation about the z axis, he has a constant 
speed v = 20 ft/s. Neglect the size of the man. Take 0 = 60°. 


*13—72. The 150-Ib man lies against the cushion for which 
the coefficient of static friction is u, = 0.5. If he rotates 
about the z axis with a constant speed v = 30 ft/s, 
determine the smallest angle 0 of the cushion at which he 
will begin to slip off. 


8 ft 











Probs. 13-71/72 


13-73. Determine the maximum speed at which the car with 
mass m can pass over the top point A of the vertical curved 
road and still maintain contact with the road. If the car maintains 
this speed, what is the normal reaction the road exerts on the 
car when it passes the lowest point B on the road? 





Prob. 13-73 
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13-74. Determine the maximum constant speed at which 
the 2-Mg car can travel over the crest of the hill at A without 
leaving the surface of the road. Neglect the size of the car in 
the calculation. 


2 
= S a 
y - 20 (1 49 900) 


Al 











100m —À 


Prob. 13-74 


13-75. The box has a mass m and slides down the smooth 
chute having the shape of a parabola. If it has an initial 
velocity of v at the origin determine its velocity as a 
function of x. Also, what is the normal force on the box, and 
the tangential acceleration as a function of x? 


y 








Prob. 13-75 


*13—76. Prove that if the block is released from rest at 
point B of a smooth path of arbitrary shape, the speed it 
attains when it reaches point A is equal to the speed it attains 
when it falls freely through a distance h;i.e.,v = V 2gh. 


+{—B 





> 





oy 





Prob. 13-76 


13-77. The cylindrical plug has a weight of 2 Ib and it is free 
to move within the confines of the smooth pipe. The spring 
has a stiffness k — 14 Ib/ft and when no motion occurs the 
distance d — 0.5 ft. Determine the force of the spring on the 
plug when the plug is at rest with respect to the pipe. The 
plug is traveling with a constant speed of 15 ft/s, which is 
caused by the rotation of the pipe about the vertical axis. 








a 

— "P 

5: MW 
m g 


k — 14 Ib/ft 











Prob. 13-77 


13-78. When crossing an intersection, a motorcyclist 
encounters the slight bump or crown caused by the 
intersecting road. If the crest of the bump has a radius of 
curvature p — 50ft, determine the maximum constant 
speed at which he can travel without leaving the surface of 
the road. Neglect the size of the motorcycle and rider in the 
calculation. The rider and his motorcycle have a total weight 
of 450 Ib. 








p= 50ft 


Prob. 13-78 
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13-79. The airplane, traveling at a constant speed of 50 m/s, 
is executing a horizontal turn. If the plane is banked at 
0 = 15°, when the pilot experiences only a normal force on 
the seat of the plane, determine the radius of curvature p of 
the turn. Also, what is the normal force of the seat on the 
pilot if he has a mass of 70 kg. 





Prob. 13-79 

*13-80. The 2-kg pendulum bob moves in the vertical 
plane with a velocity of 8 m/s when 0 — 0*. Determine the 
initial tension in the cord and also at the instant the bob 
reaches 0 = 30°. Neglect the size of the bob. 

13-81. The 2-kg pendulum bob moves in the vertical plane 
with a velocity of 6 m/s when 0 = 0°. Determine the angle 0 
where the tension in the cord becomes zero. 








p 2m al 
Probs. 13-80/81 
13-82. The 8-kg sack slides down the smooth ramp. If it 
has a speed of 1.5 m/s when y = 0.2 m, determine the 
normal reaction the ramp exerts on the sack and the rate of 
increase in the speed of sack at this instant. 
y 














Prob. 13-82 


13-83. The ball has a mass m and is attached to the cord of 
length /. The cord is tied at the top to a swivel and the ball is 
given a velocity vy. Show that the angle 0 which the cord 
makes with the vertical as the ball travels around the 
circular path must satisfy the equation tan 0 sin 0 = vo/gl. 
Neglect air resistance and the size of the ball. 








Prob. 13-83 


*13-84. The 2-Ib block is released from rest at A and slides 
down along the smooth cylindrical surface. If the attached 
spring has a stiffness k = 2 lb/ft, determine its unstretched 
length so that it does not allow the block to leave the surface 
until 0 = 60°. 


k = 21b/ft 








Prob. 13-84 
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XF u, 
EF 


P EF, 








Inertial coordinate system 


Fig. 13-16 





Motion of the roller coaster along this spiral 
can be studied using cylindrical coordinates. 
(O R.C. Hibbeler) 























13.6 Equations of Motion: Cylindrical 
Coordinates 

When all the forces acting on a particle are resolved into cylindrical 

components, i.e., along the unit-vector directions u,, Ug, u,, Fig. 13-16, the 


equation of motion can be expressed as 


$F = ma 


EFau,- XFg- XFu,- mau, + magus + mag, 


To satisfy this equation, we require 


(13-9) 





If the particle is constrained to move only in the r—6 plane, then only the 
first two of Eq. 13-9 are used to specify the motion. 


Tangential and Normal Forces. The most straightforward 
type of problem involving cylindrical coordinates requires the 
determination of the resultant force components XF,, XF;, >F, which 
cause a particle to move with a known acceleration. If, however, the 
particle's accelerated motion is not completely specified at the given 
instant, then some information regarding the directions or magnitudes 
of the forces acting on the particle must be known or calculated in 
order to solve Eqs. 13-9. For example, the force P causes the particle in 
Fig. 13-17a to move along a path r = f(0). The normal force N which 
the path exerts on the particle is always perpendicular to the tangent of 
the path, whereas the frictional force F always acts along the tangent in 
the opposite direction of motion. The directions of N and F can be 
specified relative to the radial coordinate by using the angle y (psi), 
Fig. 13-17b, which is defined between the extended radial line and the 
tangent to the curve. 








r=f (0) r — f(0) 
Tangent Tangent 
y 
N 
r r 
e p/ WF ó 
O O 
(a) (b) 


Fig. 13-17 
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This angle can be obtained by noting that when the particle is displaced 
a distance ds along the path, Fig. 13-17c, the component of displacement 
in the radial direction is dr and the component of displacement in the 
transverse direction is r d0. Since these two components are mutually 
perpendicular, the angle y can be determined from tan y = r d0/dr, or 





tan y = (13-10) 


, 
dr/d0 


If y is calculated as a positive quantity, it is measured from the extended 
radial line to the tangent in a counterclockwise sense or in the positive 
direction of 6. If it is negative, it is measured in the opposite direction to 
positive 8. For example, consider the cardioid r = a(1 + cos 6), shown in 
Fig. 13-18. Because dr/d0 = —asin0, then when 0 = 30°, 
tan Y% = a(l + cos 30°)/(—a sin 30°) = —3.732, or y = —75°, measured 
clockwise, opposite to +0 as shown in the figure. 


Procedure for Analysis 


Cylindrical or polar coordinates are a suitable choice for the analysis of 
a problem for which data regarding the angular motion of the radial 
line r are given, or in cases where the path can be conveniently 
expressed in terms of these coordinates. Once these coordinates have 
been established, the equations of motion can then be applied in order 
to relate the forces acting on the particle to its acceleration components. 
The method for doing this has been outlined in the procedure for 
analysis given in Sec. 13.4. The following is asummary of this procedure. 


Free-Body Diagram. 


Establish the r, 0, z inertial coordinate system and draw the 
particle's free-body diagram. 

Assume that a,, ag, a, act in the positive directions of r, 0, z if they 
are unknown. 

Identify all the unknowns in the problem. 

Equations of Motion. 

e Apply the equations of motion, Eq. 13-9. 

Kinematics. 

* Use the methods of Sec. 12.8 to determine r and the time 
derivatives 7, T, 0, 0, z and then evaluate the acceleration 
components a, = 7 — r6’, ag = rË + 2i, a, = Z. 

If any of the acceleration components is computed as a negative 
quantity, it indicates that it acts in its negative coordinate direction. 
When taking the time derivatives of r = f(0), it is very important 
to use the chain rule of calculus, which is discussed in Appendix C. 
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(c) 
Fig. 13-17 














Fig. 13-18 
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EXAMPLE aan 


The smooth 0.5-kg double-collar in Fig. 13-19a can freely slide on arm 
AB and the circular guide rod. If the arm rotates with a constant 
angular velocity of 6 = 3 rad /s, determine the force the arm exerts on 
the collar at the instant 0 = 45°. Motion is in the horizontal plane. 


SOLUTION 


Free-Body Diagram. The normal reaction Nç of the circular guide 
rod and the force F of arm AB act on the collar in the plane of motion, 
Fig. 13-19b. Note that F acts perpendicular to the axis of arm AB, that 
is, in the direction of the 0 axis, while Nç acts perpendicular to the 
tangent of the circular path at 0 = 45°. The four unknowns are 
Nc, F, à,, dg. 


Equations of Motion. 
-TZXF,- ma; —Nc cos 45? = (0.5 kg) a, (1) 
+\> Fy = mag: F — Nc sin 45° = (0.5 kg) ag (2) 





Kinematics. Using the chain rule (see Appendix C), the first and 
tangent second time derivatives of r when 0 = 45°, 0 — 3 rad/s,0 — 0, are 





r = 0.8 cos 0 = 0.8 cos 45? = 0.5657 m 
—0.8 sind 0 = —0.8 sin 45°(3) = —1.6971 m/s 





Il 


(b) 
Fig. 13-19 7 = —0.8|sin6 0 + cos 0 8? ] 


= —0.8[sin 45*(0) + cos 45*(32)] = —5.091 m/s? 


We have 


a, = T —r(? = —5.091 m/s? — (0.5657 m)(3 rad/s)? = —10.18 m/s? 
ag = rÜ + 270 = (0.5657 m)(0) + 2(—1.6971 m/s)(3 rad/s) 
—10.18 m/s? 


Substituting these results into Eqs. (1) and (2) and solving, we get 


Nc = 7.20 N 
F=0 Ans. 
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EXAMPLE | 13.11 


The smooth 2-kg cylinder C in Fig. 13-20a has a pin P through its 
center which passes through the slot in arm OA. If the arm is forced to 
rotate in the vertical plane at a constant rate 0 = 0.5 rad/s, determine 
the force that the arm exerts on the peg at the instant 0 = 60°. 


SOLUTION 
Why is it a good idea to use polar coordinates to solve this problem? 





Free-Body Diagram. The free-body diagram for the cylinder is 
shown in Fig. 13-20b. The force on the peg, Fp, acts perpendicular to 
the slot in the arm. As usual, a, and a, are assumed to act in the 
directions of positive r and 0, respectively. Identify the four unknowns. 


Equations of Motion. Using the data in Fig. 13-205, we have 





-Z/XF,-— ma, —19.62sin0 — Nc sin 0 = 2a, W 
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+NÈ Fo = mags 19.62 cos 0 + Fp — Nc cos 0 = 2ag (2) 


Kinematics. From Fig. 13-20a, r can be related to 0 by the equation 


0.4 
r=- = 0.4 csc 0 
sin 0 


Since d(csc 0) = —(csc 0 cot 0) dð and d(cot 0) = —(csc? 0) d0, then r 


and the necessary time derivatives become 


Ó — 05 r — 0.4csc 0 
6=0 r = —0.4(csc 0 cot 0)0 


= —0.2 csc 0 cot 0 
T = —0.2(—csc 0 cot 6)(8) cot 0 — 0.2 csc 0(—csc? 0)6 
= 0.1 csc 0(cot? 0 + csc? 0) 


Evaluating these formulas at 0 = 60°, we get 


— 0.462 
y — —0.133 


7 = 0,192 
= 7 — r0 = 0.192 — 0.462(0.5? = 0.0770 
dy = rÜ + 270 = 0 + 2(—0.133)(0.5) = —0.133 


Fig. 13-20 


Substituting these results into Eqs. 1 and 2 with 0 = 60° and 
solving yields 


Nc = 19.4N Fp = —0:350N Ans. 


The negative sign indicates that Fp acts opposite to the direction 
shown in Fig. 13-205. 
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EXAMPLE | 13.12 





Top View 


(a) 


6 = 4 rad/s 





$ 
Tangent | ao 


0 
(b) 


R= 


A can C, having a mass of 0.5 kg, moves along a grooved horizontal 
slot shown in Fig. 13-21a. The slot is in the form of a spiral, which is 
defined by the equation r = (0.10) m, where 6 is in radians. If the arm 
OA rotates with a constant rate 0 — 4 rad/s in the horizontal plane, 
determine the force it exerts on the can at the instant 0 = 7 rad. 
Neglect friction and the size of the can. 


SOLUTION 


Free-Body Diagram. The driving force Fç acts perpendicular to the 
arm OA, whereas the normal force of the wall of the slot on the can, 
Nc, acts perpendicular to the tangent to the curve at 0 = ~ rad, 
Fig. 13-21b. As usual, a, and a, are assumed to act in the positive 
directions of r and 6, respectively. Since the path is specified, the angle 
iy which the extended radial line r makes with the tangent, Fig. 13-21c, 
can be determined from Eq. 13-10. We have r — 0.10, so that 
dr/d0 — 0.1, and therefore 


r | 040 
dr / d8 0.1 


When 0 = r, y = tan ‘a = 72.35, so that $ = 90° — y = 17.77, as 
shown in Fig. 13-21c. Identify the four unknowns in Fig. 13—21b. 





tan y = 0 


Equations of Motion. Using $ = 17.7? and the data shown in 
Fig. 13-215, we have 


+ XF, = may; Nc cos 17.7? = 0.5a, (1) 
+45 F = mag; Fo — Ncsin 17.7? — 0.5ag (2) 
Kinematics. The time derivatives of r and 0 are 

Ô = 4 rad/s r — 0.10 

px r = 0.16 = 0.1(4) = 0.4 m/s 








At the instant 0 = 7 rad, 
T . 
a, = Y — r€) = 0 — 0.1974 = —5.03 m/s? 





Fig. 13-21 


ag = rÜ + 270 = 0 + 2(0.4)(4) = 320 m/s? 
Substituting these results into Eqs. 1 and 2 and solving yields 
Nc = —2.64N 
Fc = 0.800 N 


What does the negative sign for Nç indicate? 
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E FUNDAMENTAL PROBLEMS 


F13-13. Determine the constant angular velocity 6 of the 
vertical shaft of the amusement ride if ¢ = 45°. Neglect the 
mass of the cables and the size of the passengers. 





Prob. F13-13 


F13-14. The 0.2-kg ball is blown through the smooth 
vertical circular tube whose shape is defined by 
r = (0.6 sin 0) m, where 0 is in radians. If 0 = (a f) rad, 
where t is in seconds, determine the magnitude of force F 
exerted by the blower on the ball when t = 0.5 s. 





Prob. F13-14 


F13-15. The 2-Mg car is traveling along the curved road 
described by r = (50e?) m, where 0 is in radians. If a 
camera is located at A and it rotates with an angular 
velocity of 6 = 0.05 rad/s and an angular acceleration of 
6 = 0.01 rad/s? at the instant 0 = Zrad, determine the 
resultant friction force developed between the tires and the 
road at this instant. 





Prob. F13-15 


F13-16. The 0.2-kg pin P is constrained to move in the 
smooth curved slot, which is defined by the lemniscate 
r = (0.6 cos 20) m. Its motion is controlled by the rotation 
of the slotted arm OA, which has a constant clockwise 
angular velocity of Ê = —3 rad/s. Determine the force arm 
OA exerts on the pin P when 0 — 0*. Motion is in the 
vertical plane. 








Prob. F13-16 
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ETPROBLEMS 


13-85. The spring-held follower AB has a weight of 0.75 Ib 
and moves back and forth as its end rolls on the contoured 
surface of the cam, where r = 0.2 ft and z = (0.1 sin 20) ft. 
If the cam is rotating at a constant rate of 6 rad/s, determine 
the force at the end A of the follower when 0 = 45°. In this 
position the spring is compressed 0.4 ft. Neglect friction at 
the bearing C. 






z = 0.1 sin 20 C 


6 = 6 rad/s 






Prob. 13-85 


13-86. Determine the magnitude of the resultant force 
acting on a 5-kg particle at the instant t = 2 s, if the particle 
is moving along a horizontal path defined by the equations 
r= (2t+ 10) m and 0 = (1.52 — 6r) rad, where t is in 
seconds. 


13-87. The path of motion of a 5-]b particle in the 
horizontal plane is described in terms of polar coordinates 
as r= (2t + 1) ft and 0 = (0.5:?? — r) rad, where t is in 
seconds. Determine the magnitude of the unbalanced force 
acting on the particle when t = 2 s. 


*13-88. Rod OA rotates counterclockwise with a constant 
angular velocity of Ô = 5 rad/s. The double collar B is pin- 
connected together such that one collar slides over the 
rotating rod and the other slides over the horizontal curved 
rod, of which the shape is described by the equation 
r = 1.5(2 — cos 6) ft. If both collars weigh 0.75 Ib, determine 
the normal force which the curved rod exerts on one collar 
at the instant 0 = 120°. Neglect friction. 





r = 1.5 (2 — cos 0) ft 


Prob. 13-88 


13-89. The boy of mass 40 kg is sliding down the spiral slide 
at a constant speed such that his position, measured from the 
top of the chute, has components r — 1.5 m, 0 — (0.71) rad, 
and z = (—0.5t)m, where f is in seconds. Determine the 
components of force F,, Fy, and F, which the slide exerts on 
him at the instant t = 2 s. Neglect the size of the boy. 








Prob. 13-89 
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13-90. The 40-kg boy is sliding down the smooth spiral 
slide such that z = —2 m/s and his speed is 2 m/s. Determine 
the r, 0, z components of force the slide exerts on him at this 
instant. Neglect the size of the boy. 








Prob. 13-90 


13-91. Using a forked rod, a 0.5-kg smooth peg P is forced 
to move along the vertical slotted path r = (0.50) m, where 0 
is in radians. If the angular position of the arm is 
0-— GA rad, where t is in seconds, determine the force of 
the rod on the peg and the normal force of the slot on the 
peg at the instant tr = 2 s. The peg is in contact with only 
one edge of the rod and slot at any instant. 


*13-92. The arm is rotating at a rate of 0 = 4 rad/s when 
0 = 3 rad/s? and 0 = 180°. Determine the force it must 
exert on the 0.5-kg smooth cylinder if it is confined to move 
along the slotted path. Motion occurs in the horizontal plane. 






6 = 4 rad/s, 0 = 3 rad/s? 


Prob. 13-92 


13-93. If arm OA rotates with a constant clockwise 
angular velocity of 0 = 1.5 rad/s, determine the force arm 
OA exerts on the smooth 4-Ib cylinder B when 0 = 45°. 





Prob. 13-91 


Prob. 13-93 
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13-94. Determine the normal and frictional driving forces 
that the partial spiral track exerts on the 200-kg motorcycle 
at the instant 0 = 3arad, 0 = 0.4rad/s, 0 = 0.8 rad/s’. 
Neglect the size of the motorcycle. 


r = (50)m 


Prob. 13-94 


13-95. A smooth can C, having a mass of 3 kg, is lifted 
from a feed at A to a ramp at B by a rotating rod. If the rod 
maintains a constant angular velocity of 6 = 0.5 rad/s, 
determine the force which the rod exerts on the can at the 
instant 0 = 30°. Neglect the effects of friction in the 
calculation and the size of the can so that r — (1.2 cos 0) m. 
The ramp from A to B is circular, having a radius of 600 mm. 





-— - 


Prob. 13-95 


*13-96. The spring-held follower AB has a mass of 0.5 kg 
and moves back and forth as its end rolls on the contoured 
surface of the cam,wherer = 0.15 mand z = (0.02 cos 20) m. 
If the cam is rotating at a constant rate of 30 rad/s, 
determine the force component F, at the end A of the 
follower when 0 = 30°. The spring is uncompressed when 
0 = 90°. Neglect friction at the bearing C. 





z = (0.02 cos 20) m 

















Prob. 13-96 


13-97. The spring-held follower AB has a mass of 0.5 kg 
and moves back and forth as its end rolls on the contoured 
surface of the cam, where r = 0.15 m and z = (0.02 cos 20) m. 
If the cam is rotating at a constant rate of 30 rad/s, 
determine the maximum and minimum force components 
F. the follower exerts on the cam if the spring is 
uncompressed when 0 = 90°. 









1 | \ z = (0.02 cos 20) m 


6 = 30 rad/s 






Prob. 13-97 
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13-98. The particle has a mass of 0.5 kg and is confined to 
move along the smooth vertical slot due to the rotation of 
the arm OA. Determine the force of the rod on the particle 
and the normal force of the slot on the particle when 
0 = 30°. The rod is rotating with a constant angular velocity 
0 = 2 rad/s. Assume the particle contacts only one side of 
the slot at any instant. 

















0.5 m - 





Prob. 13-98 


13-99, Acar of a roller coaster travels along a track which 
for a short distance is defined by a conical spiral, r = 3, 
0 = —1.5z, where r and z are in meters and 0 in radians. If 
the angular motion 0 — lrad/s is always maintained, 
determine the r, 0, z components of reaction exerted on the 
car by the track at the instant z — 6 m. The car and 
passengers have a total mass of 200 kg. 


































































































Prob. 13-99 


*13-100. The 0.5-lb ball is guided along the vertical 
circular pathr = 2r, cos 0 using the arm OA. If the arm has 
an angular velocity 0 = 0.4rad/s and an angular 
acceleration 0 = 0.8rad/s* at the instant 0 = 30°, 
determine the force of the arm on the ball. Neglect friction 
and the size of the ball. Set r, = 0.4ft. 


13-101. The ball of mass m is guided along the vertical 
circular pathr = 2r, cos 0 using the arm OA. If the arm has 
a constant angular velocity ĝo, determine the angle @ = 45? 
at which the ball starts to leave the surface of the 
semicylinder. Neglect friction and the size of the ball. 





e 


13-102. Using a forked rod, a smooth cylinder P, having a 
mass of 0.4 kg, is forced to move along the vertical slotted 
path r = (0.60) m, where 0 is in radians. If the cylinder has a 
constant speed of vc — 2 m/s, determine the force of the rod 
and the normal force of the slot on the cylinder at the instant 
0 = m rad. Assume the cylinder is in contact with only one 
edge of the rod and slot at any instant. Hint: To obtain the 
time derivatives necessary to compute the cylinder's 
acceleration components a, and a, take the first and second 
time derivatives of r — 0.60. Then, for further information, 
use Eq. 12-26 to determine 6. Also, take the time derivative 
of Eq. 12-26, noting that ù = 0 to determine 0. 


Probs. 13-100/101 








Prob. 13-102 
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13-103. The pilot of the airplane executes a vertical loop 
which in part follows the path of a cardioid, 
r = 200(1 + cos0) m, where 0 is in radians. If his speed at A 
is a constant v, = 85 m/s, determine the vertical reaction 
the seat of the plane exerts on the pilot when the plane is 
at A. He has a mass of 80 kg. Hint: To determine the time 
derivatives necessary to calculate the acceleration 
components a, and a, take the first and second time 
derivatives of r= 200(1 + cos0). Then, for further 
information, use Eq. 12-26 to determine ô. 






r = 200 (1 + cos 0) m 





A 


Prob. 13-103 


*13-104. The collar has a mass of 2 kg and travels along 
the smooth horizontal rod defined by the equiangular spiral 
r = (e?) m, where @ is in radians. Determine the tangential 
force F and the normal force N acting on the collar when 
0 = 45°, if the force F maintains a constant angular motion 
6 = 2 rad/s. 





Prob. 13-104 


13-105. The particle has a mass of 0.5 kg and is confined 
to move along the smooth horizontal slot due to the rotation 
of the arm OA. Determine the force of the rod on the 
particle and the normal force of the slot on the particle 
when 0 = 30°. The rod is rotating with a constant angular 
velocity 0 = 2 rad/s. Assume the particle contacts only one 
side of the slot at any instant. 


13-106. Solve Prob. 13-105 if the arm has an angular 
acceleration of 0 = 3 rad/s? when 6 = 2 rad/s at 0 = 30°. 








up 4 y 


0.5 m 











Probs. 13-105/106 


13-107. The forked rod is used to move the smooth 2-Ib 
particle around the horizontal path in the shape of a 
limaçon, r = (2 + cos 0) ft. If 0 = (0.5?) rad, where t is in 
seconds, determine the force which the rod exerts on the 
particle at the instant £ = 1 s. The fork and path contact the 
particle on only one side. 








Prob. 13-107 
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*13-108. The collar, which has a weight of 3 Ib, slides along 
the smooth rod lying in the horizontal plane and having the 
shape of a parabola r = 4/(1 — cos 0), where 0 is in radians 
and r is in feet. If the collar's angular rate is constant and 
equals 0 = 4 rad/s, determine the tangential retarding force 
P needed to cause the motion and the normal force that the 
collar exerts on the rod at the instant 0 = 90°. 





Prob. 13-108 


13-109. Rod OA rotates counterclockwise at a constant 
angular rate Ô = 4rad/s. The double collar B is pin- 
connected together such that one collar slides over the 
rotating rod and the other collar slides over the circular rod 
described by the equation r — (1.6 cos 0) m. If both collars 
have a mass of 0.5 kg, determine the force which the circular 
rod exerts on one of the collars and the force that OA exerts 
on the other collar at the instant 0 = 45°. Motion is in the 
horizontal plane. 


13-110. Solve Prob. 13-109 if motion is in the vertical 
plane. 








Probs. 13-109/110 


13-111. A 0.2-kg spool slides down along a smooth rod. 
If the rod has a constant angular rate of rotation 
§ = 2 rad/s in the vertical plane, show that the equations 
of motion for the spool are 7 — 4r— 9.81sin0 = 0 
and 0.8r + N, — 1.962 cos 0 = 0, where N, is the magnitude 
of the normal force of the rod on the spool. Using the 
methods of differential equations, it can be shown that 
the solution of the first of these equations is 
r= Ce ? + Ce” — (9.81/8) sin 2r. If r, 7, and 0 are zero 
when ft = 0, evaluate the constants C, and C; determine r 
at the instant 0 = 7/4 rad. 





6 = 2 rad/s \ 


d 


Prob. 13-111 


*]3-112. The pilot of an airplane executes a vertical loop 
which in part follows the path of a “four-leaved rose,” 
r — (—600cos 20) ft, where 0 is in radians. If his speed is a 
constant vp — 80 ft/s, determine the vertical reaction the 
seat of the plane exerts on the pilot when the plane is at A. 
He weights 130 Ib. Hint: To determine the time derivatives 
necessary to compute the acceleration components a, 
and ag, take the first and second time derivatives of 
r = 40001 + cos). Then, for further information, use 
Eq. 12-26 to determine 6. Also, take the time derivative of 
Eq. 12-26, noting that vp = 0 to determine 6. 


A 


80 ft/s <—— X 





r =—600 cos 20 





Prob. 13-112 
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(a) 


(b) 
Fig. 13-22 


*13.7 Central-Force Motion and Space 
Mechanics 


If a particle is moving only under the influence of a force having a line of 
action which is always directed toward a fixed point, the motion is called 
central-force motion. This type of motion is commonly caused by 
electrostatic and gravitational forces. 

In order to analyze the motion, we will consider the particle P shown 
in Fig. 13-22a, which has a mass m and is acted upon only by the central 
force F. The free-body diagram for the particle is shown in Fig. 13-22b. 
Using polar coordinates (r, 0), the equations of motion, Eq. 13-9, become 








LF, = ma; 
E (2) 
F=m r 
d? dt (13-11) 
£0 dr dð 
F, = map; = +2 
5 F = mag; 0 nS di 2) 


The second of these equations may be written in the form 
I| dí ,d0 
ara) |= ° 
rldt\ dt 


d 
dt 





so that integrating yields 
h (13-12) 


Here A is the constant of integration. 

From Fig. 13-22a notice that the shaded area described by the radius r, 

as r moves through an angle d0, is dA = 3r? 40. If the areal velocity is 
defined as 

dA 1] 40 _A 

dt 2 dt 2 





(13-13) 


then it is seen that the areal velocity for a particle subjected to central- 
force motion is constant. In other words, the particle will sweep out equal 
segments of area per unit of time as it travels along the path. To obtain the 
path of motion, r = f(0), the independent variable t must be eliminated 
from Eqs. 13-11. Using the chain rule of calculus and Eq. 13-12, the time 
derivatives of Eqs. 13-11 may be replaced by 


dr | drd0  hdr 
dt dódt r dð 


Z S(4%) = S( ES) 8 Sez] 
d?)  diNrd0j do\Pdo/da |do\Pde/\|r 
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Substituting a new dependent variable (xi) £ = 1/r into the second 
equation, we have 


Also, the square of Eq. 13-12 becomes 


dóV _ 2¢4 
a) 


Substituting these two equations into the first of Eqs. 13-11 yields 











dé F 
242 243 — 
hé p hé m 
or 
d F 
: F é = 2.2 (13-14) 
d0* mh'é 


This differential equation defines the path over which the particle travels 
when it is subjected to the central force F.* 

For application, the force of gravitational attraction will be considered. 
Some common examples of central-force systems which depend on 
gravitation include the motion of the moon and artificial satellites about 
the earth, and the motion of the planets about the sun. As a typical 
problem in space mechanics, consider the trajectory of a space satellite 
or space vehicle launched into free-flight orbit with an initial velocity vo, 
Fig. 13-23. It will be assumed that this velocity is initially parallel to the 
tangent at the surface of the earth, as shown in the figure. Just after 
the satellite is released into free flight, the only force acting on it is the 
gravitational force of the earth. (Gravitational attractions involving other 
bodies such as the moon or sun will be neglected, since for orbits close to 
the earth their effect is small in comparison with the earth's gravitation.) 
According to Newton's law of gravitation, force F will always act 
between the mass centers of the earth and the satellite, Fig. 13-23. 
From Eq. 13-1, this force of attraction has a magnitude of 


Mm 


peer i 





where M, and m represent the mass of the earth and the satellite, 
respectively, G is the gravitational constant, and r is the distance between 


*In the derivation, F is considered positive when it is directed toward point O. If F is 
oppositely directed, the right side of Eq. 13-14 should be negative. 

"The case where v, acts at some initial angle 0 to the tangent is best described using the 
conservation of angular momentum. 
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This satellite is subjected to a central 
force and its orbital motion can be closely 
predicted using the equations developed 
in this section. (UniversallmagesGroup/ 
Getty Images) 


Free-flight 
trajectory 
Vo 
ww. Satellite 
PpD 
z 
7 Power-flight 
ji trajectory 






r=" 


Launching 


Fig. 13-23 
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the mass centers. To obtain the orbital path, we set £ = 1/r in the 
foregoing equation and substitute the result into Eq. 13-14. We obtain 


dé "m GM, 
de? n? 








(13-15) 


This second-order differential equation has constant coefficients and is 
nonhomogeneous. The solution is the sum of the complementary and 
particular solutions given by 





1 GM, 
¿é= "m C cos (0 — p) + m (13-16) 
D This equation represents the free-flight trajectory of the satellite. It is 
the equation of a conic section expressed in terms of polar coordinates. 
A geometric interpretation of Eq. 13-16 requires knowledge of the 
equation for a conic section. As shown in Fig. 13-24, a conic section is 
defined as the locus of a point P that moves in such a way that the ratio 
of its distance to a focus, or fixed point F, to its perpendicular distance to 
a fixed line DD called the directrix, is constant. This constant ratio will be 
denoted as e and is called the eccentricity. By definition 


—directrix 














_ FP 
PA 





é 











~ p " From Fig. 13-24, 


FP = r = e(PA) = e[p — rcos(0 — 4)] 





or 





1 1 
= —cos(0 ) + 
p $ ep 


Comparing this equation with Eq. 13-16, it is seen that the fixed distance 
from the focus to the directrix is 





1 
= 13-17 
pe (13-17) 
And the eccentricity of the conic section for the trajectory is 
Ch? 
Sa 13-18 
= an (13-18) 
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Provided the polar angle 0 is measured from the x axis (an axis of 
symmetry since it is perpendicular to the directrix), the angle ¢ is zero, 
Fig. 13-24, and therefore Eq. 13-16 reduces to 





1 GM, 
ccu 3088 —, (13-19) 
r h 


The constants h and C are determined from the data obtained for the 
position and velocity of the satellite at the end of the power-flight 
trajectory. For example, if the initial height or distance to the space 
vehicle is ry, measured from the center of the earth, and its initial speed 
is Vg at the beginning of its free flight, Fig. 13-25, then the constant h may 
be obtained from Eq. 13-12. When 0 = $4 = 0°, the velocity v; has no 
radial component; therefore, from Eq. 12-25, vo = ro(d0/dt), so that 


d0 


h— n— 
° qt 


Or 
= 


To determine C, use Eq. 13-19 with 0 = 0°,r = rọ, and substitute 
Eq. 13-20 for h: 








c= H(i = om. (13-21) 





The equation for the free-flight trajectory therefore becomes 











ENG GM, GM, 
= L= OSG ee (13-22) 
Peo rovo rovo 











The type of path traveled by the satellite is determined from the value 
of the eccentricity of the conic section as given by Eq. 13-18. If 





e = 0 free-flight trajectory is a circle 

e = 1 free-flight trajectory is a parabola (13-23) 
e < 1 free-flight trajectory is an ellipse 

e > ] free-flight trajectory is a hyperbola 
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Parabolic Path. Each of these trajectories is shown in Fig. 13-25. 
From the curves it is seen that when the satellite follows a parabolic path, 
it is “on the border” of never returning to its initial starting point. The 
initial launch velocity, vg, required for the satellite to follow a parabolic 
path is called the escape velocity. The speed, v,, can be determined by 
using the second of Eqs. 13-23, e = 1, with Eqs. 13-18, 13-20, and 13-21. It 
is left as an exercise to show that 


26M, 
v = | — (13-24) 


ro 


Circular Orbit. The speed v, required to launch a satellite into 
a circular orbit can be found using the first of Eqs. 13-23, e = 0. 
Since e is related to / and C, Eq. 13-18, C must be zero to satisfy this 
equation (from Eq. 13-20, h cannot be zero); and therefore, using 
Eq. 13-21, we have 


GM, 


ro 





(13-25) 


= 
S 
II 


Provided rọ represents a minimum height for launching, in which 
frictional resistance from the atmosphere is neglected, speeds at launch 
which are less than v, will cause the satellite to reenter the earth’s 
atmosphere and either burn up or crash, Fig. 13-25. 


Hyperbolic trajectory 
e>1 












Parabolic trajectory 
e= l 


Elliptical trajectory 
e<l 


Circular 


e=0 


Fig. 13-25 
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Elliptical Orbit. All the trajectories attained by planets and most 
satellites are elliptical, Fig. 13-26. For a satellite’s orbit about the earth, 
the minimum distance from the orbit to the center of the earth O (which 
is located at one of the foci of the ellipse) is 7, and can be found using 
Eq. 13-22 with 6 = 0°. Therefore; 





TS (13-26) 











This minimum distance is called the perigee of the orbit. The apogee or 
maximum distance r, can be found using Eq. 13-22 with 0 = 180°.* Thus, 





QGM,/ rao) — 1 





(13-27) 


Yq 











With reference to Fig. 13-26, the half-length of the major axis of the 
ellipse is 


T» TE 
a= 2 (13-28) 


Using analytical geometry, it can be shown that the half-length of the 
minor axis is determined from the equation 


b= V irra (13-29) 





*Actually, the terminology perigee and apogee pertains only to orbits about the earth. 
If any other heavenly body is located at the focus of an elliptical orbit, the minimum and 
maximum distances are referred to respectively as the periapsis and apoapsis of the orbit. 
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Furthermore, by direct integration, the area of an ellipse is 
A = mab = Z (r, + ta) V T, (13-30) 


The areal velocity has been defined by Eq. 13-13, dA/dt = h/2. 
Integrating yields A = hT/2, where T is the period of time required to 
make one orbital revolution. From Eq. 13-30, the period is 





= Ce N (13-31) 











In addition to predicting the orbital trajectory of earth satellites, the 
theory developed in this section is valid, to a surprisingly close 
approximation, at predicting the actual motion of the planets traveling 
around the sun. In this case the mass of the sun, M,, should be substituted 
for M, when the appropriate formulas are used. 

The fact that the planets do indeed follow elliptic orbits about the sun 
was discovered by the German astronomer Johannes Kepler in the early 
seventeenth century. His discovery was made before Newton had 
developed the laws of motion and the law of gravitation, and so at the 
time it provided important proof as to the validity of these laws. Kepler's 
laws, developed after 20 years of planetary observation, are summarized 
as follows: 


1. Every planet travels in its orbit such that the line joining it to the 
center of the sun sweeps over equal areas in equal intervals of time, 
whatever the line's length. 


2. The orbit of every planet is an ellipse with the sun placed at one of 
its foci. 


3. The square of the period of any planet is directly proportional to 
the cube of the major axis of its orbit. 


A mathematical statement of the first and second laws is given by 
Eqs. 13-13 and 13-22, respectively. The third law can be shown from 
Eq. 13-31 using Eqs. 13-19, 13-28, and 13-29. (See Prob. 13-117) 
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HEHLIIIcsq— 


In the following problems, except where otherwise 
indicated, assume that the radius of the earth is 6378 km, the 
earths mass is 5.976(107* kg, the mass of the sun is 
1.99(10°°) kg, and the gravitational constant is 
G = 66.73(10 72) m3/(kg - s?). 


13-113. The earth has an orbit with eccentricity 0.0167 
around the sun. Knowing that the earth's minimum distance 
from the sun is 146(10° km, find the speed at which the 
earth travels when it is at this distance. Determine the 
equation in polar coordinates which describes the earth's 
orbit about the sun. 


13-114. A communications satellite is in a circular orbit 
above the earth such that it always remains directly over a 
point on the earth's surface. As a result, the period of the 
satellite must equal the rotation of the earth, which is 
approximately 24 hours. Determine the satellite’s altitude h 
above the earth's surface and its orbital speed. 


13-115. The speed of a satellite launched into a circular 
orbit about the earth is given by Eq. 13-25. Determine the 
speed of a satellite launched parallel to the surface of the 
earth so that it travels in a circular orbit 800 km from the 
earth's surface. 


*13-116. The rocket is in circular orbit about the earth at 
an altitude of 20 Mm. Determine the minimum increment in 
speed it must have in order to escape the earth’s gravitational 
field. 





Prob. 13-116 


13-117. Prove Kepler's third law of motion. Hint: Use 
Eqs. 13-19, 13-28, 13-29, and 13-31. 


13-118. The satellite is moving in an elliptical orbit with an 
eccentricity e = 0.25. Determine its speed when it is at its 
maximum distance A and minimum distance B from the earth. 





Prob. 13-118 


13-119. The rocket is traveling in free flight along the 
elliptical orbit. The planet has no atmosphere, and its mass is 
0.60 times that of the earth. If the rocket has the orbit shown, 
determine the rocket's speed when it is at A and at B. 









18.3 Mm 


7.60 Mm 


Prob. 13-119 


*13-120. Determine the constant speed of satellite S so 
that it circles the earth with an orbit of radius r — 15 Mm. 
Hint: Use Eq. 13-1. 





Prob. 13-120 
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13-121. The rocket is in free flight along an elliptical 
trajectory A’A. The planet has no atmosphere, and its mass 
is 0.70 times that of the earth. If the rocket has an apoapsis 
and periapsis as shown in the figure, determine the speed of 
the rocket when it is at point A. 














Prob. 13-121 


13-122. The Viking Explorer approaches the planet Mars on 
a parabolic trajectory as shown. When it reaches point A its 
velocity is 10 Mm/h. Determine ro and the required change in 
velocity at A so that it can then maintain a circular orbit as 
shown. The mass of Mars is 0.1074 times the mass of the earth. 


To 


Prob. 13-122 


13-123. The rocket is initially in free-flight circular orbit 
around the earth. Determine the speed of the rocket at A. 
What change in the speed at A is required so that it can 
move in an elliptical orbit to reach point A '? 


*13-124. The rocket is in free-flight circular orbit around 
the earth. Determine the time needed for the rocket to 
travel from the innner orbit at A to the outer orbit at A '. 








Probs. 13-123/124 


13-125. A satellite is launched at its apogee with an initial 
velocity vy = 2500 mi/h parallel to the surface of the earth. 
Determine the required altitude (or range of altitudes) 
above the earth's surface for launching if the free-flight 
trajectory is to be (a) circular, (b) parabolic, (c) elliptical, 
with launch at apogee, and (d) hyperbolic. Take 
G = 344(10 ?))0b:f?)/slug M, = 409(10?) slug, the 
earth's radius r, — 3960 mi, and 1 mi — 5280 ft. 


13-126. The rocket is traveling around the earth in free 
flight along the elliptical orbit. If the rocket has the orbit 
shown, determine the speed of the rocket when it is at A 
and at B. 








kk 30 Mm >< 


20 Mm — —^4 











Prob. 13-126 
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13-127. An elliptical path of a satellite has an eccentricity 
e — 0.130. If it has a speed of 15 Mm/h when it is at perigee, 
P, determine its speed when it arrives at apogee, A. Also, 
how far is it from the earth's surface when it is at A? 





Prob. 13-127 


*13-128. A rocket is in free-flight elliptical orbit around 
the planet Venus. Knowing that the periapsis and apoapsis 
of the orbit are 8 Mm and 26 Mm, respectively, determine 
(a) the speed of the rocket at point A', (b) the required 
speed it must attain at A just after braking so that it 
undergoes an 8-Mm free-flight circular orbit around Venus, 
and (c) the periods of both the circular and elliptical orbits. 
The mass of Venus is 0.816 times the mass of the earth. 





| 
I 18 Mm >| 











Prob. 13-128 


13-129. The rocket is traveling in a free flight along an 
elliptical trajectory A 'A. The planet has no atmosphere, and 
its mass is 0.60 times that of the earth. If the rocket has the 
orbit shown, determine the rocket’s velocity when it is at 
point A. 


13-130. Ifthe rocket is to land on the surface of the planet, 
determine the required free-flight speed it must have at A’ 
so that the landing occurs at B. How long does it take for 
the rocket to land, going from A' to B? The planet has no 
atmosphere, and its mass is 0.6 times that of the earth. 

















Probs. 13-129/130 


13-131. The rocket is traveling around the earth in free 
flight along an elliptical orbit AC. If the rocket has the orbit 
shown, determine the rocket's velocity when it is at point A. 


*13-132. The rocket is traveling around the earth in free 
flight along the elliptical orbit AC. Determine its change in 
speed when it reaches A so that it travels along the elliptical 
orbit AB. 








k— 8 Mm —>< 8 Mm >< 10 Mm > 

















Probs. 13-131/132 
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N CONCEPTUAL PROBLEMS 


C13-1. If the box is released from rest at A, use numerical 
values to show how you would estimate the time for it to 
arrive at B. Also, list the assumptions for your analysis. 


m 





Prob. C13-1 (O R.C. Hibbeler) 


C13-2. The tugboat has a known mass and its propeller 
provides a known maximum thrust. When the tug is fully 
powered you observe the time it takes for the tug to reach a 
speed of known value starting from rest. Show how you 
could determine the mass of the barge. Neglect the drag 
force of the water on the tug. Use numerical values to 
explain your answer. 


1 SQUE A 


"Ula 
EM UL 


à 





Prob. C13-2 (© R.C. Hibbeler) 


C13-3. Determine the smallest speed of each car A and B 
so that the passengers do not lose contact with the seat 
while the arms turn at a constant rate. What is the largest 
normal force of the seat on each passenger? Use numerical 
values to explain your answer. 


RT SA mam Sn 


x 





Prob. C13-3 (O R.C. Hibbeler) 


C13-4. Each car is pin connected at its ends to the rim of 
the wheel which turns at a constant speed. Using numerical 
values, show how to determine the resultant force the seat 
exerts on the passenger located in the top car A. The 
passengers are seated toward the center of the wheel. Also, 
list the assumptions for your analysis. 





Prob. C13-4 (O R.C. Hibbeler) 


CHAPTER REVIEW 


Kinetics 

Kinetics is the study of the relation between 
forces and the acceleration they cause. This 
relation is based on Newton’s second law of 
motion, expressed mathematically as XF = ma. 


Before applying the equation of motion, it is 
important to first draw the particle’s free-body 
diagram in order to account for all of the forces 
that act on the particle. Graphically, this diagram 
is equal to the kinetic diagram, which shows the 
result of the forces, that is, the ma vector. 
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ma 


Free-body Kinetic 
diagram diagram 




















Inertial Coordinate Systems 


When applying the equation of motion, it is 
important to measure the acceleration from an 
inertial coordinate system. This system has axes 
that do not rotate but are either fixed or translate 
with a constant velocity. Various types of inertial 
coordinate systems can be used to apply XF = ma 
in component form. 








Path of particle 





Inertial frame of reference 








Rectangular x, y, z axes are used to describe the 
motion along each of the axes. 


LF, = ma, XF, = may, XF, = ma, 








Normal, tangential, and binormal axes n, t, b, are 
often used when the path is known. Recall that a, 
is always directed in the +n direction. It indicates 
the change in the velocity direction. Also recall 
that a, is tangent to the path. It indicates the 
change in the velocity magnitude. 


=F, = ma, XF, = ma, XF, = 0 
a, = dv/dt or a, = vdv/ds 


— + (dy/dx? 





a, = w/p where 








Cylindrical coordinates are useful when angular 
motion of the radial line r is specified or when the 
path can conveniently be described with these 
coordinates. 





[dy/dx] 
SF, = m(r — r6?) 
DF) = m(rü + 276) 
LF, = mz 





Central-Force Motion 


When a single force acts upon a particle, such as during the free-flight trajectory of a satellite in a gravitational field, then 
the motion is referred to as central-force motion. The orbit depends upon the eccentricity e; and as a result, the trajectory 


can either be circular, parabolic, elliptical, or hyperbolic. 


176 CHAPTER 13 KINETICS OF A PARTICLE: FORCE AND ACCELERATION 


ES REVIEW PROBLEMS 


R13-1. The van is traveling at 20 km/h when the coupling 
of the trailer at A fails. If the trailer has a mass of 250 kg and 
coasts 45 m before coming to rest, determine the constant 
horizontal force F created by rolling friction which causes 
the trailer to stop. 








Prob. R13-1 


R13-2. The motor M pulls in its attached rope with an 
acceleration a, = 6 m/s^. Determine the towing force 
exerted by M on the rope in order to move the 50-kg crate 
up the inclined plane. The coefficient of kinetic friction 
between the crate and the plane is u, = 0.3. Neglect the 
mass of the pulleys and rope. 





Prob. R13-2 


R13-3. Block B rests on a smooth surface. If the 
coefficients of friction between A and B are u, = 0.4 and 
My = 0.3, determine the acceleration of each block if 
F = 501b. 





Prob. R13-3 


R13-4. If the motor draws in the cable at a rate of 
v = (0.0557/2) m/s, where s is in meters, determine the 
tension developed in the cable when s — 10 m. The crate 
has a mass of 20 kg, and the coefficient of kinetic friction 
between the crate and the ground is uj = 0.2. 





Prob. R13-4 


R13-5. The ball has a mass of 30 kg and a speed v = 4 m/s 
at the instant it is at its lowest point, 0 = 0°. Determine the 
tension in the cord and the rate at which the ball’s speed is 
decreasing at the instant 0 = 20°. Neglect the size of the ball. 


-—0 











lg 


Prob. R13-5 


R13-6. The bottle rests at a distance of 3 ft from the center 
of the horizontal platform. If the coefficient of static friction 
between the bottle and the platform is u, = 0.3, determine 
the maximum speed that the bottle can attain before 
slipping. Assume the angular motion of the platform is 
slowly increasing. 


3 ft 





L0 


Prob. R13-6 
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R13-7. The 10-Ib suitcase slides down the curved ramp for 
which the coefficient of kinetic friction is u, = 0.2. If at the 
instant it reaches point A it has a speed of 5 ft/s, determine 
the normal force on the suitcase and the rate of increase of 
its speed. 











y= P d y 
j B ft —— 
A 
x 
Prob. R13-7 


R13-8. The spool, which has a mass of 4 kg, slides along 
the rotating rod. At the instant shown, the angular rate of 
rotation of the rod is Ê=6 rad/s and this rotation is 
increasing at 0 = 2 rad/s”. At this same instant, the spool has 
a velocity of 3 m/s and an acceleration of 1 m/s?, both 
measured relative to the rod and directed away from the 
center O when r — 0.5 m. Determine the radial frictional 
force and the normal force, both exerted by the rod on the 
spool at this instant. 


D 0.5 m 
8 = 2 rad/s? C| > 


6 = 6 rad/s 








v, =3m/s 


O ~ 
k 
4 


Prob. R13-8 


2 


ds = 1 m/s 


Chapter 


(© Oliver Furrer/Ocean/Corbis) 


As the woman falls, her energy will have to be absorbed by the bungee cord. 
The principles of work and energy can be used to predict the motion. 








Kinetics of a Particle: 
Work and Energy 





14.1 The Work of a Force 


In this chapter, we will analyze motion of a particle using the concepts of 
work and energy. The resulting equation will be useful for solving 
problems that involve force, velocity, and displacement. Before we do this, 
however, we must first define the work of a force. Specifically, a force F 
will do work on a particle only when the particle undergoes a displacement 
in the direction of the force. For example, if the force F in Fig. 14-1 causes 
the particle to move along the path s from position r to a new position r', 
the displacement is then dr — r' — r. The magnitude of dr is ds, the 
length of the differential segment along the path. If the angle between the 
tails of dr and F is 0, Fig. 14-1, then the work done by F is a scalar quantity, 
defined by 


dU — F ds cos 0 





Fig. 14-1 


180 
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Fig. 14-1 (Repeated) 





By definition of the dot product (see Eq. B-14) this equation can also 
be written as 


dU = F:dr 


This result may be interpreted in one of two ways: either as the product 
of F and the component of displacement ds cos 0 in the direction of the 
force, or as the product of ds and the component of force, F cos 0, in the 
direction of displacement. Note that if 0° = 0 < 90°, then the force 
component and the displacement have the same sense so that the work is 
positive; whereas if 90? < 0 = 180°, these vectors will have opposite 
sense, and therefore the work is negative. Also, dU = 0 if the force is 
perpendicular to displacement, since cos 90? — 0, or if the force is applied 
at a fixed point, in which case the displacement is zero. 

The unit of work in SI units is the joule (J), which is the amount of 
work done by a one-newton force when it moves through a distance of 
one meter in the direction of the force (1 J = 1 N + m). In the FPS system, 
work is measured in units of foot-pounds (ft - Ib), which is the work done 
by a one-pound force acting through a distance of one foot in the 
direction of the force.* 


Work of a Variable Force. If the particle acted upon by the 
force F undergoes a finite displacement along its path from r; to ry or s; 
to s2, Fig. 142a, the work of force F is determined by integration. 
Provided F and 0 can be expressed as a function of position, then 





E Sy 
Ui = i F-dr = J F cos 0 ds (14-1) 
Ei Sy 





Sometimes, this relation may be obtained by using experimental data 
to plot a graph of F cos 6 vs. s. Then the area under this graph bounded by 
sı and s; represents the total work, Fig. 14—2b. 





F cos 0 
Ecos 0 
s 
51 —| FH 52 
ds 
(a) (b) 
Fig. 14-2 


*By convention, the units for the moment of a force or torque are written as lb- ft, to 
distinguish them from those used to signify work, ft 1b. 





F cos 0 
F, cos 0 [- ————— 
S 
5 F.cos@ ?* 51 3 s 
(a) (b) 
Fig. 14-3 


Work of a Constant Force Moving Along a Straight Line. 
If the force F, has a constant magnitude and acts at a constant angle 0 
from its straight-line path, Fig. 143a, then the component of F, in the 
direction of displacement is always F, cos 0. The work done by F, when 
the particle is displaced from s, to s; is determined from Eq. 14-1, in 
which case 


$2 
U\_2 = F, cos of ds 
51 


Or 





U,_» = F, cos 0(s) — sj) (14-2) 











Here the work of F, represents the area of the rectangle in Fig. 14—3b. 


Work of a Weight. Consider a particle of weight W, which moves 
up along the path s shown in Fig. 144 from position s; to position s2. At 
an intermediate point, the displacement dr = dxi + dyj + dzk. Since 
W = —Wj, applying Eq. 14-1 we have 


Uo = pra = f (—Wj) + (dxi + dyj + dzk) 


» 
= J —W dy = -W — yı) 
yı 


or 








Ui-2 = —W Ay (14-3) 








Thus, the work is independent of the path and is equal to the magnitude 
of the particle’s weight times its vertical displacement. In the case shown 
in Fig. 14-4 the work is negative, since W is downward and Ay is upward. 
Note, however, that if the particle is displaced downward (—Ay), the 
work of the weight is positive. Why? 
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The crane must do work in order to hoist 
the weight of the pipe. (O R.C. Hibbeler) 














Fig. 14-4 
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Unstretched 
position, s = 0 





| — —À 
F 
k wo 


Force on 
Particle 





(a) 


The forces acting on the cart, as it is 
pulled a distance s up the incline, are shown 
on its free-body diagram. The constant 
towing force T does positive work of 
Ur = (T cos ġ)s, the weight does 
negative work of Uw = —(Wsin 0)s, 
and the normal force N does no work 
since there is no displacement of this 
force along its line of action. 
(O R.C. Hibbeler) 


4 


ds 
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Work of a Spring Force. If an elastic spring is elongated a 
distance ds, Fig. 14—5a, then the work done by the force that acts on the 
attached particle is dU = —F,ds = —ks ds. The work is negative since F, 
acts in the opposite sense to ds. If the particle displaces from s, to 55, the 


work of F, is then 
S2 S2 
Ui = J F, ds = li —ks ds 
51 Sy 


Uj5 = —(5ks3 ra bks?) 











(14-4) 





This work represents the trapezoidal area under the line F, = ks, 
Fig. 14-5b. 

A mistake in sign can be avoided when applying this equation if one 
simply notes the direction of the spring force acting on the particle and 
compares it with the sense of direction of displacement of the particle — 
if both are in the same sense, positive work results; if they are opposite to 
one another, the work is negative. 





(b) 
Fig. 14-5 
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EXAMPLE [aae Ld 


The 10-kg block shown in Fig. 14—6a rests on the smooth incline. If the 
spring is originally stretched 0.5 m, determine the total work done by 
all the forces acting on the block when a horizontal force P — 400N 
pushes the block up the plane s — 2 m. 







2 sin 30° m 


SOLUTION 
First the free-body diagram of the block is drawn in order to account 
for all the forces that act on the block, Fig. 14-6b. 


Horizontal Force P. Since this force is constant, the work is 
determined using Eq. 14-2. The result can be calculated as the force 
times the component of displacement in the direction of the force; i.e., 


Up = 400 N (2 m cos 30°) = 692.8 J 


or the displacement times the component of force in the direction of 
displacement, i.e., 


Up = 400 N cos 30°(2 m) = 692.8 J 
Spring Force F.. In the initial position the spring is stretched 
sı = 0.5 m and in the final position it is stretched s; = 0.5m + 2m = 


2.5 m. We require the work to be negative since the force and 
displacement are opposite to each other. The work of F, is thus 


U, = — [180 N/m)(2.5 mf — 530 N/m)0.5 m?] = —90J 
Weight W. Since the weight acts in the opposite sense to its vertical 
displacement, the work is negative; i.e., 

Uw = —(98.1 N) (2 m sin 30°) = —98.1J 


Note that it is also possible to consider the component of weight in the 
direction of displacement; i.e., 


Uw = —(98.1 sin 30° N) (2m) = —98.1J 


Normal Force Ng. This force does no work since it is always 
perpendicular to the displacement. 

Total Work. The work of all the forces when the block is displaced 
2 m is therefore 


Ur = 692.8J — 90 J — 98.1 J = 505J Ans. 
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14.2 Principle of Work and Energy 


Consider the particle in Fig. 14—7 which is located on the path defined 
relative to an inertial coordinate system. If the particle has a mass m and 
is subjected to a system of external forces represented by the resultant 
Fp = XF, then the equation of motion for the particle in the tangential 
direction is XF, = ma;. Applying the kinematic equation a, = v dv/ds 
and integrating both sides, assuming initially that the particle has a 
position s = s, and a speed v = v;, and later at s = s2, v = v, we have 


55 v? 
X J F, ds J mv dv 
51 Uu 


$5 
5 J F,ds = im? — imwi (14-5) 
51 





From Fig. 14-7 note that EF, = XFcos0, and since work is defined 
from Eq. 14-1, the final result can be written as 


XU,.;— ymo — jmvi (14-6) 


This equation represents the principle of work and energy for the particle. 
The term on the left is the sum of the work done by all the forces acting 
on the particle as the particle moves from point 1 to point 2. The two terms 
on the right side, which are of the form T = 4mv”, define the particle's 
final and initial kinetic energy, respectively. Like work, kinetic energy is a 
scalar and has units of joules (J) and ft-lb. However, unlike work, which 
can be either positive or negative, the kinetic energy is always positive, 
regardless of the direction of motion of the particle. 
When Eq. 14-6 is applied, it is often expressed in the form 








Tı t 2 Ui- = T (14-7) 








which states that the particle’s initial kinetic energy plus the work done 
by all the forces acting on the particle as it moves from its initial to its final 
position is equal to the particle’s final kinetic energy. 

As noted from the derivation, the principle of work and energy 
represents an integrated form of XF, = ma,, obtained by using the 
kinematic equation a; — v dv/ds. As a result, this principle will provide a 
convenient substitution for $F, = ma, when solving those types of kinetic 
problems which involve force, velocity, and displacement since these 
quantities are involved in Eq. 14~7 For application, it is suggested that 
the following procedure be used. 
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Procedure for Analysis 


Work (Free-Body Diagram). 


e Establish the inertial coordinate system and draw a free-body 
diagram of the particle in order to account for all the forces that 
do work on the particle as it moves along its path. 


Principle of Work and Energy. 
e Apply the principle of work and energy, T; + XU,» = Tp. 





The kinetic energy at the initial and final points is always positive, 
since it involves the speed squared (T = 5mv?). 


A force does work when it moves through a displacement in the 
direction of the force. 


Work is positive when the force component is in the same sense of 
direction as its displacement, otherwise it is negative. 


Forces that are functions of displacement must be integrated to 
obtain the work. Graphically, the work is equal to the area under 
the force-displacement curve. 


The work of a weight is the product of the weight magnitude and 
the vertical displacement, Uy = +t Wy. It is positive when the 
weight moves downwards. 


The work of a spring is of the form U, = +ks*, where k is the 
spring stiffness and s is the stretch or compression of the spring. 





Numerical application of this procedure is illustrated in the examples 
following Sec. 14.3. 


If an oncoming car strikes these crash barrels, the car’s kinetic energy will be 
transformed into work, which causes the barrels, and to some extent the car, to be 
deformed. By knowing the amount of energy that can be absorbed by each barrel it is 
possible to design a crash cushion such as this. (© R.C. Hibbeler) 
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14.3 Principle of Work and Energy 
for a System of Particles 


The principle of work and energy can be extended to include a system of 
particles isolated within an enclosed region of space as shown in Fig. 14-8. 
Here the arbitrary ith particle, having a mass m;, is subjected to a resultant 
external force F; and a resultant internal force f; which all the other 
particles exert on the ith particle. If we apply the principle of work and 
energy to this and each of the other particles in the system, then since 
work and energy are scalar quantities, the equations can be summed 
algebraically, which gives 


XT, + EU, = ET, (14-8) 


In this case, the initial kinetic energy of the system plus the work done by 
all the external and internal forces acting on the system is equal to the 
final kinetic energy of the system. 

If the system represents a translating rigid body, or a series of 
connected translating bodies, then all the particles in each body will 
undergo the same displacement. Therefore, the work of all the internal 
forces will occur in equal but opposite collinear pairs and so it will 
cancel out. On the other hand, if the body is assumed to be nonrigid, the 
particles of the body may be displaced along different paths, and some of 
the energy due to force interactions would be given off and lost as heat 
or stored in the body if permanent deformations occur. We will discuss 
these effects briefly at the end of this section and in Sec. 15.4. Throughout 
this text, however, the principle of work and energy will be applied to 
problems where direct accountability of such energy losses does not 
have to be considered. 





Inertial coordinate system 


Fig. 14-8 
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Work of Friction Caused by Sliding. A special class of 
problems will now be investigated which requires a careful application 
of Eq. 14-8. These problems involve cases where a body slides over the 
surface of another body in the presence of friction. Consider, for 
example, a block which is translating a distance s over a rough surface 
as shown in Fig. 14—9a. If the applied force P just balances the resultant 
frictional force u,N, Fig. 14-9b, then due to equilibrium a constant 
velocity v is maintained, and one would expect Eq. 14-8 to be applied 
as follows: 


imv? + Ps — Ns = mv? 


Indeed this equation is satisfied if P = 14,N; however, as one realizes from 
experience, the sliding motion will generate heat, a form of energy which 
seems not to be accounted for in the work-energy equation. In order to 
explain this paradox and thereby more closely represent the nature of 
friction, we should actually model the block so that the surfaces of contact 
are deformable (nonrigid).* Recall that the rough portions at the bottom 
of the block act as “teeth,” and when the block slides these teeth deform 
slightly and either break off or vibrate as they pull away from “teeth” at 
the contacting surface, Fig. 14—9c. As a result, frictional forces that act on 
the block at these points are displaced slightly, due to the localized 
deformations, and later they are replaced by other frictional forces as 
other points of contact are made. At any instant, the resultant F of all these 
frictional forces remains essentially constant, i.e., 4 N; however, due to the 
many localized deformations, the actual displacement s’ of uN is not the 
same as the displacement s of the applied force P. Instead, s' will be less 
than s (s' < s), and therefore the external work done by the resultant 
frictional force will be u,Ns' and not ju, Ns. The remaining amount of work, 
pu N(s — s'), manifests itself as an increase in internal energy, which in fact 
causes the block's temperature to rise. 

In summary then, Eq. 14-8 can be applied to problems involving 
sliding friction; however, it should be fully realized that the work of the 
resultant frictional force is not represented by uNs; instead, this term 
represents both the external work of friction (u4,Ns') and internal work 
[iu N(s — s')] which is converted into various forms of internal energy, 
such as heat.t 


*See Chapter 8 of Engineering Mechanics: Statics. 
+See B. A. Sherwood and W. H. Bernard, “Work and Heat Transfer in the Presence of 
Sliding Friction," Am. J. Phys. 52, 1001 (1984). 




















(c) 
Fig. 14-9 
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EXAMPLE aaa LR 


The 3500-Ib automobile shown in Fig. 14-10a travels down the 10? 
inclined road at a speed of 20 ft/s. If the driver jams on the brakes, 
causing his wheels to lock, determine how far s the tires skid on the 
road. The coefficient of kinetic friction between the wheels and the 
road is u; = 0.5. 





SOLUTION 
This problem can be solved using the principle of work and energy, 
since it involves force, velocity, and displacement. 


an Work (Free-Body Diagram). As shown in Fig. 14-10b, the normal 
107 "T force N, does no work since it never undergoes displacement along its 
i \ cT, 


line of action. The weight, 3500 Ib, is displaced s sin 10? and does 





m A positive work. Why? The frictional force F, does both external and 
internal work when it undergoes a displacement s. This work is negative 
D since it is in the opposite sense of direction to the displacement. 
Applying the equation of equilibrium normal to the road, we have 
Fig, Em +\3F,=0; | N,-—3500cosl0?] =0 Ny = 3446.8 lb 


Thus, 
F, = mN, = 0.5 (3446.8 Ib) = 1723.4 Ib 
Principle of Work and Energy. 
T, + LU. = T, 
1 ( 3500 Ib 
2X322 ft/s? 
Solving for s yields 


joo ft/s)? + 3500 Ib(s sin 10°) — (1723.4 Ib)s = 0 


s = 19.5 ft Ans. 


NOTE: If this problem is solved by using the equation of motion, two 
steps are involved. First, from the free-body diagram, Fig. 14-10b, the 
equation of motion is applied along the incline. This yields 


3500 Ib 


+/5F, = mag 3500 sin 10° Ib — 1723.4 lb = — — —a 
32.2 ft/s 


a = —103 ft/s” 
Then, since a is constant, we have 
(+4) wv = 0} + 2a(s — so); 
(0)? = (20 ft/s)? + 2(—10.3 ft/s?)(s — 0) 
19.5 ft Ans. 


S 
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EXAMPLE aes LR 


For a short time the crane in Fig. 14-11a lifts the 2.50-Mg beam with a 
force of F = (28 + 35?) kN. Determine the speed of the beam when it 
has risen s — 3 m. Also, how much time does it take to attain this 
height starting from rest? 


SOLUTION 

We can solve part of this problem using the principle of work and 
energy since it involves force, velocity, and displacement. Kinematics 
must be used to determine the time. Note that at s= 0, 
F = 28(10)N > W = 2.50(10°)(9.81)N, so motion will occur. 





Work (Free-Body Diagram). As shown on the free-body diagram, 
Fig. 14-115, the lifting force F does positive work, which must be 
determined by integration since this force is a variable. Also, the weight 
is constant and will do negative work since the displacement is upward. 


(© R.C. Hibbeler) 





Principles of Work and Energy. 
T, + LU» = Ty 








F 
0+ J (28 + 3s7)(10°) ds — (2.50)(10°)(9.81)s = 4(2.50)(10°)u? 
0 
28(10))s + (10%)s? — 24.525(10%)s = 1.25(10*)v? 
v = (2.785 + 0.85} (1) 
When s = 3m, 
v = 5.47 m/s Ans. 
Kinematics. Since we were able to express the velocity as a À 
function of displacement, the time can be determined using 2.50 (10°)(9.81) N 
v = ds/dt. In this case, (b) 
s Fig. 14-11 


d 
2.785 + 0.83 = = 
( 5 sy di 


ix [i ds 
0 (2.78s + 0.853 


The integration can be performed numerically using a pocket 
calculator. The result is 





t= 1.79s AnS. 


NOTE: The acceleration of the beam can be determined by integrating 
Eq. (1) using v dv = a ds, or more directly, by applying the equation 
of motion, }F = ma. 
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EXAMPLE 


19.62 N 














(c) 





The platform P, shown in Fig. 14-12a, has negligible mass and is tied 
down so that the 0.4-m-long cords keep a 1-m-long spring compressed 
0.6 m when nothing is on the platform. If a 2-kg block is placed on the 
platform and released from rest after the platform is pushed down 
0.1 m, Fig. 14-125, determine the maximum height A the block rises in 


the air, measured from the ground. 
"a | 





k = 200 N/m | 








(a) (b) 
Fig. 14-12 


SOLUTION 


Work (Free-Body Diagram). Since the block is released from rest 
and later reaches its maximum height, the initial and final velocities 
are zero. The free-body diagram of the block when it is still in contact 
with the platform is shown in Fig. 14-12c. Note that the weight does 
negative work and the spring force does positive work. Why? In 
particular, the initial compression in the spring is 
sı = 0.6m + 0.1 m = 0.7 m. Due to the cords, the spring’s final 
compression is s = 0.6 m (after the block leaves the platform). The 
bottom of the block rises from a height of (0.4 m — 0.1 m) = 0.3m to 
a final height h. 


Principle of Work and Energy. 
T, + LU,» = Ty 


tmo? + { —($ks} — bks?) — W Ay} imv? 


Note that here s; = 0.7 m > s; = 0.6 mand so the work of the spring 
as determined from Eq. 14-4 will indeed be positive once the 
calculation is made. Thus, 
0 + (- [5000 N/m)(0.6 m? — $200 N/m)(0.7 m ] 
— (19.62 N)[h — (0.3 m) =0 
Solving yields 
h = 0.963 m Ans. 
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EXAMPLE ades LE 


The 40-kg boy in Fig. 14-13a slides down the smooth water slide. If he 
starts from rest at A, determine his speed when he reaches B and the 
normal reaction the slide exerts on the boy at this position. 























-— —10 A= 


(a) 


SOLUTION n 
Work (Free-Body Diagram). As shown on the free-body diagram, 
Fig. 14-13), there are two forces acting on the boy as he goes down the 
slide. Note that the normal force does no work. 


40(9.81) N 





Principle of Work and Energy. 
T, + XU,.g = Tg 








1 2 (b) 
0 + (40(9.81)N) (7.5 m) = 5(40 kg)vg 
vg = 12.13 m/s = 12.1 m/s Ans. 
Equation of Motion. Referring to the free-body diagram of the boy n 
when he is at B, Fig. 14-13c, the normal reaction Ng can now be | 
obtained by applying the equation of motion along the n axis. Here the 40(9.81) N 
radius of curvature of the path is 
dy\2}3/2 i 
E $ (2) | [1 + 01s] ee 
P550 dyja —— [0.15] Toii 
x=0 Ng 
Thus, (c) 
(12.13 m/s)” Fig. 14-13 
+Î5F, = ma,; Ng — 40(9.81) N = 40 kg) ———— —— 
6.667 m 


Ng = 1275.3 N = 1.28 EN Ans. 
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EXAMPLE paaa 


Blocks A and B shown in Fig. 14-14a have a mass of 10 kg and 100 kg, 
respectively. Determine the distance B travels when it is released from 
rest to the point where its speed becomes 2 m/s. 





SOLUTION 

This problem may be solved by considering the blocks separately and 
applying the principle of work and energy to each block. However, the 
work of the (unknown) cable tension can be eliminated from the 
analysis by considering blocks A and B together as a single system. 





Work (Free-Body Diagram). As shown on the free-body diagram 
of the system, Fig. 14-145, the cable force T and reactions R; and R, do 
no work,since these forces represent the reactions at the supports and 
consequently they do not move while the blocks are displaced. The 
weights both do positive work if we assume both move downward, in 
the positive sense of direction of s4 and sz. 





Principle of Work and Energy. Realizing the blocks are released 
from rest, we have 








XT, + DU,» = XT, 
{imwa + img(vg)] + {W, Asa + Wz Asg} = 


{imwa} + 5mp(vp)3 } 




















{0 + 0} + {98.1 N(As,) + 981 N (Asp) } = 
[300 kg)(v4)3 + 5(100 kg)(2 m/s)? } (1) 





Fig. 14-14 


Kinematics. Using methods of kinematics, as discussed in Sec. 12.9, 
it may be seen from Fig. 14-14a that the total length / of all the vertical 
segments of cable may be expressed in terms of the position coordinates 
54 and Spas 


Sa + 4s, = I 
Hence, a change in position yields the displacement equation 
As, + 4 Asp = 0 
As, = —4 Asp 
Here we see that a downward displacement of one block produces an 
upward displacement of the other block. Note that As, and Asg must 


have the same sign convention in both Eqs. 1 and 2. Taking the time 
derivative yields 


va = —Avg = —4(2 m/s) = —8 m/s (2) 
Retaining the negative sign in Eq. 2 and substituting into Eq. 1 yields 
Asg = 0.883 m | Ans. 
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Ld PRELIMINARY PROBLEMS 








P14-1. Determine the work of the force when it displaces 2 m. k — 10 N/m 


|— 2m —4 





















500N 
ANS Spring is originally compressed 3 m. 
[—2m—3À4 (6 
100 N 
5 
(a) Aa 
98.1 N 
2m— — 
(g) 
Prob. P14-1 
(b) 
m P14-2. Determine the kinetic energy of the 10-kg block. 
F=(6s°)N || 
©) 2m/s 
100 N <A 
2m 
^V 30° 
Y 
IM (a) 


NS 


pes 


s (m) (b) 
Prob. P14-2 








194 CHAPTER 14 KINETICS OF A PARTICLE: WORK AND ENERGY 


m FUNDAMENTAL PROBLEMS 


F14-1. The spring is placed between the wall and the 10-kg 
block. If the block is subjected to a force of F — 500 N, 
determine its velocity when s = 0.5 m. When s = 0, the 
block is at rest and the spring is uncompressed. The contact 
surface is smooth. 


500 N Prob. F14-1 











F14-2. Ifthe motor exerts a constant force of 300 N on the 
cable, determine the speed of the 20-kg crate when it travels 
s = 10m up the plane, starting from rest. The coefficient of 
kinetic friction between the crate and the plane is u = 0.3. 





Prob. F14-2 


F14-3. If the motor exerts a force of F = (600 + 2:32) N 
on the cable, determine the speed of the 100-kg crate 
when it rises to s — 15 m. The crate is initially at rest on 
the ground. 


E 


Yn 


— — 
Ca 
-s 
EC 


d 


i 








i 





Prob. F14-3 


F14-4. The 1.8-Mg dragster is traveling at 125 m/s when 
the engine is shut off and the parachute is released. If the 
drag force of the parachute can be approximated by the 
graph, determine the speed of the dragster when it has 
traveled 400 m. 


Fp (kN) 


50 


20 











s (m) 


| 
400 Prob. F14-4 


Fi4-5. When s = 0.6 m, the spring is unstretched and the 
10-kg block has a speed of 5 m/s down the smooth plane. 
Determine the distance s when the block stops. 





Prob. F14—5 


F14-6. The 5-lb collar is pulled by a cord that passes 
around a small peg at C. If the cord is subjected to a constant 
force of F = 10 lb, and the collar is at rest when it is at A, 
determine its speed when it reaches B. Neglect friction. 





- 4 ft - 








F — 101b 


Prob. F14—6 
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m PROBLEMS 





14-1. The 20-kg crate is subjected to a force having a constant 
direction and a magnitude F — 100 N. When s — 15 m, the 
crate is moving to the right with a speed of 8 m/s. Determine 
its speed when s — 25 m. The coefficient of kinetic friction 
between the crate and the ground is uj, = 0.25. 











Prob. 14-1 


14-2. For protection, the barrel barrier is placed in front 
of the bridge pier. If the relation between the force and 
deflection of the barrier is F = (90(105)x!/2) Ib, where x is in 
ft, determine the car's maximum penetration in the barrier. 
The car has a weight of 4000 Ib and it is traveling with a 
speed of 75 ft/s just before it hits the barrier. 





F (Ib) 
F = 90(10)? x1? 
x (ft) 
"^ di Vm -L 
5 De =- l 





Prob. 14-2 
14-3. The crate, which has a mass of 100 kg, is subjected to 
the action of the two forces. If it is originally at rest, 
determine the distance it slides in order to attain a speed of 
6 m/s. The coefficient of kinetic friction between the crate 
and the surface is uj = 0.2. 


800N 











Prob. 14-3 


*14-4. The 100-kg crate is subjected to the forces shown. 
If it is originally at rest, determine the distance it slides in 
order to attain a speed of v — 8 m/s. The coefficient of 
kinetic friction between the crate and the surface is 
by = 0. 


500 N 


400 N 











Prob. 14-4 


14-5. Determine the required height h of the roller 
coaster so that when it is essentially at rest at the crest of the 
hill A it will reach a speed of 100 km/h when it comes to the 
bottom B. Also, what should be the minimum radius of 
curvature p for the track at B so that the passengers do not 
experience a normal force greater than 4mg — (39.24m) N? 
Neglect the size of the car and passenger. 


px 


IX 








Prob. 14-5 
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14-6. When the driver applies the brakes of a light truck 
traveling 40 km/h, it skids 3 m before stopping. How far will 
the truck skid if it is traveling 80 km/h when the brakes are 
applied? 





Prob. 14-6 


14-7. As indicated by the derivation, the principle of work 
and energy is valid for observers in any inertial reference 
frame. Show that this is so, by considering the 10-kg block 
which rests on the smooth surface and is subjected to a 
horizontal force of 6 N. If observer A is in a fixed frame x, 
determine the final speed of the block if it has an initial 
speed of 5 m/s and travels 10 m, both directed to the right 
and measured from the fixed frame. Compare the result 
with that obtained by an observer B, attached to the x’ axis 
and moving at a constant velocity of 2 m/s relative to A. 
Hint: The distance the block travels will first have to be 
computed for observer B before applying the principle of 
work and energy. 














Prob. 14-7 


*14-8. A force of F = 250N is applied to the end at B. 
Determine the speed of the 10-kg block when it has moved 
1.5 m, starting from rest. 








Prob. 14-8 


14-9. The “air spring” A is used to protect the support B and 
prevent damage to the conveyor-belt tensioning weight C 
in the event of a belt failure D. The force developed by the 
air spring as a function of its deflection is shown by the 
graph. If the block has a mass of 20 kg and is suspended a 
height d = 0.4 m above the top of the spring, determine the 
maximum deformation of the spring in the event the 
conveyor belt fails. Neglect the mass of the pulley and belt. 


Lo F(N) 


1500 








: 02 som) 


Prob. 14—9 
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14-10. The force F, acting in a constant direction on the 
20-kg block, has a magnitude which varies with the position s 
of the block. Determine how far the block must slide before 
its velocity becomes 15 m/s. When s = 0 the block is 
moving to the right at v = 6 m/s. The coefficient of kinetic 
friction between the block and surface is np, = 0.3. 


F =50s'? 





s (m) 


Prob. 14-10 


14-11. The force of F — 50 N is applied to the cord when 
s — 2m. If the 6-kg collar is orginally at rest, determine its 
velocity at s — 0. Neglect friction. 





cd 


1.5m 


€ 








MA 
| 





Prob. 14-11 


*14-12. Design considerations for the bumper B on the 
5-Mg train car require use of a nonlinear spring having the 
load-deflection characteristics shown in the graph. Select 
the proper value of k so that the maximum deflection of the 
spring is limited to 0.2 m when the car, traveling at 4 m/s, 
strikes the rigid stop. Neglect the mass of the car wheels. 


F(N) 


s (m) 
































Prob. 14-12 


14-13. The 2-lb brick slides down a smooth roof, such that 
when it is at A it has a velocity of 5 ft/s. Determine the 
speed of the brick just before it leaves the surface at B, the 
distance d from the wall to where it strikes the ground, and 
the speed at which it hits the ground. 

















Prob. 14-13 
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14-14. Block A has a weight of 60 Ib and block B has a *14-16. A small box of mass m is given a speed of 
weight of 10 Ib. Determine the speed of block A after it v= igr atthe top of the smooth half cylinder. Determine 


moves 5 ft down the plane, starting from rest. Neglect the angle 0 at which the box leaves the cylinder. 
friction and the mass of the cord and pulleys. 





Prob. 14-16 





Prob. 14-14 


14-17. If the cord is subjected to a constant force of 
F = 30 lb and the smooth 10-Ib collar starts from rest at A, 
determine its speed when it passes point B. Neglect the size 


14-15. The two blocks A and B have weights W, = 60 lb of pulley C. 


and Wg = 10 Ib. If the kinetic coefficient of friction between 
the incline and block A is uj, = 0.2, determine the speed of A 
after it moves 3 ft down the plane starting from rest. Neglect 
the mass of the cord and pulleys. 




















Prob. 14-15 Prob. 14-17 
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14-18. When the 12-Ib block A is released from rest it lifts 
the two 15-Ib weights B and C. Determine the maximum 
distance A will fall before its motion is momentarily 
stopped. Neglect the weight of the cord and the size of the 
pulleys. 





Prob. 14-18 


14-19. If the cord is subjected to a constant force of 
F — 300 N and the 15-kg smooth collar starts from rest at A, 
determine the velocity of the collar when it reaches point B. 
Neglect the size of the pulley. 


*14-20. The crash cushion for a highway barrier consists 
of a nest of barrels filled with an impact-absorbing material. 
The barrier stopping force is measured versus the vehicle 
penetration into the barrier. Determine the distance a car 
having a weight of 4000 Ib will penetrate the barrier if it is 
originally traveling at 55 ft/s when it strikes the first barrel. 


N W 
N ON 


un 
oo 





el 


Barrier stopping force (kip) 





e 


2 5 10 15 20 25 
Vehicle penetration (ft) 


Prob. 14-20 


14-21. Determine the velocity of the 60-Ib block A if the 
two blocks are released from rest and the 40-Ib block B 
moves 2 ft up the incline. The coefficient of kinetic friction 
between both blocks and the inclined planes is jj, = 0.10. 





Prob. 14-19 


Prob. 14-21 
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14-22. The 25-Ib block has an initial speed of v; = 10 ft/s 
when it is midway between springs A and B. After striking 
spring B, it rebounds and slides across the horizontal plane 
toward spring A, etc. If the coefficient of kinetic friction 
between the plane and the block is u; = 0.4, determine the 
total distance traveled by the block before it comes to rest. 


2 ft 





k4 = 10 Ib/in. if kg = 60 Ib/in. 








— 9 v, = 10 ft/s 





Prob. 14—22 


14—23. The 8-kg block is moving with an initial speed of 
5 m/s. If the coefficient of kinetic friction between the block 
and plane is uw, = 0.25, determine the compression in the 
spring when the block momentarily stops. 


k4 = 200 N/m 
5 m/s ani ( 
B 


A 


Prob. 14—23 





*14-24. At a given instant the 10-Ib block A is moving 
downward with a speed of 6 ft/s. Determine its speed 2 s 
later. Block B has a weight of 4 Ib, and the coefficient of 
kinetic friction between it and the horizontal plane is 
pa, = 0.2. Neglect the mass of the cord and pulleys. 











Prob. 14-24 


14-25. The 5-Ib cylinder is falling from A with a speed 
v4 = 10 ft/s onto the platform. Determine the maximum 
displacement of the platform, caused by the collision. The 
spring has an unstretched length of 1.75 ft and is originally 
kept in compression by the 1-ft long cables attached to the 
platform. Neglect the mass of the platform and spring and 
any energy lost during the collision. 


zie] zt 


— 








k = 400 Ib/ft 


Prob. 14-25 


14-26. The catapulting mechanism is used to propel the 
10-kg slider A to the right along the smooth track. The 
propelling action is obtained by drawing the pulley attached 
to rod BC rapidly to the left by means of a piston P. If the 
piston applies a constant force F = 20 kN to rod BC such 
that it moves it 0.2 m, determine the speed attained by the 
slider if it was originally at rest. Neglect the mass of the 
pulleys, cable, piston, and rod BC. 



































Prob. 14-26 
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14-27. The "flying car" is a ride at an amusement park 
which consists of a car having wheels that roll along a track 
mounted inside a rotating drum. By design the car cannot fall 
off the track, however motion of the car is developed by 
applying the car's brake, thereby gripping the car to the track 
and allowing it to move with a constant speed of the track, 
v, — 3 m/s. If the rider applies the brake when going from B 
to A and then releases it at the top of the drum, A, so that the 
car coasts freely down along the track to B (0 = ~ rad), 
determine the speed of the car at B and the normal reaction 
which the drum exerts on the car at B. Neglect friction during 
the motion from A to B. The rider and car have a total mass 
of 250 kg and the center of mass of the car and rider moves 
along a circular path having a radius of 8 m. 





Prob. 14-27 


*14-28. The 10-Ib box falls off the conveyor belt at 5-ft/s. If 
the coefficient of kinetic friction along AB is mą = 0.2, 
determine the distance x when the box falls into the cart. 


15 








30 ft 














Prob. 14—28 


14-29. The collar has a mass of 20 kg and slides along the 
smooth rod. Two springs are attached to it and the ends of 
the rod as shown. If each spring has an uncompressed 
length of 1 m and the collar has a speed of 2 m/s when 
s — 0, determine the maximum compression of each spring 
due to the back-and-forth (oscillating) motion of the collar. 





ka = 50 N/m | ee 





1m 





1m 
0.25 m 


Prob. 14-29 


14-30. The 30-Ib box A is released from rest and slides 
down along the smooth ramp and onto the surface of a 
cart. If the cart is prevented from moving, determine the 
distance s from the end of the cart to where the box stops. 
The coefficient of kinetic friction between the cart and the 
box is py, = 0.6. 





























A 
10 ft - 
so 4 ft 
c B 
O 9 
Prob. 14-30 


14-31. Marbles having a mass of 5 g are dropped from 
rest at A through the smooth glass tube and accumulate in 
the can at C. Determine the placement R of the can from 
the end of the tube and the speed at which the marbles fall 
into the can. Neglect the size of the can. 


| eA 
ry 




















l R ] 


Prob. 14-31 
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*14-32. The block has a mass of 0.8 kg and moves within 
the smooth vertical slot. If it starts from rest when the 
attached spring is in the unstretched position at A, determine 
the constant vertical force F which must be applied to the 
cord so that the block attains a speed vg = 2.5 m/s when it 
reaches B; sg = 0.15 m. Neglect the size and mass of the 
pulley. Hint: The work of F can be determined by finding the 
difference A/ in cord lengths AC and BC and using 
Ur — F A. 

















Prob. 14—32 


14-33. The 10-Ib block is pressed against the spring so as 
to compress it 2 ft when it is at A. If the plane is smooth, 
determine the distance d, measured from the wall, to where 
the block strikes the ground. Neglect the size of the block. 


k= 











Prob. 14-33 


14-34. The spring bumper is used to arrest the motion of 
the 4-Ib block, which is sliding toward it at v — 9 ft/s. As 
shown, the spring is confined by the plate P and wall using 
cables so that its length is 1.5 ft. If the stiffness of the spring 
is k = 50 lb/ft, determine the required unstretched length 
of the spring so that the plate is not displaced more than 0.2 ft 
after the block collides into it. Neglect friction, the mass of 
the plate and spring, and the energy loss between the plate 
and block during the collision. 








k P — 
- 1.5 ft . 5ft T 





Prob. 14-34 


14-35. When the 150-Ib skier is at point A he has a speed 
of 5 ft/s. Determine his speed when he reaches point B on 
the smooth slope. For this distance the slope follows the 
cosine curve shown. Also, what is the normal force on his 
skis at B and his rate of increase in speed? Neglect friction 
and air resistance. 








[—— 35 ft — 








Prob. 14-35 
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*14-36. The spring has a stiffness k = 501b/ft and an 
unstretched length of 2 ft. As shown, it is confined by the 
plate and wall using cables so that its length is 1.5 ft. A 4-Ib 
block is given a speed v4 when it is at A, and it slides down 
the incline having a coefficient of kinetic friction uw, = 0.2. 
If it strikes the plate and pushes it forward 0.25 ft before 
stopping, determine its speed at A. Neglect the mass of the 
plate and spring. 





k = 50 lb/ft 





Prob. 14-36 


14-37. Ifthe track is to be designed so that the passengers 
of the roller coaster do not experience a normal force equal 
to zero or more than 4 times their weight, determine the 
limiting heights ^4 and hc so that this does not occur. The 
roller coaster starts from rest at position A. Neglect friction. 















































ZA 
| NI 


NS 


IN ZI 
M 





Prob. 14—37 


14-38. If the 60-kg skier passes point A with a speed of 
5 m/s, determine his speed when he reaches point B. Also 
find the normal force exerted on him by the slope at this 
point. Neglect friction. 


y 


y = (0.02532 + 5) m 














Prob. 14-38 


14-39. If the 75-kg crate starts from rest at A, determine 
its speed when it reaches point B. The cable is subjected to 
a constant force of F = 300 N. Neglect friction and the size 
of the pulley. 


*14-40. If the 75-kg crate starts from rest at A, and its 
speed is 6 m/s when it passes point B, determine the 
constant force F exerted on the cable. Neglect friction and 
the size of the pulley. 





























i 6m 1 2 m= 


Probs. 14—39/40 


14-41. A 2-Ib block rests on the smooth semicylindrical 
surface. An elastic cord having a stiffness k = 2 lb/ft is 
attached to the block at B and to the base of the 
semicylinder at point C. If the block is released from rest at 
A (0 = 0°), determine the unstretched length of the cord so 
the block begins to leave the semicylinder at the instant 
0 = 45°. Neglect the size of the block. 





Prob. 14—41 
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The power output of this locomotive 
comes from the driving frictional force 
developed at its wheels. It is this force that 
overcomes the frictional resistance of the 
cars in tow and is able to lift the weight of 
the train up the grade. (O R.C. Hibbeler) 











14.4 Power and Efficiency 


Power. The term “power” provides a useful basis for choosing the 
type of motor or machine which is required to do a certain amount of 
work in a given time. For example, two pumps may each be able to empty 
a reservoir if given enough time; however, the pump having the larger 
power will complete the job sooner. 

The power generated by a machine or engine that performs an amount 
of work dU within the time interval dt is therefore 


dU 
p= 14-9 
l l 


If the work dU is expressed as dU = F - dr, then 





dU F'd d 
rog. 


i dt dt dt 








or 








P=F-y (14-10) 








Hence, power is a scalar, where in this formulation v represents the 
velocity of the particle which is acted upon by the force F. 

The basic units of power used in the SI and FPS systems are the watt 
(W) and horsepower (hp), respectively. These units are defined as 


1W=1J/s = 1N-m/s 
1 hp = 550 ft- lb/s 
For conversion between the two systems of units, 1 hp = 746 W. 
Efficiency. The mechanical efficiency of a machine is defined as the 


ratio of the output of useful power produced by the machine to the input 
of power supplied to the machine. Hence, 





_ power output 


e (14-11) 


power input 





If energy supplied to the machine occurs during the same time interval at 
which it is drawn, then the efficiency may also be expressed in terms of 


the ratio 
energy output 
e= SE (14-12) 
energy input 


Since machines consist of a series of moving parts, frictional forces will 
always be developed within the machine, and as a result, extra energy or 
power is needed to overcome these forces. Consequently, power output 
will be less than power input and so the efficiency of a machine is always 
less than 1. 

The power supplied to a body can be determined using the following 
procedure. 





Procedure for Analysis 


First determine the external force F acting on the body which 
causes the motion. This force is usually developed by a machine 
or engine placed either within or external to the body. 


If the body is accelerating, it may be necessary to draw its free- 
body diagram and apply the equation of motion ($F = ma) to 
determine F. 


Once F and the velocity v of the particle where F is applied have 
been found, the power is determined by multiplying the force 
magnitude with the component of velocity acting in the direction 
of F, (i.e., P = F:v = Fv cos 0). 


In some problems the power may be found by calculating the 
work done by F per unit of time (Pag = AU/At,). 


The power requirement of this hoist depends upon 
the vertical force F that acts on the elevator and 
causes it to move upward. If the velocity of the 
elevator is v, then the power output is P = F- v. 
(O R.C. Hibbeler) 
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EXAMPLE 


The man in Fig. 14-15a pushes on the 50-kg crate with a force of 
F = 150 N. Determine the power supplied by the man when t = 4 s. 
The coefficient of kinetic friction between the floor and the crate is 
pj = 0.2. Initially the create is at rest. 











(a) (b) 
Fig. 14-15 


SOLUTION 

To determine the power developed by the man, the velocity of the 
150-N force must be obtained first. The free-body diagram of the crate 
is shown in Fig. 14-155. Applying the equation of motion, 


+T3F, = ma; N — (2)150N - 50.81) N = 0 
N = 580.5N 

5 DF, = mas; ($)150N — 0.2(580.5 N) = (50 kg)a 
a = 0.078 m/s” 


The velocity of the crate when t = 4s is therefore 
(55) vU = V t ad 
v = 0 + (0.078 m/s?)4 s) = 0.312 m/s 
The power supplied to the crate by the man when t = 4s is therefore 
P = F-v = Fw = ($)050 N)(0.312 m/s) 
= 37.4 W Ans. 
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EXAMPLE bas 


The motor M of the hoist shown in Fig. 14—16a lifts the 75-Ib crate C so 
that the acceleration of point P is 4 ft/s’. Determine the power that 
must be supplied to the motor at the instant P has a velocity of 2 ft/s. 
Neglect the mass of the pulley and cable and take £ = 0.85. 


SOLUTION 
In order to find the power output of the motor, it is first necessary to 
determine the tension in the cable since this force is developed by 
the motor. 

From the free-body diagram, Fig. 14-165, we have 


751b 
a 1 
32.2 ft/s? ^^ Q) 


The acceleration of the crate can be obtained by using kinematics to 
relate it to the known acceleration of point P, Fig. 14-16a. Using the 
methods of absolute dependent motion, the coordinates sc and sp can 
be related to a constant portion of cable length / which is changing in 
the vertical and horizontal directions. We have 2sc + sp = I. Taking 
the second time derivative of this equation yields 


2ac = —ap (2) 


Since ap = +4 ft/s?, then ac = —(4ft/s)/2 = —2 ft/s’. What does 2T 
the negative sign indicate? Substituting this result into Eq. 1 and 
retaining the negative sign since the acceleration in both Eq. 1 and 





+) XF,-ma -2T + 751b = 


s 





Jc 


Eq. 2 was considered positive downward, we have 75 Ib y 
75 Ib (b) 
-2T + 75 1b = (e ft/s”) 
32.2 ft/s Fig. 14-16 
T = 39.83 lb 








The power output, measured in units of horsepower, required to draw 
the cable in at a rate of 2 ft/s is therefore 


P = T- v = (39.83 Ib)2 ft/s)[1 hp/(550 ft- Ib/s)] 
= 0.1448 hp 


This power output requires that the motor provide a power input of 
. 1 
power input = z Power output) 


1 
= — (0.1448 hp) = 0.170 h Ans. 
ggz (0-448 hp) = 0.170 hp ns 


NOTE: Since the velocity of the crate is constantly changing, the 
power requirement is instantaneous. 
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E FUNDAMENTAL PROBLEMS 


F14-7. If the contact surface between the 20-kg block and F14-10. The coefficient of kinetic friction between the 
the ground is smooth, determine the power of force F when 20-kg block and the inclined plane is yu, = 0.2. If the block 
t = 4 s. Initially, the block is at rest. is traveling up the inclined plane with a constant velocity 


v = 5 m/s, determine the power of force F. 


F=30N 


Prob. F14—7 





F14-8. If F = (10s) N, where s is in meters, and the Prob. F14-10 


contact surface between the block and the ground is F14-11. If the 50-kg load A is hoisted by motor M so that the 
smooth, determine the power of force F ‘when s=5m. load has a constant velocity of 1.5 m/s, determine the power 
When s — 0, the 20-kg block is moving at v = 1 m/s. input to the motor, which operates at an efficiency e = 0.8. 


" Z F=(10s)N 


Prob. F14-8 


F14-9. If the motor winds in the cable with a constant 
speed of v — 3 ft/s, determine the power supplied to the 
motor. The load weighs 100 lb and the efficiency of the 
motor is e — 0.8. Neglect the mass of the pulleys. Prob. F14-11 





F14-12. At the instant shown, point P on the cable has a 
velocity vp — 12 m/s, which is increasing at a rate of 
ap = 6 m/s”. Determine the power input to motor M at this 
instant if it operates with an efficiency e — 0.8. The mass of 
block A is 50 kg. 


12 m/s 
ur m/s? 





Prob. F14-9 Prob. F14-12 
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PROBLEMS 


14-42. The jeep has a weight of 2500 lb and an engine 
which transmits a power of 100 hp to all the wheels. 
Assuming the wheels do not slip on the ground, determine 
the angle 6 of the largest incline the jeep can climb at a 
constant speed v = 30 ft/s. 





Prob. 14-42 


14-43. Determine the power input for a motor necessary 
to lift 300 Ib at a constant rate of 5 ft/s. The efficiency of the 
motor is e = 0.65. 


*14-44. An automobile having a mass of 2 Mg travels up a 
T^ slope at a constant speed of v — 100 km/h. If mechanical 
friction and wind resistance are neglected, determine the 
power developed by the engine if the automobile has an 
efficiency s = 0.65. 


Prob. 14—44 


14-45. The Milkin Aircraft Co. manufactures a turbojet 
engine that is placed in a plane having a weight of 13000 Ib. 
If the engine develops a constant thrust of 5200 Ib, 
determine the power output of the plane when it is just 
ready to take off with a speed of 600 mi/h. 


14-46. To dramatize the loss of energy in an automobile, 
consider a car having a weight of 5000 Ib that is traveling at 
35 mi/h. If the car is brought to a stop, determine how long 
a 100-W light bulb must burn to expend the same amount 
of energy. (1 mi — 5280 ft.) 


14-47. Escalator steps move with a constant speed of 0.6 
m/s. If the steps are 125 mm high and 250 mm in length, 
determine the power of a motor needed to lift an average 
mass of 150 kg per step. There are 32 steps. 


*14-48. The man having the weight of 150 Ib is able to run 
up a 15-ft-high flight of stairs in 4 s. Determine the power 
generated. How long would a 100-W light bulb have to 
burn to expend the same amount of energy? Conclusion: 
Please turn off the lights when they are not in use! 





15 ft 














Prob. 14—48 


14-49. The 2-Mg car increases its speed uniformly from 
rest to 25 m/s in 30 s up the inclined road. Determine the 
maximum power that must be supplied by the engine, 
which operates with an efficiency of e = 0.8. Also, find the 
average power supplied by the engine. 





Prob. 14—49 
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14-50. Determine the power output of the draw-works 
motor M necessary to lift the 600-Ib drill pipe upward with 
a constant speed of 4 ft/s. The cable is tied to the top of the 
oil rig, wraps around the lower pulley, then around the top 
pulley, and then to the motor. 














Prob. 14—50 


14-51. The 1000-lb elevator is hoisted by the pulley system 
and motor M. If the motor exerts a constant force of 500 Ib 
on the cable, determine the power that must be supplied to 
the motor at the instant the load has been hoisted s — 15 ft 
starting from rest. The motor has an efficiency of e — 0.65. 






































Prob. 14—51 


*14-52. The 50-Ib crate is given a speed of 10 ft/s in 
t = 4s starting from rest. If the acceleration is constant, 
determine the power that must be supplied to the motor 
when t = 2 s. The motor has an efficiency e = 0.65. Neglect 
the mass of the pulley and cable. 


























Prob. 14—52 


14-53. The sports car has a mass of 2.3 Mg, and while it is 
traveling at 28 m/s the driver causes it to accelerate at 
5 m/s?. If the drag resistance on the car due to the wind is 
Fp = (0.32?) N, where v is the velocity in m/s, determine 
the power supplied to the engine at this instant. The engine 
has a running efficiency of e = 0.68. 


14-54. The sports car has a mass of 2.3 Mg and accelerates 
at 6 m/s”, starting from rest. If the drag resistance on the car 
due to the wind is Fp = (10v) N, where v is the velocity in 
m/s, determine the power supplied to the engine when 
t = 5s. The engine has a running efficiency of e = 0.68. 





Probs. 14—53/54 


14-55. The elevator E and its freight have a total mass of 
400 kg. Hoisting is provided by the motor M and the 60-kg 
block C. If the motor has an efficiency of € = 0.6, determine 
the power that must be supplied to the motor when the 
elevator is hoisted upward at a constant speed of vg = 4 m/s. 


























jim | 















Prob. 14-55 


*14-56. The 10-lb collar starts from rest at A and is lifted 
by applying a constant vertical force of F — 25 lb to the 
cord. If the rod is smooth, determine the power developed 
by the force at the instant 0 = 60°. 


14-57. The 10-Ib collar starts from rest at A and is lifted with 
a constant speed of 2 ft/s along the smooth rod. Determine 
the power developed by the force F at the instant shown. 











Prob. 14—57 
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14-58. The 50-Ib block rests on the rough surface for 
which the coefficient of kinetic friction is uj = 0.2. A force 
F = (40 + s?) lb, where s is in ft, acts on the block in the 
direction shown. If the spring is originally unstretched 
(s — 0) and the block is at rest, determine the power 
developed by the force the instant the block has moved 
s= LS ft. 





F 
SI k = 20 Ib/ft 


Prob. 14—58 


14-59. The escalator steps move with a constant speed of 
0.6 m/s. If the steps are 125 mm high and 250 mm in length, 
determine the power of a motor needed to lift an average 
mass of 150 kg per step. There are 32 steps. 


*14-60. If the escalator in Prob. 14-46 is not moving, 
determine the constant speed at which a man having a 
mass of 80 kg must walk up the steps to generate 100 W of 
power—the same amount that is needed to power a 
standard light bulb. 





Probs. 14-59/60 
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14-61. Ifthe jet on the dragster supplies a constant thrust 
of T — 20 kN, determine the power generated by the jet as 
a function of time. Neglect drag and rolling resistance, and 
the loss of fuel. The dragster has a mass of 1 Mg and starts 
from rest. 








Prob. 14—61 


14-62. Anathlete pushes against an exercise machine with 
a force that varies with time as shown in the first graph. 
Also, the velocity of the athlete's arm acting in the same 
direction as the force varies with time as shown in the 
second graph. Determine the power applied as a function of 
time and the work done in t = 0.3 s. 


14-63. Anathlete pushes against an exercise machine with 
a force that varies with time as shown in the first graph. 
Also, the velocity of the athlete's arm acting in the same 
direction as the force varies with time as shown in the 
second graph. Determine the maximum power developed 
during the 0.3-second time period. 











F(N) 
800 | 
f t (s) 
0.2 0.3 
v (m/s) 
20 
t(s) 
0.3 
Probs. 14-62/63 


*14-64. The block has a weight of 80 Ib and rests on the 
floor for which u} = 0.4. If the motor draws in the cable at 
a constant rate of 6 ft/s, determine the output of the motor 
at the instant 0 = 30°. Neglect the mass of the cable and 
pulleys. 











Prob. 14-64 


14-65. The block has a mass of 150 kg and rests on a 
surface for which the coefficients of static and kinetic 
friction are u, = 0.5 and py, = 0.4, respectively. If a force 
F = (607) N, where t is in seconds, is applied to the cable, 
determine the power developed by the force when r = 5s. 
Hint: First determine the time needed for the force to cause 
motion. 




















Prob. 14—65 
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14.5 Conservative Forces and 
Potential Energy 


Conservative Force. If the work of a force is independent of the 
path and depends only on the force's initial and final positions on the 
path, then we can classify this force as a conservative force. Examples of 
conservative forces are the weight of a particle and the force developed 
by a spring. The work done by the weight depends only on the vertical 
displacement of the weight, and the work done by a spring force depends 
only on the spring's elongation or compression. 

In contrast to a conservative force, consider the force of friction exerted 
on a sliding object by a fixed surface. The work done by the frictional 
force depends on the path —the longer the path, the greater the work. 
Consequently, frictional forces are nonconservative. The work is 
dissipated from the body in the form of heat. 


Energy. Energy is defined as the capacity for doing work. For 
example, if a particle is originally at rest, then the principle of work and 
energy states that }U,. = T>. In other words, the kinetic energy is 
equal to the work that must be done on the particle to bring it from a 
state of rest to a speed v. Thus, the kinetic energy is a measure of the 
particle's capacity to do work, which is associated with the motion of the 
particle. When energy comes from the position of the particle, measured 
from a fixed datum or reference plane, it is called potential energy. Thus, 
potential energy is a measure of the amount of work a conservative force 
will do when it moves from a given position to the datum. In mechanics, 
the potential energy created by gravity (weight) and an elastic spring is 
important. 


Gravitational Potential Energy. If a particle is located a 
distance y above an arbitrarily selected datum, as shown in Fig. 14-17 the 
particle’s weight W has positive gravitational potential energy, V,, since W 
has the capacity of doing positive work when the particle is moved back 
down to the datum. Likewise, if the particle is located a distance y below 
the datum, V, is negative since the weight does negative work when the 
particle is moved back up to the datum. At the datum V, = 0. 

In general, if y is positive upward, the gravitational potential energy of 
the particle of weight W is* 





V, = Wy (14-13) 











*Here the weight is assumed to be constant. This assumption is suitable for small 
differences in elevation Ay. If the elevation change is significant, however, a variation of 
weight with elevation must be taken into account (see Prob. 14-82). 














Gravitational potential energy 


Fig. 14-17 





Gravitational potential energy of this 
weight is increased as it is hoisted 
upward. (O R.C. Hibbeler) 
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The weight of the sacks resting on this 
platform causes potential energy to be 
stored in the supporting springs. As each 
sack is removed, the platform will rise 
slightly since some of the potential energy 
within the springs will be transformed into 
an increase in gravitational potential 
energy of the remaining sacks. Such a 
device is useful for removing the sacks 
without having to bend over to pick them 
up as they are unloaded. (O R.C. Hibbeler) 


Elastic Potential Energy. When an elastic spring is elongated or 
compressed a distance s from its unstretched position, elastic potential 
energy V, can be stored in the spring. This energy is 





y, = +4ks? (14-14) 











Here V, is always positive since, in the deformed position, the force of 
the spring has the capacity or “potential” for always doing positive work 
on the particle when the spring is returned to its unstretched position, 
Fig. 14-18. 


Unstretched 
position, s = 0 























Elastic potential energy 


Fig. 14-18 
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Potential Function. In the general case, if a particle is subjected 
to both gravitational and elastic forces, the particle’s potential energy can 
be expressed as a potential function, which is the algebraic sum 





V=V,+ Ve (14-15) 











Measurement of V depends on the location of the particle with respect to 
a selected datum in accordance with Eqs. 14-13 and 14-14. 

The work done by a conservative force in moving the particle from one 
point to another point is measured by the difference of this function, i.e., 





U\_> al Vi E Vz (14-16) 


For example, the potential function for a particle of weight W 
suspended from a spring can be expressed in terms of its position, s, 
measured from a datum located at the unstretched length of the spring, 
Fig. 14-19. We have 


V=V,+ Ve 


= —Ws + įk’ 


If the particle moves from s, to a lower position s», then applying 
Eq. 14-16 it can be seen that the work of W and F, is 





Ui = Vj — V; = (—Ws, + tks?) — (—Ws, + 4ks) 





= Ws. — sı) ( + ks} tks? ) 





Datum 





Fig. 14-19 
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When the displacement along the path is infinitesimal, i.e., from point 
(x, y, z) to (x + dx, y + dy,z + dz), Eq. 14-16 becomes 


dU = V(x, y, z) — Vix + dx, y + dy,z + dz) 
— —dV(x, y, z) (14-17) 


If we represent both the force and its displacement as Cartesian 
vectors, then the work can also be expressed as 


dU = F:dr = (Få + Fj + FK): (d + dyj + dzk) 
= F,dx + F,dy + F,dz 


Substituting this result into Eq. 14-17 and expressing the differential 
dV(x, y, z) in terms of its partial derivatives yields 





oV oV oV 
F,dx + F,dy + F,dz = dx + —dy + —dz 
B Óx oy Oz 


Since changes in x, y, and z are all independent of one another, this 
equation is satisfied provided 








oV oV oV 
F.-—-——, Ee n F,=-— (14-18) 
i ox i ðy : Oz 
Thus, 
oV. av, V 
F= i j k 
ox oy Oz 
0. ð. ð 
= ( i+—jt k)v 
ox oy Oz 
or 


F--VV (14-19) 


where V (del) represents the vector operator 
V = (8/àx)i + (0/8y)j + (8/oz)k. 

Equation 14-19 relates a force F to its potential function V and thereby 
provides a mathematical criterion for proving that F is conservative. For 
example,the gravitational potential function for a weight located a distance 
y above a datum is V, — Wy. To prove that W is conservative, it is necessary 
to show that it satisfies Eq. 14-18 (or Eq. 14-19), in which case 


- m 
y ay’ bi ðy y 


The negative sign indicates that W acts downward, opposite to positive y, 
which is upward. 
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14.6 Conservation of Energy 


When a particle is acted upon by a system of both conservative and 
nonconservative forces, the portion of the work done by the conservative 
forces can be written in terms of the difference in their potential energies 
using Eq. 14-16, i.e., (SU —2)cons. = Vi — V2. As a result, the principle of 
work and energy can be written as 


T; + Vi P (XU a ones = T? + V5 (14-20) 


Here ({Uj_»)poncons, represents the work of the nonconservative forces 
acting on the particle. If only conservative forces do work then we have 





T ar Vi = T T Vz (14-21) 











This equation is referred to as the conservation of mechanical energy 
or simply the conservation of energy. It states that during the motion the 
sum of the particle’s kinetic and potential energies remains constant. For 
this to occur, kinetic energy must be transformed into potential energy, 
and vice versa. For example, if a ball of weight W is dropped from a 
height h above the ground (datum), Fig. 14-20, the potential energy of 
the ball is maximum before it is dropped, at which time its kinetic energy 
is zero. The total mechanical energy of the ball in its initial position 
is thus 


E=T,+V,=0+ Wh — Wh 


When the ball has fallen a distance 4/2, its speed can be determined by 
using v? = vå + 2a(y — yo), which yields v = V2g(h/2) = V gh. The 
energy of the ball at the mid-height position is therefore 


1 — h 
E-T,tV— 7g (Vah)? + w(4) = Wh 


Just before the ball strikes the ground, its potential energy is zero and its 
speed is v = V 2gh. Here, again, the total energy of the ball is 


E= T; + V= yg (Vas) +0=Wh 
Note that when the ball comes in contact with the ground, it deforms 
somewhat, and provided the ground is hard enough, the ball will rebound 
off the surface, reaching a new height h’, which will be /ess than the 
height h from which it was first released. Neglecting air friction, the 
difference in height accounts for an energy loss, E = W(h — h'), which 
occurs during the collision. Portions of this loss produce noise, localized 
deformation of the ball and ground, and heat. 








Q Potential Energy (max) 


Kinetic Energy (zero) 


E Potential Energy and 
B | @ Kinetic Energy 
h 
2 
Potential Energy (zero) 
Datum, | Q Kinetic Energy (max) 





Fig. 14-20 
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System of Particles. If a system of particles is subjected only to 
conservative forces, then an equation similar to Eq. 14-21 can be written 
for the particles. Applying the ideas of the preceding discussion, Eq. 14-8 
(XT, + XU, , = XT») becomes 





Sel = S eS, (14-22) 











Here, the sum of the system’s initial kinetic and potential energies is equal 
to the sum of the system’s final kinetic and potential energies. In other 
words, ET + XV = const. 


Procedure for Analysis 


The conservation of energy equation can be used to solve problems 
involving velocity, displacement, and conservative force systems. It 
is generally easier to apply than the principle of work and energy 
because this equation requires specifying the particle’s kinetic 
and potential energies at only two points along the path, rather 
than determining the work when the particle moves through a 
displacement. For application it is suggested that the following 
procedure be used. 


Potential Energy. 


e Draw two diagrams showing the particle located at its initial and 
final points along the path. 


If the particle is subjected to a vertical displacement, establish the 
fixed horizontal datum from which to measure the particle’s 
gravitational potential energy V,. 


Data pertaining to the elevation y of the particle from the datum 
and the stretch or compression s of any connecting springs can be 
determined from the geometry associated with the two diagrams. 


Recall V, — Wy, where y is positive upward from the datum and 
negative downward from the datum; also for a spring, V, = +ks?, 
which is always positive. 


Conservation of Energy. 
e Apply the equation T; + V; = T; + V5. 


e When determining the kinetic energy, T = imv?, remember 
that the particles speed v must be measured from an inertial 
reference frame. 
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EXAMPLE aa 


The gantry structure in the photo is used to test the response of an 
airplane during a crash. As shown in Fig. 14—21a, the plane, having a 
mass of 8 Mg, is hoisted back until 6 = 60°, and then the pull-back 
cable AC is released when the plane is at rest. Determine the speed of 
the plane just before it crashes into the ground, 0 = 15°. Also, what is 
the maximum tension developed in the supporting cable during the 
motion? Neglect the size of the airplane and the effect of lift caused 
by the wings during the motion. 





Datum 


(© R.C. Hibbeler) 


























(a) 


SOLUTION \ 


Since the force of the cable does no work on the plane, it must be 
obtained using the equation of motion. First, however, we must 
determine the plane’s speed at B. 


Potential Energy. For convenience, the datum has been established 


15? 
at the top of the gantry, Fig. 14-21a. 


8000(9.81) N 
Conservation of Energy. 


T4 + V4 = Tg + Vg (b) 
0 — 8000 kg (9.81 m/ s”)(20 cos 60° m) = Fig. 14-21 
5(8000 kg)vz — 8000 kg (9.81 m/s?)(20 cos 15? m) 

Ug = 13.52 m/s = 13.5 m/s Ans. 
Equation of Motion. From the free-body diagram when the plane 
is at B, Fig. 14-21b, we have 
TN SF, = may; 
(13.52 m/s) 


20m 
T — 149 kN Ans. 


T — (8000(9.81) N) cos 15? — (8000 kg) 
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EXAMPLE aao LE 


The ram R shown in Fig. 14—22a has a mass of 100 kg and is released 
from rest 0.75 m from the top of a spring, A, that has a stiffness 
ką = I2kN/m. If a second spring B, having a stiffness kg = 
15 kN/m, is “nested” in A, determine the maximum displacement of 
A needed to stop the downward motion of the ram. The unstretched 
length of each spring is indicated in the figure. Neglect the mass of 
the springs. 


SOLUTION 


Potential Energy. We will assume that the ram compresses both 
springs at the instant it comes to rest. The datum is located through the 
center of gravity of the ram at its initial position, Fig. 142b. When the 
kinetic energy is reduced to zero (v; — 0), A is compressed a distance 
sa and B compresses sg = s, — 0.1 m. 











he = 15 kN/m Conservation of Energy. 
(a) T, + V,=M+ Vy 
0+0=0+ [ins ik(s,-01?- Wh} 
0+ 0=0+ (112000 N/m)sj + 3115 000 N/m)(s, — 0.1 mf 
— 981 N (0.75 m + s4) } 


Rearranging the terms, 
13 50057 — 2481s, — 660.75 = 0 
Using the quadratic formula and solving for the positive root, we have 


sa = 0.331 m Ans. 





Since sg = 0.331 m — 0.1 m = 0231 m, which is positive, the 
assumption that both springs are compressed by the ram is correct. 


NOTE: The second root, s, — —0.148 m, does not represent the 
physical situation. Since positive s is measured downward, the negative 
sign indicates that spring A would have to be *extended" by an amount 
of 0.148 m to stop the ram. 








(b) 
Fig. 1422 
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EXAMPLE aas 


A smooth 2-kg collar, shown in Fig. 14—23a, fits loosely on the vertical 
shaft. If the spring is unstretched when the collar is in the position A, 
determine the speed at which the collar is moving when y — 1 m, if 
(a) it is released from rest at A, and (b) it is released at A with an 
upward velocity v4 — 2 m/s. 


SOLUTION 


Part (a) Potential Energy. For convenience, the datum is established 
through AB, Fig. 143b. When the collar is at C, the gravitational 
potential energy is —(mg)y, since the collar is below the datum, and the 
elastic potential energy is 5ks¢g. Here scg = 0.5 m, which represents 
the stretch in the spring as shown in the figure. 











Conservation of Energy. 


T4 + V4 — Tc + Vc 





0+0= tmv + ists = mgy } 
0+0= {42kgyoz} + (1G N/m(0.5 m? — 209.81) N (1 m] qom) + (0.75 m}? = 125m 
ve = 4.39 m/s J Ans. 


Datum F 


This problem can also be solved by using the equation of motion or 
the principle of work and energy. Note that for both of these methods 
the variation of the magnitude and direction of the spring force must y-lm 
be taken into account (see Example 13.4). Here, however, the above 
solution is clearly advantageous since the calculations depend only on 
data calculated at the initial and final points of the path. i 








Part (b) Conservation of Energy. If v, = 2 m/s, using the data in 
Fig. 143b, we have 


Scs = 1.25 m — 0.755 m = 0.5 m 
(b) 
Fig. 14-23 


imvi +0= mv + ists = mgy } 
IQ kg)(2 m/s)? + 0 = 2 kg? + {43 N/m)(0.5 m}? 
— 2(9.81)N (1 m) } 
4.82 m/s | Ans. 


Uc 


NOTE: The kinetic energy of the collar depends only on the magnitude 
of velocity, and therefore it is immaterial if the collar is moving up or 
down at 2 m/s when released at A. 
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5I PRELIMINARY PROBLEMS 





P14-3. Determine the potential energy of the block that P14-4. Determine the potential energy in the spring that 
has a weight of 100 N. has an unstretched length of 4 m. 


k =10 N/m 
3m 

















oo 
8 











k = 10 N/m 
5m 3m 
l | Datum 
— m 


(b) (b) 


Fj 
ad. 


(c) 
Prob. P14-3 Prob. P14-4 








(c) 
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"m FUNDAMENTAL PROBLEMS 


F14-13. The 2-kg pendulum bob is released from rest when 
it is at A. Determine the speed of the bob and the tension in 
the cord when the bob passes through its lowest position, B. 










B Prob. F14-13 


F14-14. The 2-kg package leaves the conveyor belt at A 
with a speed of v, = 1 m/s and slides down the smooth 
ramp. Determine the required speed of the conveyor belt at 
B so that the package can be delivered without slipping on 
the belt. Also, find the normal reaction the curved portion 
of the ramp exerts on the package at B if pg = 2 m. 


vA =1m/s T 











4m 
| v 
= $ 
Prob. F14-14 


F14-15. The 2-kg collar is given a downward velocity of 
4 m/s when it is at A. If the spring has an unstretched length 
of 1 m and a stiffness of k = 30 N/m, determine the velocity 
of the collar at s = 1 m. 








Prob. F14-15 


F14-16. The 5-lb collar is released from rest at A and travels 
along the frictionless guide. Determine the speed of the collar 
when it strikes the stop B. The spring has an unstretched 








length of 0.5 ft. A 
7k = anf 
1.5 ft 
fo B 








Prob. F14-16 
F14-17. The 75-Ib block is released from rest 5 ft above 
the plate. Determine the compression of each spring when 
the block momentarily comes to rest after striking the plate. 
Neglect the mass of the plate. The springs are initially 
unstretched. 





0.25 ft 


A 


k — 1000 Ib/ft k — 1000 Ib/ft 


: : 
' = 1500 lb/ft Prob. F14—17 


k 
F14-18. The 4-kg collar C has a velocity of v4 = 2 m/s when 
itis at A. If the guide rod is smooth, determine the speed of the 
collar when it is at B. The spring has an unstretched length of 
l = 0.2 m. k = 400 N/m 








Prob. F14-18 
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| | PROBLEMS 





14-66. The girl has a mass of 40 kg and center of mass at G. 
If she is swinging to a maximum height defined by 0 = 60°, 
determine the force developed along each of the four 
supporting posts such as AB at the instant 0 = 0°. The 
swing is centrally located between the posts. 





Prob. 14-66 


14-67. The 30-Ib block A is placed on top of two nested 
springs B and C and then pushed down to the position 
shown. If it is then released, determine the maximum height A 
to which it will rise. 





kg = 200 Ib/in. 


pH 
kc = 100 Ib/in.— 


Prob. 14—67 


*14-68. The 5-kg collar has a velocity of 5 m/s to the right 
when it is at A. It then travels down along the smooth guide. 
Determine the speed of the collar when it reaches point B, 
which is located just before the end of the curved portion of the 
rod. The spring has an unstretched length of 100 mm and B is 
located just before the end of the curved portion of the rod. 


14-69. The 5-kg collar has a velocity of 5 m/s to the right 
when it is at A. It then travels along the smooth guide. 
Determine its speed when its center reaches point B and the 
normal force it exerts on the rod at this point. The spring has 
an unstretched length of 100 mm and B is located just before 
the end of the curved portion of the rod. 








Probs. 14—68/69 


14-70. The ball has a weight of 15 Ib and is fixed to a rod 
having a negligible mass. If it is released from rest when 
0 = 0°, determine the angle 0 at which the compressive 
force in the rod becomes zero. 


3ft 


e 


Prob. 14-70 


14-71. The car C and its contents have a weight of 600 Ib, 
whereas block B has a weight of 200 Ib. If the car is released 
from rest, determine its speed when it travels 30 ft down the 
20° incline. Suggestion: To measure the gravitational 
potential energy, establish separate datums at the initial 
elevations of B and C. 





Prob. 14-71 


*14-72. The roller coaster car has a mass of 700 kg, 
including its passenger. If it starts from the top of the hill A 
with a speed v4 = 3 m/s, determine the minimum height h 
of the hill crest so that the car travels around the inside 
loops without leaving the track. Neglect friction, the mass of 
the wheels, and the size of the car. What is the normal 
reaction on the car when the car is at B and when it is at C? 
Take pg = 7.5 m and pc = 5m. 


14-73. The roller coaster car has a mass of 700 kg, 
including its passenger. If it is released from rest at the top 
of the hill A, determine the minimum height h of the hill 
crest so that the car travels around both inside the loops 
without leaving the track. Neglect friction, the mass of the 
wheels, and the size of the car. What is the normal reaction 
on the car when the car is at B and when it is at C? 
Take pg = 7.5 m and pc = 5m. 
































































































































Probs. 14—72/73 
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14—74. The assembly consists of two blocks A and B 
which have a mass of 20 kg and 30 kg, respectively. 
Determine the speed of each block when B descends 1.5 m. 
The blocks are released from rest. Neglect the mass of the 
pulleys and cords. 





Prob. 14-74 


14—75. 'The assembly consists of two blocks A and B, 
which have a mass of 20 kg and 30 kg, respectively. 
Determine the distance B must descend in order for A to 
achieve a speed of 3 m/s starting from rest. 





Prob. 14-75 
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*14-76. The spring has a stiffness k — 50N/m and an 
unstretched length of 0.3 m. If it is attached to the 2-kg 
smooth collar and the collar is released from rest at A 
(0 = 0°), determine the speed of the collar when 0 = 60°. 
The motion occurs in the horizontal plane. Neglect the size 
of the collar. 





Prob. 14—76 


14-77. The roller coaster car having a mass m is released 
from rest at point A. If the track is to be designed so that the 
car does not leave it at B, determine the required height h. 
Also, find the speed of the car when it reaches point C. 
Neglect friction. 





14-78. 'The spring has a stiffness k — 200 N/m and an 
unstretched length of 0.5 m. If it is attached to the 3-kg 
smooth collar and the collar is released from rest at A, 
determine the speed of the collar when it reaches B. Neglect 
the size of the collar. 








———15m 


Prob. 14-78 


14-79. A 2-Ib block rests on the smooth semicylindrical 
surface at A. An elastic cord having a stiffness of k = 2 Ib/ft is 
attached to the block at B and to the base of the semicylinder 
at C. If the block is released from rest at 0 — 0, A, determine 
the longest unstretched length of the cord so the block 
begins to leave the semicylinder at the instant 0 = 45°. 
Neglect the size of the block. 





Prob. 14-77 


Prob. 14-79 


*14-80. When s = 0, the spring on the firing mechanism is 
unstretched. If the arm is pulled back such that s = 100 mm 
and released, determine the speed of the 0.3-kg ball and the 
normal reaction of the circular track on the ball when 
0 = 60°. Assume all surfaces of contact to be smooth. 
Neglect the mass of the spring and the size of the ball. 





k = 1500 N/m 


Prob. 14-80 


14-81. When s = 0, the spring on the firing mechanism is 
unstretched. If the arm is pulled back such that s = 100 mm 
and released, determine the maximum angle 0 the ball will 
travel without leaving the circular track. Assume all surfaces 
of contact to be smooth. Neglect the mass of the spring and 
the size of the ball. 





k — 1500 N/m 


Prob. 14-81 
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14-82. If the mass of the earth is M,, show that the 
gravitational potential energy of a body of mass m located 
a distance r from the center of the earth is V, = —GM,m/r. 
Recall that the gravitational force acting between the earth 
and the body is F = G(M,m/r), Eq. 13-1. For the 
calculation, locate the datum at r — o». Also, prove that F is 
a conservative force. 


14-83. A rocket of mass mis fired vertically from the surface 
of the earth, i.e., at r = rj. Assuming that no mass is lost as it 
travels upward, determine the work it must do against gravity 


to reach a distance r». The force of gravity is F = GM,m/r^ Is 


(Eq. 13-1), where M, is the mass of the earth and r the distance 
between the rocket and the center of the earth. 


KN, 
NS 





Probs. 14-82/83 


*14-84. The 4-kg smooth collar has a speed of 3 m/s 
when it is at s — 0. Determine the maximum distance s it 
travels before it stops momentarily. The spring has an 
unstretched length of 1 m. 





Prob. 14-84 


228 CHAPTER 14 KINETICS OF A PARTICLE: WORK AND ENERGY 


14-85. A 60-kg satellite travels in free flight along an 
elliptical orbit such that at A, where r, = 20 Mm, it has a 
speed v4 = 40 Mm/h. What is the speed of the satellite 
when it reaches point B, where rg = 80 Mm? Hint: See 
Prob. 14-82, where M, = 5.976(107*) kg and 
G = 66.73(10 7?) n? /(kg - s). 





Prob. 14-85 


14-86. The skier starts from rest at A and travels down the 


ramp. If friction and air resistance can be neglected, 


determine his speed vg when he reaches B. Also, compute 
the distance s to where he strikes the ground at C, if he 
makes the jump traveling horizontally at B. Neglect the 
skier's size. He has a mass of 70 kg. 























coe 
Dm. c 
oc T > 








Prob. 14-86 


14-87. The block has a mass of 20 kg and is released from 
rest when s — 0.5 m. If the mass of the bumpers A and B 
can be neglected, determine the maximum deformation of 
each spring due to the collision. 


L— ka = 500 N/m 


H 
WE w 


| — kg = 800 N/m 








Prob. 14-87 


*14-88. The 2-lb collar has a speed of 5 ft/s at A. The 
attached spring has an unstretched length of 2 ft and a 
stiffness of k = 10 lb/ft. If the collar moves over the smooth 
rod, determine its speed when it reaches point B, the normal 
force of the rod on the collar, and the rate of decrease in 
its speed. 


4.5 ft 




















Prob. 14-88 


14-89. When the 6-kg box reaches point A it has a speed 
of v, — 2 m/s. Determine the angle 0 at which it leaves the 
smooth circular ramp and the distance s to where it falls 
into the cart. Neglect friction. 














Prob. 14-89 


14-90. When the 5-kg box reaches point A it has a speed 
v4 — 10 m/s. Determine the normal force the box exerts on 
the surface when it reaches point B. Neglect friction and the 
size of the box. 


B xt? + y223 


A 
TEER 


Prob. 14-90 


EX 
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14-91. When the 5-kg box reaches point A it has a speed 
v4 = 10 m/s. Determine how high the box reaches up the 
surface before it comes to a stop. Also, what is the resultant 
normal force on the surface at this point and the 
acceleration? Neglect friction and the size of the box. 

















y 
| B 
9m 
B 1/2 4} y =3 
A 
h [Ez 5 
9m 
Prob. 14-91 


*14-92. The roller coaster car has a speed of 15 ft/s when it 
is at the crest of a vertical parabolic track. Determine the 
car’s velocity and the normal force it exerts on the track 
when it reaches point B. Neglect friction and the mass of the 
wheels. The total weight of the car and the passengers 
is 350 Ib. 





x) 








Prob. 14-92 
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14-93. The 10-kg sphere C is released from rest when 
0 = 0° and the tension in the spring is 100 N. Determine the 
speed of the sphere at the instant 0 = 90°. Neglect the mass 
of rod AB and the size of the sphere. 





0.4m 7 yk = 500 N/m 











Prob. 14-93 


14-94. A quarter-circular tube AB of mean radius r 
contains a smooth chain that has a mass per unit length of 
mo. If the chain is released from rest from the position 
shown, determine its speed when it emerges completely 
from the tube. 











Prob. 14-94 


14-95. The cylinder has a mass of 20 kg and is released 
from rest when h = 0. Determine its speed when h = 3 m. 
Each spring has a stiffness k = 40 N/m and an unstretched 
length of 2 m. 














Prob. 14-95 


*14-96. Ifthe 20-kg cylinder is released from rest at h = 0, 
determine the required stiffness k of each spring so that its 
motion is arrested or stops when h = 0.5 m. Each spring has 
an unstretched length of 1 m. 














Prob. 14-96 


14-97. A pan of negligible mass is attached to two identical 
springs of stiffness k = 250 N/m. If a 10-kg box is dropped 
from a height of 0.5 m above the pan, determine the 
maximum vertical displacement d. Initially each spring has 
a tension of 50 N. 


























C14-1. The roller coaster is momentarily at rest at A. 
Determine the approximate normal force it exerts on the 
track at B. Also determine its approximate acceleration at 
this point. Use numerical data, and take scaled measurements 
from the photo with a known height at A. 





Prob. C14-1 (© R.C. Hibbeler) 


C14-2. As the large ring rotates, the operator can apply a 
breaking mechanism that binds the cars to the ring, which 
then allows the cars to rotate with the ring. Assuming the 
passengers are not belted into the cars, determine the 
smallest speed of the ring (cars) so that no passenger will 
fall out. When should the operator release the brake so that 
the cars can achieve their greatest speed as they slide freely 
on the ring? Estimate the greatest normal force of the seat 
on a passenger when this speed is reached. Use numerical 
values to explain your answer. 


wy 
> 





~ 


Prob. C14-2 (© R.C. Hibbeler) 
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C14-3. The woman pulls the water balloon launcher back, 
stretching each of the four elastic cords. Estimate the 
maximum height and the maximum range of a ball placed 
within the container if it is released from the position shown. 
Use numerical values and any necessary measurements 
from the photo. Assume the unstretched length and stiffness 
of each cord is known. 





Prob. C14-3 (© R.C. Hibbeler) 


C144. The girl is momentarily at rest in the position 
shown. If the unstretched length and stiffness of each of the 
two elastic cords is known, determine approximately how 
far the girl descends before she again becomes momentarily 
at rest. Use numerical values and take any necessary 
measurements from the photo. 





Prob. C144 (© R.C. Hibbeler) 
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CHAPTER REVIEW 


Work of a Force 


A force does work when it undergoes a 
displacement along its line of action. If 
the force varies with the displacement, 
then the work is U = fF cos 0 ds. 


Graphically, this represents the area 
under the F-s diagram. 


If the force is constant, then for a 
displacement As in the direction of the 
force, U — F, As. A typical example of 
this case is the work of a weight, 
U = —W Ay. Here, Ay is the vertical 
displacement. 


The work done by a spring force, 
F — ks, depends upon the stretch or 
compression s of the spring. 




















y 
Ww 
La 
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y2 
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Unstretched 


position, s — 0 
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The Principle of Work and Energy 


If the equation of motion in the 
tangential direction, $F, = ma, is 
combined with the kinematic equation, 
a; ds = v dv, we obtain the principle of 
work and energy. This equation states 
that the initial kinetic energy T, plus 
the work done XU.» is equal to the 
final kinetic energy. 





T, + LU,» = T, 





The principle of work and energy is 
useful for solving problems that involve 
force, velocity, and displacement. For 
application, the free-body diagram of 
the particle should be drawn in order to 
identify the forces that do work. 
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Power and Efficiency 


Power is the time rate of doing work. 
For application, the force F creating the 
power and its velocity v must be 
specified. 


Efficiency represents the ratio of power 
output to power input. Due to frictional 
losses, it is always less than one. 





€ 


_ power output 


power input 








Conservation of Energy 


A conservative force does work that is 
independent of its path. Two examples 
are the weight of a particle and the 
spring force. 


Friction is a nonconservative force since 
the work depends upon the length of 
the path. The longer the path, the more 
work done. 


The work done by a conservative force 
depends upon its position relative to a 
datum. When this work is referenced 
from a datum, it is called potential 
energy. For a weight, it is V, = + Wy, 
and for a spring it is V, = +5ks”. 


Mechanical energy consists of kinetic 
energy T and gravitational and elastic 
potential energies V. According to the 
conservation of energy, this sum is 
constant and has the same value at any 
position on the path. If only gravitational 
and spring forces cause motion of the 
particle, then the conservation-of-energy 
equation can be used to solve problems 
involving these conservative forces, 
displacement, and velocity. 




















Elastic potential energy 


T, + Vi = T, + Vo 
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B REVIEW PROBLEMS 


R14-1. If a 150-lb crate is released from rest at A, R14-3. The block has a weight of 1.5 Ib and slides along 
determine its speed after it slides 30 ft down the plane. The the smooth chute AB. It is released from rest at A, which 
coefficient of kinetic friction between the crate and plane is has coordinates of A(5 ft, 0, 10 ft). Determine the speed at 
pa = 0.3. which it slides off at B, which has coordinates of B(0, 8 ft, 0). 
z 
se] 
"d 


10 ft 

















B 
8ft 





Prob. R14-1 Prob. R14-3 


R14-4. The block has a mass of 0.5 kg and moves within 
the smooth vertical slot. If the block starts from rest when 
the attached spring is in the unstretched position at A, 
determine the constant vertical force F which must be 
applied to the cord so that the block attains a speed 
Ug = 2.5 m/s when it reaches B; sg = 0.15 m. Neglect the 


R14-2. The small 2-Ib collar starting from rest at A slides 
down along the smooth rod. During the motion, the collar is 
acted upon by a force F = (10i + 6yj + 2zk] lb, where x, y, z 
are in feet. Determine the collar's speed when it strikes the 























wall at B. mass of the cord and pulley. 
- 0.3m ] 

z 

i C 
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4ft 
^ dd 
0.3 m 
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10 ft d t 
1 ft y 
sa | 
k = 100 N/m 

















Prob. R14-2 Prob. R14-4 


R14-5. The crate, having a weight of 50 lb, is hoisted by 
the pulley system and motor M. If the crate starts from rest 
and, by constant acceleration, attains a speed of 12 ft/s after 
rising 10 ft, determine the power that must be supplied to 
the motor at the instant s = 10ft. The motor has an 
efficiency e = 0.74. 








Prob. R14-5 


R14-6. The 50-Ib load is hoisted by the pulley system and 
motor M. If the motor exerts a constant force of 30 Ib on the 
cable, determine the power that must be supplied to the 
motor if the load has been hoisted s — 10 ft starting from 
rest. The motor has an efficiency of e = 0.76. 








Prob. R14-6 
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R14-7. The collar of negligible size has a mass of 0.25 kg 
and is attached to a spring having an unstretched length of 
100 mm. If the collar is released from rest at A and travels 
along the smooth guide, determine its speed just before it 
strikes B. 














Prob. R14-7 


R14-8. The blocks A and B weigh 10 and 30 lb, 
respectively. They are connected together by a light cord 
and ride in the frictionless grooves. Determine the speed of 
each block after block A moves 6 ft up along the plane. The 
blocks are released from rest. 


15 ft 








se ce li 


Prob. R14-8 





Chapter 15 





(© David J. Green/Alamy) 


The design of the bumper cars used for this amusement park ride requires 
knowledge of the principles of impulse and momentum. 





Kinetics of a Particle: 
Impulse and 
Momentum 





15.1 Principle of Linear Impulse 
and Momentum 


In this section we will integrate the equation of motion with respect to 
time and thereby obtain the principle of impulse and momentum. The 
resulting equation will be useful for solving problems involving force, 
velocity, and time. 

Using kinematics, the equation of motion for a particle of mass m can 
be written as 


dv 
YF = ma = m— 15-1 
di (15-1) 
where a and v are both measured from an inertial frame of reference. 
Rearranging the terms and integrating between the limits v = v; att = t 
and v = v,at t = th, we have 


t v2 
> T Fdt — m / dv 
f Y 
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The impulse tool is used to remove the 
dent in the trailer fender. To do so its end 
is first screwed into a hole drilled in the 
fender, then the weight is gripped and 
jerked upwards, striking the stop ring. 
The impulse developed is transferred 
along the shaft of the tool and pulls 
suddenly on the dent. (© R.C. Hibbeler) 





or 
h 
a Fdt = mv, — mv, (15-2) 
ti 


This equation is referred to as the principle of linear impulse and 
momentum. From the derivation it can be seen that it is simply a time 
integration of the equation of motion. It provides a direct means of 
obtaining the particle’s final velocity v, after a specified time period when 
the particle’s initial velocity is known and the forces acting on the particle 
are either constant or can be expressed as functions of time. By 
comparison, if v; was determined using the equation of motion, a two-step 
process would be necessary; ie., apply XF = ma to obtain a, then 
integrate a = dv/dt to obtain v3. 


Linear Momentum. Each of the two vectors of the form L = mv 
in Eq. 15-2 is referred to as the particle’s linear momentum. Since m is a 
positive scalar, the linear-momentum vector has the same direction as v, 
and its magnitude mv has units of mass times velocity, e.g., kg: m/s, or 
slug - ft/s. 


Linear Impulse. The integral I = fF dt in Eq. 15-2 is referred to as 
the linear impulse. This term is a vector quantity which measures the 
effect of a force during the time the force acts. Since time is a positive 
scalar,the impulse acts in the same direction as the force, and its magnitude 
has units of force times time, e.g., N * s or Ib: s.* 

If the force is expressed as a function of time, the impulse can be 
determined by direct evaluation of the integral. In particular, if the force 
is constant in both magnitude and direction, the resulting impulse 
becomes 


T= /?F.dt = Et — t). 


Graphically the magnitude of the impulse can be represented by the 
shaded area under the curve of force versus time, Fig. 15-1. A constant 
force creates the shaded rectangular area shown in Fig. 15-2. 





gu = F(b T ty) 


t 


t l 


Variable Force Constant Force 


Fig. 15-1 Fig. 15-2 


* Although the units for impulse and momentum are defined differently, it can be shown 
that Eq. 15-2 is dimensionally homogeneous. 
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Principle of Linear Impulse and Momentum. For problem 
solving, Eq. 15-2 will be rewritten in the form 





f 
my, + S F dt = mv; (15-3) 
ti 











which states that the initial momentum of the particle at time f; plus the 
sum of all the impulses applied to the particle from t; to t is equivalent 
to the final momentum of the particle at time t». These three terms are 
illustrated graphically on the impulse and momentum diagrams shown in 
Fig. 15-3. The two momentum diagrams are simply outlined shapes of the 
particle which indicate the direction and magnitude of the particle's initial 
and final momenta, mv; and mv). Similar to the free-body diagram, the 
impulse diagram is an outlined shape of the particle showing all the 
impulses that act on the particle when it is located at some intermediate 
point along its path. 

If each of the vectors in Eq. 15-3 is resolved into its x, y, z components, 
we can write the following three scalar equations of linear impulse and 
momentum. 





m(v,) + Sj F,dt = m(v,)2 


m(vy), + 3j F, dt = m(v); dee 








mw) + X Ji F, dt = mw) 





x [^ra 


e + - @& 











Initial Impulse Final 
momentum diagram momentum 
diagram diagram 





Fig. 15-3 





The study of many types of sports, such 
as golf, requires application of the 
principle of linear impulse and 
momentum. (O R.C. Hibbeler) 
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Inertial coordinate system 


Fig. 15-4 








15.2 Principle of Linear Impulse and 
Momentum for a System of Particles 


The principle of linear impulse and momentum for a system of particles 
moving relative to an inertial reference, Fig. 15-4, is obtained from the 
equation of motion applied to all the particles in the system, i.e., 


dvj 
F. = — 15-5 
EF, = Xm; D ( ) 


The term on the left side represents only the sum of the external forces 
acting on the particles. Recall that the internal forces f; acting between 
particles do not appear with this summation, since by Newton's third law 
they occur in equal but opposite collinear pairs and therefore cancel out. 
Multiplying both sides of Eq. 15-5 by dt and integrating between the 
limits t = fj, v; = (vj); and t = h, vj = (vj); yields 





ES i EAS (15-6) 





This equation states that the initial linear momentum of the system plus 
the impulses of all the external forces acting on the system from t, to t, is 
equal to the system's final linear momentum. 

Since the location of the mass center G of the system is determined 
from mrg = Xm, where m = Èm; is the total mass of all the particles, 
Fig. 15-4, then taking the time derivative, we have 


mwvg = Em; 


which states that the total linear momentum of the system of particles is 
equivalent to the linear momentum of a “fictitious” aggregate particle of 
mass m = Xm,moving with the velocity of the mass center of the system. 
Substituting into Eq. 15-6 yields 


m(vg, + X J F,dt = m(vo) (15-7) 


Here the initial linear momentum of the aggregate particle plus the 
external impulses acting on the system of particles from 1, to t; is equal to 
the aggregate particle’s final linear momentum. As a result, the above 
equation justifies application of the principle of linear impulse and 
momentum to a system of particles that compose a rigid body. 


15.2 PRINCIPLE OF LINEAR IMPULSE AND MOMENTUM FOR A SYSTEM OF PARTICLES 


Procedure for Analysis 


The principle of linear impulse and momentum is used to solve 
problems involving force, time, and velocity, since these terms are 
involved in the formulation. For application it is suggested that 
the following procedure be used.* 


Free-Body Diagram. 


e Establish the x, y, z inertial frame of reference and draw the 
particle’s free-body diagram in order to account for all the forces 
that produce impulses on the particle. 


The direction and sense of the particle’s initial and final velocities 
should be established. 


If a vector is unknown, assume that the sense of its components is 
in the direction of the positive inertial coordinate(s). 


As an alternative procedure, draw the impulse and momentum 
diagrams for the particle as discussed in reference to Fig. 15-3. 


Principle of Impulse and Momentum. 


e In accordance with the established coordinate system, apply the 
principle of linearimpulse and momentum, my, + > Edt = MV). 
If motion occurs in the x-y plane, the two scalar’ component 
equations can be formulated by either resolving the vector 
components of F from the free-body diagram, or by using the 
data on the impulse and momentum diagrams. 


Realize that every force acting on the particle’s free-body diagram 
will create an impulse, even though some of these forces will do 
no work. 


Forces that are functions of time must be integrated to obtain the 
impulse. Graphically, the impulse is equal to the area under the 
force-time curve. 





As the wheels of the pitching machine rotate, 

f Nat they apply frictional impulses to the ball, 

thereby giving it a linear momentum. These 

JFdt impulses are shown on the impulse diagram. 

Here both the frictional and normal impulses 

JF'dt vary with time. By comparison, the weight 

impulse is constant and is very small since 

WAt [N'dt the time Ar the ball is in contact with the 
wheels is very small. (O R.C. Hibbeler) 


*This procedure will be followed when developing the proofs and theory in the text. 
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EXAMPLE | 15.14 


The 100-kg crate shown in Fig. 15-5a is originally at rest on the smooth 
horizontal surface. If a towing force of 200 N, acting at an angle of 45°, is 
applied for 10 s, determine the final velocity and the normal force which 
the surface exerts on the crate during this time interval. 


SOLUTION 
This problem can be solved using the principle of impulse and 
momentum since it involves force, velocity, and time. 


Free-Body Diagram. See Fig. 15-5b. Since all the forces acting are 
constant, the impulses are simply the product of the force magnitude 
and 10s [I = F.(t — 1;)]. Note the alternative procedure of drawing 
the crate's impulse and momentum diagrams, Fig. 15—5c. 


Principle of Impulse and Momentum. Applying Eqs. 15-4 yields 
ly 
S) nva, «x | If dt — mV) 
ti 


0 + 200 N cos 45°(10 s) = (100 kg)v; 
v = 14.1 m/s 


m(v,) + xf F,dt = m(v,) 


0 + Ne(10 s) — 981 N(10 s) + 200 N sin 45°(10 s) = 0 
Nc = 840N Ans. 
NOTE: Since no motion occurs in the y direction, direct application of 


the equilibrium equation XF, = 0 gives the same result for Nc. Try to 
solve the problem by first applying XF, = ma,, then v = vo + a,t. 


200 N (10 s) 
981 N (10 s) 
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EXAMPLE | 15.2 


The 50-Ib crate shown in Fig. 15-6a is acted upon by a force having a 
variable magnitude P = (201) Ib, where t is in seconds. Determine the 
crate's velocity 2 s after P has been applied. The initial velocity is 
v; = 3 ft/s down the plane, and the coefficient of kinetic friction 
between the crate and the plane is uj = 0.3. 


SOLUTION 


Free-Body Diagram. See Fig. 15-6b. Since the magnitude of force 
P — 20t varies with time, the impulse it creates must be determined by 
integrating over the 2-s time interval. 


Principle of Impulse and Momentum. Applying Eqs. 15-4 in the 
x direction, we have 


(+7) m(v,) + S F.dt = m(v,)2 


50 Ib 


2s 
50 Ib 
IS) T 20t dt — 0.3N¢(2 s) + (50 Ib) sin 30°(2 s) = v 
5 (3 ft/s) / c (2s) + (501b) sin 302 s) 322n/s 


322 ft/s 
4.658 + 40 — 0.6Nc + 50 = 1.553v; 


The equation of equilibrium can be applied in the y direction. Why? 
+\ LF, = 0; Nc — 50 cos 30° Ib = 0 
Solving, 

Ne = 43.30 Ib 

Vy = 44.2 ft/s Z 
NOTE: We can also solve this problem using the equation of motion. 
From Fig. 15-6), 


50 


t£ XF, = ma; 20: — 0.3(43.30) + 50 sin 30° = 77a 


a = 12.88t + 7.734 


Using kinematics 


v 2s 
tZdo = adt; | dv = i (12.88t + 7.734)dt 
3 ft/s 0 


v = 44.2 ft/s Ans. 
By comparison, application of the principle of impulse and momentum 


eliminates the need for using kinematics (a = dv/dt) and thereby yields 
an easier method for solution. 
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EXAMPLE | 15.3 


3(9.81) N 
Tg 
t 
SB | 
5(9.81) N 


(b) 
Fig. 15-7 


Blocks A and B shown in Fig. 15-7a have a mass of 3 kg and 5 kg, 
respectively. If the system is released from rest, determine the velocity 
of block B in 6 s. Neglect the mass of the pulleys and cord. 


SOLUTION 

Free-Body Diagram. See Fig. 15-7b. Since the weight of each block 
is constant, the cord tensions will also be constant. Furthermore, since 
the mass of pulley D is neglected, the cord tension T4 = 2Tg5. Note that 
the blocks are both assumed to be moving downward in the positive 
coordinate directions, s, and sg. 

Principle of Impulse and Momentum. 


Block A: 


(+1) m(v4), + 3 fF dt = mwa) 


0 — 2Tg(6 s) + 3(9.81) N(6 s) = (3 kg)(v4); 


Block B: ^ 
(+1) m(Ug)i a 3 Hs dt = m(vg)h 


0 + 5(9.81) N(6 s) — Tg(6 s) = (5 kg)(vg (2) 


Kinematics. Since the blocks are subjected to dependent motion, the 
velocity of A can be related to that of B by using the kinematic analysis 
discussed in Sec. 12.9. A horizontal datum is established through the 
fixed point at C, Fig. 15-7a, and the position coordinates, s, and sg, are 
related to the constant total length / of the vertical segments of the cord 
by the equation 


254 + Sp =l 
Taking the time derivative yields 
2UA = —UB (3) 


As indicated by the negative sign, when B moves downward A moves 
upward. Substituting this result into Eq. 1 and solving Eqs. 1 and 2 yields 


(0g), = 35.8 m/s J Ans. 
i — 1921N) 
NOTE: Realize that the positive (downward) direction for v4 and vg is 


consistent in Figs. 15—7a and 15—7b and in Eqs. 1 to 3. This is important 
since we are seeking a simultaneous solution of equations. 
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ES] PRELIMINARY PROBLEMS 

















15-1. Determine the impulse of the force for t —2 s. e) k — 10 N/m 
80N 

a) 

f) 

Prob. P15-1 

b) 200 N 15-2. Determine the linear momentum of the 10-kg 

block. 

| 

a) `£ m/s 

c) 6m 
F = (6t)N "4 
3 5 
4 b) 
2 m/s 
p^ 
30° 
d) F(N) i 60 N 
3 o 
A mes 45 
20 100 N 
30° 
i 3 9 


Prob. P15-2 
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m FUNDAMENTAL PROBLEMS 


F15-1. The 0.5-kg ball strikes the rough ground and 
rebounds with the velocities shown. Determine the 
magnitude of the impulse the ground exerts on the ball. 
Assume that the ball does not slip when it strikes the 
ground, and neglect the size of the ball and the impulse 
produced by the weight of the ball. 


© E = 10 m/s 
NO — 25 m/s v2 »^. 


S 2 
45°/ X30? 
i i 


Prob. F15-1 


F15-2. If the coefficient of kinetic friction between the 
150-Ib crate and the ground is mą = 0.2, determine the 
speed of the crate when t = 4 s. The crate starts from rest 
and is towed by the 100-Ib force. 





Prob. F15-2 


F15-3. The motor exerts a force of F — (20?) N on the 
cable, where t is in seconds. Determine the speed of the 
25-kg crate when t = 4s. The coefficients of static and 
kinetic friction between the crate and the plane are u, = 0.3 
and ug = 0.25, respectively. 


puo w | 


Prob. F15-3 


F15-4. The wheels of the 1.5-Mg car generate the traction 
force F described by the graph. If the car starts from rest, 
determine its speed when t = 6 s. 


F (kN) 





3 c t(s) 


Prob. F15-4 


F15-5. The 2.5-Mg four-wheel-drive SUV tows the 1.5-Mg 
trailer. The traction force developed at the wheels is 
Fp = 9 kN. Determine the speed of the truck in 20 s, starting 
from rest. Also, determine the tension developed in the 
coupling, A, between the SUV and the trailer. Neglect the 
mass of the wheels. 


Lp 


— 
Fp 





Prob. F15-5 


F15-6. The 10-lb block A attains a velocity of 1 ft/s in 
5 seconds, starting from rest. Determine the tension in the 
cord and the coefficient of kinetic friction between block A 
and the horizontal plane. Neglect the weight of the pulley. 
Block B has a weight of 8 Ib. 


A 








Prob. F15-6 
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15-1. A man kicks the 150-g ball such that it leaves the 
ground at an angle of 60? and strikes the ground at the same 
elevation a distance of 12 m away. Determine the impulse of 
his foot on the ball at A. Neglect the impulse caused by the 
ball’s weight while it’s being kicked. 








Prob. 15-1 


15-2. A 20-lb block slides down a 30° inclined plane with 
an initial velocity of 2 ft/s. Determine the velocity of the 
block in 3 s if the coefficient of kinetic friction between the 
block and the plane is u; = 0.25. 


15-3. The uniform beam has a weight of 5000 Ib. 
Determine the average tension in each of the two cables AB 
and AC if the beam is given an upward speed of 8 ft/s in 
1.5s starting from rest. Neglect the mass of the cables. 


*15-4. Each of the cables can sustain a maximum tension 
of 5000 Ib. If the uniform beam has a weight of 5000 Ib, 
determine the shortest time possible to lift the beam with a 
speed of 10 ft/s starting from rest. 


























Probs. 15-3/4 


15-5. A hockey puck is traveling to the left with a velocity 
of v, = 10 m/s when it is struck by a hockey stick and given 
a velocity of v; — 20 m/s as shown. Determine the 
magnitude of the net impulse exerted by the hockey stick 
on the puck. The puck has a mass of 0.2 kg. 


v = 20 m/s 





Prob. 15-5 


15-6. A train consists of a 50-Mg engine and three cars, 
each having a mass of 30 Mg. If it takes 80 s for the train to 
increase its speed uniformly to 40 km/h, starting from rest, 
determine the force T developed at the coupling between 
the engine £ and the first car A. The wheels of the engine 
provide a resultant frictional tractive force F which gives 
the train forward motion, whereas the car wheels roll freely. 
Also, determine F acting on the engine wheels. 





Prob. 15-6 
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15-7. Crates A and B weigh 100 lb and 50 Ib, respectively. 
If they start from rest, determine their speed when t = 5 s. 
Also, find the force exerted by crate A on crate B during the 
motion. The coefficient of kinetic friction between the 
crates and the ground is u; = 0.25. 





Prob. 15-7 


*15-8. The automobile has a weight of 2700 lb and is 
traveling forward at 4 ft/s when it crashes into the wall. If 
the impact occurs in 0.06 s, determine the average impulsive 
force acting on the car. Assume the brakes are not applied. If 
the coefficient of kinetic friction between the wheels and the 
pavement is 4, = 0.3, calculate the impulsive force on the 
wall if the brakes were applied during the crash.The brakes 
are applied to all four wheels so that all the wheels slip. 


15-9, The 200-kg crate rests on the ground for which the 
coefficients of static and kinetic friction are u, = 0.5 and 
Lj, = 0.4, respectively. The winch delivers a horizontal towing 
force T to its cable at A which varies as shown in the graph. 
Determine the speed of the crate when t = 4 s. Originally 
the tension in the cable is zero. Hint: First determine the 
force needed to begin moving the crate. 





Prob. 15-9 


15-10. The 50-kg crate is pulled by the constant force P. If 
the crate starts from rest and achieves a speed of 10 m/s in 
5s, determine the magnitude of P. The coefficient of kinetic 
friction between the crate and the ground is uj = 0.2. 





Prob. 15-8 


Prob. 15-10 
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15-11. During operation the jack hammer strikes the concrete 
surface with a force which is indicated in the graph. To achieve 
this the 2-kg spike S is fired into the surface at 90 m/s. 
Determine the speed of the spike just after rebounding. 


F(kN) 


1500 1—— 








0 1 t (ms) 
0 01 0.4 


Prob. 15-11 


*15-12. For a short period of time, the frictional driving 
force acting on the wheels of the 2.5-Mg van is Fp = (6007) N, 
where f is in seconds. If the van has a speed of 20 km/h when 
t — 0, determine its speed when t= 5 s. 








Prob. 15-12 


15-13. The 2.5-Mg van is traveling with a speed of 100 km/h 
when the brakes are applied and all four wheels lock. If the 
speed decreases to 40 km/h in 5 s, determine the coefficient 
of kinetic friction between the tires and the road. 








Prob. 15-13 


15-14. A tankcar has a mass of 20 Mg and is freely rolling 
to the right with a speed of 0.75 m/s. If it strikes the barrier, 
determine the horizontal impulse needed to stop the car if 
the spring in the bumper B has a stiffness (a) k — œ (bumper 
is rigid), and (b) k = 15 kN/m. 


v = 0.75 m/s 
——————Háá 





Prob. 15-14 


15-15. The motor, M, pulls on the cable with a force 
F = (10? + 300) N, where t is in seconds. If the 100 kg crate 
is originally at rest at t = 0, determine its speed when t= 4 s. 
Neglect the mass of the cable and pulleys. Hint: First find 
the time needed to begin lifting the crate. 











Prob. 15-15 
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*15-16. The choice of a seating material for moving 
vehicles depends upon its ability to resist shock and 
vibration. From the data shown in the graphs, determine the 
impulses created by a falling weight onto a sample of 
urethane foam and CONFOR foam. 





_~ urethane 
w^ 
0.8 


t (ms) 


2 4 7 10 14 


Prob. 15-16 


15-17 The towing force acting on the 400-kg safe varies as 
shown on the graph. Determine its speed, starting from rest, 
when t= 8 s. How far has it traveled during this time? 








t (s) 


3 8 


Prob. 15-17 


15-18. The motor exerts a force F on the 40-kg crate as 
shown in the graph. Determine the speed of the crate when 
t= 3 s and when t = 6 s. When ¢ = 0, the crate is moving 
downward at 10 m/s. 









i 


t (s) 


Prob. 15-18 


15-19. 'The 30-kg slider block is moving to the left with a 
speed of 5 m/s when it is acted upon by the forces F; and F;. 
If these loadings vary in the manner shown on the graph, 
determine the speed of the block at t= 6 s. Neglect friction 
and the mass of the pulleys and cords. 














F(N) 
F. 

40 D 

30 

20 

10 

0 2 4 a 

Prob. 15-19 
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*15-20. The 200-lb cabinet is subjected to the force 15-22. The thrust on the 4-Mg rocket sled is shown in the 











F=20(t+ 1) Ib where t is in seconds. If the cabinet is initially graph. Determine the sleds maximum velocity and the 
moving to the left with a velocity of 20 ft/s, determine its distance the sled travels when t = 35 s. Neglect friction. 
speed when t = 5 s. Neglect the size of the rollers. T 
20 
T=402 





t (s) 


30? 25 35 
Prob. 15-22 


15-23. The motor pulls on the cable at A with a force 
F = (30 + P) Ib, where t is in seconds. If the 34-Ib crate is 
originally on the ground at t= 0, determine its speed in t= 4 s. 
Neglect the mass of the cable and pulleys. Hint: First find 
Prob. 15-20 the time needed to begin lifting the crate. 


























15-21. Ifit takes 35 s for the 50-Mg tugboat to increase its 
speed uniformly to 25 km/h, starting from rest, determine 
the force of the rope on the tugboat. The propeller provides 
the propulsion force F which gives the tugboat forward 
motion, whereas the barge moves freely. Also, determine F 
acting on the tugboat. The barge has a mass of 75 Mg. 








Prob. 15-23 


*15-24. The motor pulls on the cable at A with a force 
F= (e?) lb, where t is in seconds. If the 34-Ib crate is originally 
at rest on the ground at t = 0, determine the crate's velocity 
when t —2 s. Neglect the mass of the cable and pulleys. Hint: 
First find the time needed to begin lifting the crate. 



































Prob. 15-21 Prob. 15-24 
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15-25. The balloon has a total mass of 400 kg including 
the passengers and ballast. The balloon is rising at a constant 
velocity of 18 km/h when h = 10 m. If the man drops the 
40-kg sand bag, determine the velocity of the balloon when 
the bag strikes the ground. Neglect air resistance. 


l^ = 18 km/h 





là | 
4 6 





h 


Prob. 15-25 


15-26. As indicated by the derivation, the principle of 
impulse and momentum is valid for observers in any inertial 
reference frame. Show that this is so, by considering the 10-kg 
block which slides along the smooth surface and is subjected 
to a horizontal force of 6 N. If observer A is in a fixed frame x, 
determine the final speed of the block in 4 s if it has an initial 
speed of 5 m/s measured from the fixed frame. Compare the 
result with that obtained by an observer B, attached to the x’ 
axis that moves at a constant velocity of 2 m/s relative to A. 


A* 23 
Be x’ 
———- 
2 m/s 
5 m/s 


-> 


——_— Nü 


Prob. 15-26 


15-27. The 20-kg crate is lifted by a force of F= (100 +5?) N, 
where t is in seconds. Determine the speed of the crate when 
t=3 s, starting from rest. 


*15-28. The 20-kg crate is lifted by a force of 
F= (100 4- 52) N, where t is in seconds. Determine how high 
the crate has moved upward when t= 3 s, starting from rest. 





Probs. 15-27/28 


15-29. In case of emergency, the gas actuator is used to 
move a 75-kg block B by exploding a charge C near a 
pressurized cylinder of negligible mass. As a result of the 
explosion, the cylinder fractures and the released gas forces 
the front part of the cylinder, A, to move B forward, giving it 
a speed of 200 mm/s in 0.4 s. If the coefficient of kinetic 
friction between B and the floor is ug = 0.5, determine the 
impulse that the actuator imparts to B. 





vg = 200 mm/s 





Prob. 15-29 
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15-30. Ajet plane having a mass of 7 Mg takes off from an 
aircraft carrier such that the engine thrust varies as shown 
by the graph. If the carrier is traveling forward with a speed 
of 40 km/h, determine the plane's airspeed after 5 s. 


F (kN) 


40 km/h 
———- 














t (s) 


Prob. 15-30 


15-31. Block A weighs 10 Ib and block B weighs 3 Ib. If B 
is moving downward with a velocity (vg), = 3 ft/s att = 0, 
determine the velocity of A when t = 1 s. Assume that the 
horizontal plane is smooth. Neglect the mass of the pulleys 
and cords. 


*15-32. Block A weighs 10 Ib and block B weighs 3 Ib. If B 
is moving downward with a velocity (vg); = 3 ft/s at t = 0, 
determine the velocity of A when t = 1 s. The coefficient of 
kinetic friction between the horizontal plane and block A is 
Ma = 0.15. 














(ug =3 s| 


Probs. 15-31/32 


15-33. The log has a mass of 500 kg and rests on the ground 
for which the coefficients of static and kinetic friction are 
bs = 0.5 and ug = 0.4, respectively. The winch delivers a 
horizontal towing force T to its cable at A which varies as 
shown in the graph. Determine the speed of the log when 
t = 5s. Originally the tension in the cable is zero. Hint: First 
determine the force needed to begin moving the log. 


T(N) 


1800 
T = 2007 








Prob. 15-33 


15-34. The 0.15-kg baseball has a speed of v = 30 m/s just 
before it is struck by the bat. It then travels along the 
trajectory shown before the outfielder catches it. Determine 
the magnitude of the average impulsive force imparted to 
the ball if it is in contact with the bat for 0.75 ms. 








Prob. 15-34 
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(© R.C. Hibbeler) 





The hammer in the top photo 
applies an impulsive force 
to the stake. During this 
extremely short time of 
contact the weight of the 
stake can be considered 
nonimpulsive, and provided 
the stake is driven into soft 
ground, the impulse of the 
ground acting on the stake 
can also be considered 
nonimpulsive. By contrast, if 
the stake is used in a concrete 
chipper to break concrete, 
then two impulsive forces act 
on the stake: one at its top due 
to the chipper and the other 
on its bottom due to the 
rigidity of the concrete. 
(© R.C. Hibbeler) 





15.3 Conservation of Linear Momentum 
for a System of Particles 


When the sum of the external impulses acting on a system of particles is 
zero, Eq. 15-6 reduces to a simplified form, namely, 


Emj;(vj),- Emj;(v) 


This equation is referred to as the conservation of linear momentum. 
It states that the total linear momentum for a system of particles remains 
constant during the time period f, to t. Substituting mvg = Smyy; into 
Eq. 15-8, we can also write 


(15-8) 


(vg) = (Yeh (15-9) 


which indicates that the velocity vg of the mass center for the system of 
particles does not change if no external impulses are applied to the system. 

The conservation of linear momentum is often applied when particles 
collide or interact. For application, a careful study of the free-body 
diagram for the entire system of particles should be made in order to 
identify the forces which create either external or internal impulses and 
thereby determine in what direction(s) linear momentum is conserved. 
As stated earlier, the internal impulses for the system will always cancel 
out, since they occur in equal but opposite collinear pairs. If the time 
period over which the motion is studied is very short, some of the 
external impulses may also be neglected or considered approximately 
equal to zero. The forces causing these negligible impulses are called 
nonimpulsive forces. By comparison, forces which are very large and act 
fora very short period of time produce a significant change in momentum 
and are called impulsive forces. They, of course, cannot be neglected in 
the impulse-momentum analysis. 

Impulsive forces normally occur due to an explosion or the striking of 
one body against another, whereas nonimpulsive forces may include the 
weight of a body, the force imparted by a slightly deformed spring having 
a relatively small stiffness, or for that matter, any force that is very small 
compared to other larger (impulsive) forces. When making this distinction 
between impulsive and nonimpulsive forces, it is important to realize 
that this only applies during the time ż to t. To illustrate, consider the 
effect of striking a tennis ball with a racket as shown in the photo. During 
the very short time of interaction, the force of the racket on the ball 
is impulsive since it changes the balls momentum drastically. By 
comparison, the ball's weight will have a negligible effect on the change 
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in momentum, and therefore it is nonimpulsive. Consequently, it can be 
neglected from an impulse-momentum analysis during this time. If an 
impulse-momentum analysis is considered during the much longer time 
of flight after the racket-ball interaction, then the impulse of the ball’s 
weight is important since it, along with air resistance, causes the change 
in the momentum of the ball. 


Procedure for Analysis 


Generally, the principle of linear impulse and momentum or the 
conservation of linear momentum is applied to a system of particles 


in order to determine the final velocities of the particles just after 
(© R.C. Hibbeler) g 





the time period considered. By applying this principle to the entire 
system, the internal impulses acting within the system, which may 
be unknown, are eliminated from the analysis. For application it is 
suggested that the following procedure be used. 


Free-Body Diagram. 


e Establish the x, y, z inertial frame of reference and draw the free- 
body diagram for each particle of the system in order to identify 
the internal and external forces. 


The conservation of linear momentum applies to the system in a 
direction which either has no external forces or the forces can be 
considered nonimpulsive. 


Establish the direction and sense of the particles' initial and final 
velocities. If the sense is unknown, assume it is along a positive 
inertial coordinate axis. 


As an alternative procedure, draw the impulse and momentum 
diagrams for each particle of the system. 


Momentum Equations. 


e Apply the principle of linear impulse and momentum or the 
conservation of linear momentum in the appropriate directions. 


If it is necessary to determine the internal impulse jh F dt acting 
on only one particle of a system, then the particle must be isolated 
(free-body diagram), and the principle of linear impulse and 
momentum must be applied to this particle. 


After the impulse is calculated, and provided the time Ar for 
which the impulse acts is known, then the average impulsive force 
Fy, can be determined from F;,, = p F dt/ At. 
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Fig. 15-8 


The 15-Mg boxcar A is coasting at 1.5 m/s on the horizontal track 
when it encounters a 12-Mg tank car B coasting at 0.75 m/s toward it 
as shown in Fig. 15-8a. If the cars collide and couple together, 
determine (a) the speed of both cars just after the coupling, and 
(b) the average force between them if the coupling takes place in 0.8 s. 


15 m/s 0.75 m/s 


A 
Ls...’ 


(a) 


SOLUTION 


Part (a) Free-Body Diagram.* Here we have considered both cars 
as a single system, Fig. 15-85. By inspection, momentum is conserved 
in the x direction since the coupling force F is internal to the system 
and will therefore cancel out. It is assumed both cars, when coupled, 
move at v; in the positive x direction. 


Conservation of Linear Momentum. 
(4) ma(vA), + mg(vg), = (m4 + mg 
(15 000 kg)(1.5 m/s) — 12 000 kg(0.75 m/s) = (27 000 kg)v; 


vU; = 0.5 m/s Ans. 


Part (b). The average (impulsive) coupling force, F,,,, can be 
determined by applying the principle of linear momentum to either one 
of the cars. 


Free-Body Diagram. As shown in Fig. 15-8c, by isolating the boxcar 
the coupling force is external to the car. 


Principle of Impulse and Momentum. Since /Fdt = Fg At 
= F,y(0.8 s), we have 


(4) mava) + x frat = Mav 
(15 000 kg)(1.5 m/s) — F44,(00.8 s) = (15 000 kg)(0.5 m/s) 


Fag = 18.8 KN Ans. 


NOTE: Solution was possible here since the boxcar's final velocity was 
obtained in Part (a). Try solving for F;,, by applying the principle of 
impulse and momentum to the tank car. 


*Only horizontal forces are shown on the free-body diagram. 
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EXAMPLE | 15.5 


The bumper cars A and B in Fig. 15-9a each have a mass of 150 kg and 
are coasting with the velocities shown before they freely collide head 
on. If no energy is lost during the collision, determine their velocities 
after collision. 


SOLUTION 


Free-Body Diagram. The cars will be considered as a single system. 
The free-body diagram is shown in Fig. 15—9b. 


Conservation of Momentum. 

(35) mawa) + my(vgy = mawak + mop) 

(150 kg)(3 m/s) + (150 kg)( -2 m/s) = (150 kg)(vab + (150 kg)(vgp 
(ah = 1 — (Usb (1) 


Conservation of Energy. Since no energy is lost, the conservation 
of energy theorem gives 


T, + Vi —T, * V3 


1 am 2 1 2T 2 
5A Q4)i ar 5 asi m US Malaya ar 3 sva 250 


5 (150 kg)(3 m/s)? + 5 (150 kg)(2 m/s? + 0 = 5150 kgY(vA? 


+ 5 (150 kg)(vg) + 0 
(v4 + (ug) = 13 Q) 
Substituting Eq. (1) into (2) and simplifying, we get 
(vg) — (Vg — 6 = 0 
Solving for the two roots, 
(Vp). = 3 m/s and (Vg). = —2 m/s 


Since (vg = —2 m/s refers to the velocity of B just before collision, 
then the velocity of B just after the collision must be 


(Vp. = 3 m/s > Ans. 


Substituting this result into Eq. (1), we obtain 
wh = 1-3 m/s = -2m/s = 2m/s — 


(v4) =3m/s (vg), =2m/s 


150(9.81) N 150(9.81) N 
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Fig. 15-10 


An 800-kg rigid pile shown in Fig. 15-10a is driven into the ground using 
a 300-kg hammer. The hammer falls from rest at a height yọ = 0.5 m 
and strikes the top of the pile. Determine the impulse which the pile 
exerts on the hammer if the pile is surrounded entirely by loose sand so 
that after striking, the hammer does riot rebound off the pile. 


SOLUTION 


Conservation of Energy. The velocity at which the hammer 
strikes the pile can be determined using the conservation of energy 
equation applied to the hammer. With the datum at the top of the 
pile, Fig. 15-10a, we have 


To + Vo = T + Vi 
1 2 1 2 
7”u n) + Wpyo = ?u Qui + Way 


1 
0 + 300(9.81) N(0.5 m) = 5300 kg)(v,)} + 0 
(vp = 3.132 m/s 


Free-Body Diagram. From the physical aspects of the problem, the 
free-body diagram of the hammer and pile, Fig. 15-105, indicates that 
during the short time from just before to just after the collision, the 
weights of the hammer and pile and the resistance force F, of the sand 
are all nonimpulsive. The impulsive force R is internal to the system 
and therefore cancels. Consequently, momentum is conserved in the 
vertical direction during this short time. 

Conservation of Momentum. Since the hammer does not rebound 
off the pile just after collision, then (05); = (vp). = V2. 


(+1) mg(vg), + mp(vp), = Myv + Mpo 
(300 kg)(3.132 m/s) + 0 = (300 kg)v, + (800 kg)v, 
V2 = 0.8542 m/s 


Principle of Impulse and Momentum. The impulse which the pile 
imparts to the hammer can now be determined since v; is known. From 
the free-body diagram for the hammer, Fig. 15-10c, we have 


ty 
(+1) mg(Ug) + a Fydt = myo 
t 
(300 kg)(3.132 m/s) — E dt — (300 kg)(0.8542 m/s) 


[5 - ovs Ans. 


NOTE: The equal but opposite impulse acts on the pile. Try finding this 
impulse by applying the principle of impulse and momentum to the pile. 
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EXAMPLE | 15.7 


The 80-kg man can throw the 20-kg box horizontally at 4 m/s when 
standing on the ground. If instead he firmly stands in the 120-kg boat 
and throws the box, as shown in the photo, determine how far the boat 
will move in three seconds. Neglect water resistance. 


SOLUTION 


Free-Body Diagram. If the man, boat, and box are considered as a 
single system, the horizontal forces between the man and the boat and 
the man and the box become internal to the system, Fig. 15-11a, and so 
linear momentum will be conserved along the x axis. 





Conservation of Momentum. When writing the conservation of 
momentum equation, it is important that the velocities be measured 
from the same inertial coordinate system, assumed here to be fixed. 
From this coordinate system, we will assume that the boat and man go 
to the right while the box goes to the left, as shown in Fig. 15-115. 

Applying the conservation of linear momentum to the man, boat, 
box system, 











G5) O-+ 0-0 — nm Mg) Up = Minox Ubox 
0 = (80 kg + 120 kg) v; — (20 kg) vpox 
Ubox = 10 Up (1) 
Kinematics. Since the velocity of the box relative to the man (and 
boat), Vpox/p, is known, then v; can also be related to vy, using the 
relative velocity equation. 
(3) Ubox = Vp + Vpox/b 


—Vpox — Up — 4 m/s 


Solving Eqs. (1) and (2), 


Upox = 3.64 m/s — 
t, = 0.3636 m/s > 
The displacement of the boat in three seconds is therefore 


Sp = Upt = (0.3636 m/s)(3 s) = 1.09 m 
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- Recoil spring 


Fig. 15-12 


The 1200-Ib cannon shown in Fig. 15-12a fires an 8-Ib projectile with a 
muzzle velocity of 1500 ft/s measured relative to the cannon. If firing 
takes place in 0.03 s, determine the recoil velocity of the cannon just 
after firing. The cannon support is fixed to the ground, and the 
horizontal recoil of the cannon is absorbed by two springs. 


SOLUTION 


Part (a) Free-Body Diagram.* As shown in Fig. 15-125, we will 
consider the projectile and cannon as a single system, since the 
impulsive forces, F and —F, between the cannon and projectile are 
internal to the system and will therefore cancel from the analysis. 
Furthermore, during the time At = 0.03 s, the two recoil springs which 
are attached to the support each exert a nonimpulsive force F, on the 
cannon. This is because At is very short, so that during this time the 
cannon only moves through a very small distance s. Consequently, 
F, = ks ~ 0, where k is the spring's stiffness, which is also considered 
to be relatively small. Hence it can be concluded that momentum for 
the system is conserved in the horizontal direction. 


Conservation of Linear Momentum. 


(35) mv.) + m (0p) = —m(w) + m yp); 
_ (( 12001b 8 Ib 
Sou Gr s teh d C us Jen: 
(v5); = 150 (v); (1) 


These unknown velocities are measured by a fixed observer. As in 
Example 15-7 they can also be related using the relative velocity 
equation. 


4 (Vp)2 E (V_)2 T Vp/c 


(v5); mE —(v,)2 + 1500 ft/s (2) 
Solving Eqs. (1) and (2) yields 
(v); = 9.93 ft/s Ans. 


(vp). = 1490 ft/s 


3 Apply the principle of impulse and momentum to the projectile (or 


the cannon) and show that the average impulsive force on the 
projectile is 12.3 kip. 


NOTE: If the cannon is firmly fixed to its support (no springs), the 
reactive force of the support on the cannon must be considered as an 
external impulse to the system, since the support would allow no 
movement of the cannon. In this case momentum is not conserved. 


*Only horizontal forces are shown on the free-body diagram. 
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m FUNDAMENTAL PROBLEMS 


F15-7. The freight cars A and B have a mass of 20 Mg and 
15 Mg, respectively. Determine the velocity of A after 
collision if the cars collide and rebound, such that B moves 
to the right with a speed of 2 m/s. If A and B are in contact 
for 0.5s, find the average impulsive force which acts 
between them. 


3 m/s 





Prob. F15-7 


F15-8. The cart and package have a mass of 20 kg and 
5 kg, respectively. If the cart has a smooth surface and it is 
initially at rest, while the velocity of the package is as shown, 
determine the final common velocity of the cart and 
package after the impact. 





10 m/s 





Prob. F15-8 


F15-9. The 5-kg block A has an initial speed of 5 m/s as it 
slides down the smooth ramp, after which it collides with 
the stationary block B of mass 8 kg. If the two blocks couple 
together after collision, determine their common velocity 
immediately after collision. 








Prob. F15-9 


F15-10. The spring is fixed to block A and block B is 
pressed against the spring. If the spring is compressed 
s — 200 mm and then the blocks are released, determine 
their velocity at the instant block B loses contact with the 
spring. The masses of blocks A and B are 10 kg and 15 kg, 
respectively. 


k — 5kN/m 





Prob. F15-10 


F15-11. Blocks A and B have a mass of 15 kg and 10 kg, 
respectively. If A is stationary and B has a velocity of 15 m/s 
just before collision, and the blocks couple together after 
impact, determine the maximum compression of the spring. 


15 m/s 


k — 10 kN/m piura 


Prob. F15-11 


F15-12. The cannon and support without a projectile 
have a mass of 250 kg. If a 20-kg projectile is fired from the 
cannon with a velocity of 400 m/s, measured relative to the 
cannon, determine the speed of the projectile as it leaves 
the barrel of the cannon. Neglect rolling resistance. 





Prob. F15-12 
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erosen RN 


15-35. The 5-Mg bus B is traveling to the right at 20 m/s. 
Meanwhile a 2-Mg car A is traveling at 15 m/s to the right. 
If the vehicles crash and become entangled, determine their 
common velocity just after the collision. Assume that the 
vehicles are free to roll during collision. 








Prob. 15-35 


*15-36. The 50-kg boy jumps on the 5-kg skateboard with 
a horizontal velocity of 5 m/s. Determine the distance s the 
boy reaches up the inclined plane before momentarily 
coming to rest. Neglect the skateboard’s rolling resistance. 


i 








Prob. 15-36 


15-37. The 2.5-Mg pickup truck is towing the 1.5-Mg car 
using a cable as shown. If the car is initially at rest and the 
truck is coasting with a velocity of 30 km/h when the cable is 
slack, determine the common velocity of the truck and the car 
just after the cable becomes taut. Also, find the loss of energy. 


30 km/h 


+ — 


wm <= 


Prob. 15-37 


15-38. A railroad car having a mass of 15 Mg is coasting at 
1.5 m/s on a horizontal track. At the same time another car 
having a mass of 12 Mg is coasting at 0.75 m/s in the 
opposite direction. If the cars meet and couple together, 
determine the speed of both cars just after the coupling. 
Find the difference between the total kinetic energy before 
and after coupling has occurred, and explain qualitatively 
what happened to this energy. 


15-39. A ballistic pendulum consists of a 4-kg wooden 
block originally at rest, 0 = 0°. When a 2-g bullet strikes and 
becomes embedded in it, it is observed that the block swings 
upward to a maximum angle of 0 = 6°. Estimate the initial 
speed of the bullet. 








Prob. 15-39 


*15-40. The boy jumps off the flat car at A with a velocity 
of v = 4 ft/s relative to the car as shown. If he lands on the 
second flat car B, determine the final speed of both cars 
after the motion. Each car has a weight of 80 Ib. The boy's 
weight is 60 Ib. Both cars are originally at rest. Neglect the 
mass of the car's wheels. 


v = 4 ft/s 





Prob. 15-40 
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15-41. A 0.03-Ib bullet traveling at 1300 ft/s strikes the 
10-Ib wooden block and exits the other side at 50 ft/s as 
shown. Determine the speed of the block just after the 
bullet exits the block, and also determine how far the block 
slides before it stops. The coefficient of kinetic friction 
between the block and the surface is u, = 0.5. 


15-42. A 0.03-Ib bullet traveling at 1300 ft/s strikes the 
10-Ib wooden block and exits the other side at 50 ft/s as 
shown. Determine the speed of the block just after the bullet 
exits the block. Also, determine the average normal force on 
the block if the bullet passes through it in 1 ms, and the time 
the block slides before it stops. The coefficient of kinetic 
friction between the block and the surface is uu; = 0.5. 





Probs. 15-41/42 


15-43. The 20-g bullet is traveling at 400 m/s when it 
becomes embedded in the 2-kg stationary block. Determine 
the distance the block will slide before it stops. The 
coefficient of kinetic friction between the block and the 
plane is u; = 0.2. 


400 m/s 
——- 
O C 


Prob. 15-43 





*15-44. A toboggan having a mass of 10 kg starts from rest 
at A and carries a girl and boy having a mass of 40 kg and 
45 kg, respectively. When the toboggan reaches the bottom 
of the slope at B, the boy is pushed off from the back with a 
horizontal velocity of vp; = 2 m/s, measured relative to the 
toboggan. Determine the velocity of the toboggan 
afterwards. Neglect friction in the calculation. 











Prob. 15-44 


15-45. The block of mass m travels at v, in the direction 
6, shown at the top of the smooth slope. Determine its 
speed v» and its direction 05 when it reaches the bottom. 





Prob. 15-45 
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15-46. The two blocks A and B each have a mass of 5 kg 15-49. A boy A having a weight of 80 Ib and a girl B having 


and are suspended from parallel cords. A spring, having a a weight of 65 Ib stand motionless at the ends of the toboggan, 
stiffness of k = 60 N/m, is attached to B and is compressed which has a weight of 20 Ib. If they exchange positions, A 
0.3 m against A and B as shown. Determine the maximum going to B and then B going to A’s original position, 
angles 0 and ¢ of the cords when the blocks are released determine the final position of the toboggan just after the 
from rest and the spring becomes unstretched. motion. Neglect friction between the toboggan and the snow. 


15-50. A boy A having a weight of 80 Ib and a girl B having a 
weight of 65 Ib stand motionless at the ends of the toboggan, 
which has a weight of 20 Ib. If A walks to B and stops, and both 
walk back together to the original position of A, determine the 
final position of the toboggan just after the motion stops. 
Neglect friction between the toboggan and the snow. 





15-47. The 30-Mg freight car A and 15-Mg freight car B 
are moving towards each other with the velocities shown. 


Determine the maximum compression of the spring e 4 ft st 
mounted on car A. Neglect rolling resistance. 
Probs. 15-49/50 





15-51. The 10-Mg barge B supports a 2-Mg automobile A. 

Prob. 15-47 If someone drives the automobile to the other side of the 
barge, determine how far the barge moves. Neglect the 
resistance of the water. 


*15-48. Blocks A and B have masses of 40 kg and 60 kg, 
respectively. They are placed on a smooth surface and the 
spring connected between them is stretched 2 m. If they are 
released from rest, determine the speeds of both blocks the 
instant the spring becomes unstretched. 











- 40m - 
A 
LITITIIIIITITITÓI SERMENP 
-p E 





Prob. 15-51 
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*15-52. The free-rolling ramp has a mass of 40 kg. A 10-kg 
crate is released from rest at A and slides down 3.5 m to 
point B. If the surface of the ramp is smooth, determine the 
ramp's speed when the crate reaches B. Also, what is the 
velocity of the crate? 








Prob. 15-52 


15-53. Block A has a mass of 5 kg and is placed on the 
smooth triangular block B having a mass of 30 kg. If the 
system is released from rest, determine the distance B 
moves from point O when A reaches the bottom. Neglect 
the size of block A. 


15-54. Solve Prob. 15-53 if the coefficient of kinetic 
friction between A and B is up = 0.3. Neglect friction 
between block B and the horizontal plane. 








ee 


Probs. 15-53/54 
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15-55. The cart has a mass of 3 kg and rolls freely from A 
down the slope. When it reaches the bottom, a spring loaded 
gun fires a 0.5-kg ball out the back with a horizontal velocity 
of vp/c = 0.6 m/s, measured relative to the cart. Determine 
the final velocity of the cart. 











Prob. 15-55 


*15-56. Two boxes A and B, each having a weight of 160 Ib, 
sit on the 500-Ib conveyor which is free to roll on the ground. 
If the belt starts from rest and begins to run with a speed of 
3 ft/s, determine the final speed of the conveyor if (a) the 
boxes are not stacked and A falls off then B falls off, and 
(b) A is stacked on top of B and both fall off together. 











Prob. 15-56 


15-57. 'The 10-kg block is held at rest on the smooth 
inclined plane by the stop block at A. If the 10-g bullet is 
traveling at 300 m/s when it becomes embedded in the 
10-kg block, determine the distance the block will slide up 
along the plane before momentarily stopping. 





Prob. 15-57 
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Plane of contact 







B 





| Central impact ] 
(a) 


Plane of contact 


B 


a) 
: NS, 


| Oblique impact 


(b) 
Fig. 15-13 


ma(vA) mp(vg)i 


——- ——- 
Require i 
ie (va)ı > (YB) E 


(a) 


co 
A B 


Effect of A on B Effect of B on A 


Deformation impulse 


(b) 


vg Line of impact 


Line of impact 


Maximum deformation 





15.4 Impact 


Impact occurs when two bodies collide with each other during a very short 
period of time, causing relatively large (impulsive) forces to be exerted 
between the bodies. The striking of a hammer on a nail, or a golf club on 
a ball, are common examples of impact loadings. 

In general, there are two types of impact. Central impact occurs when 
the direction of motion of the mass centers of the two colliding particles 
is along a line passing through the mass centers of the particles. This 
line is called the line of impact, which is perpendicular to the plane of 
contact, Fig. 15-13a. When the motion of one or both of the particles 
make an angle with the line of impact, Fig. 15-135, the impact is said to 
be oblique impact. 


Central Impact. To illustrate the method for analyzing the mechanics 
of impact, consider the case involving the central impact of the two particles 
A and B shown in Fig. 15-14. 


e The particles have the initial momenta shown in Fig. 15-14a. 
Provided (04 > (vg), collision will eventually occur. 


e During the collision the particles must be thought of as deformable 
or nonrigid. The particles will undergo a period of deformation such 
that they exert an equal but opposite deformation impulse J P dt on 
each other, Fig. 15-14b. 


e Only at the instant of maximum deformation will both particles 
move with a common velocity v, since their relative motion is zero, 
Fig. 15-14c. 


e Afterward a period of restitution occurs, in which case the particles 
will either return to their original shape or remain permanently 
deformed. The equal but opposite restitution impulse f Rdt 
pushes the particles apart from one another, Fig. 15—14d. In reality, 
the physical properties of any two bodies are such that the 
deformation impulse will always be greater than that of restitution, 
i.e., f Pat > fR dt. 


e Just after separation the particles will have the final momenta 
shown in Fig. 15-14e, where (vg) > (vy). 


v JR a dt ma(Va)2 ma(Vp)2 
—— - —- —— 
AB Bie o OQ 


@ Effect of A on B Effect of B on A 


AB 


A (g-(vAh B 


(c) (d) (e) 
Fig. 15-14 


In most problems the initial velocities of the particles will be known, 
and it will be necessary to determine their final velocities (v4); and (vg). 
In this regard, momentum for the system of particles is conserved since 
during collision the internal impulses of deformation and restitution 
cancel. Hence, referring to Fig. 15-14a and Fig. 15-14e we require 


(4) ma(vah + m(vgh = m (v4b + my(vpy (15-10) 


In order to obtain a second equation necessary to solve for (v4); and 
(Vg), we must apply the principle of impulse and momentum to each 
particle. For example, during the deformation phase for particle A, 
Figs. 15-14a, 15-145, and 15-14c, we have 


(5) mawa — fpa = mv 
For the restitution phase, Figs. 15-14c, 15-14d, and 15-14e, 
(5) mav — [Ra = mo 


The ratio of the restitution impulse to the deformation impulse is 
called the coefficient of restitution, e. From the above equations, this value 
for particle A is 


Rd 
d v (vay 


i J Pdt (v4) — v 


In a similar manner, we can establish e by considering particle B, 
Fig. 15-14. This yields 





Rd 
d ' (eph — v 


t [re v — (vs) 


If the unknown v is eliminated from the above two equations, the 
coefficient of restitution can be expressed in terms of the particles' initial 
and final velocities as 








_ (pz — wah 


= TX CENT 


(15-11) 
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IMPACT 
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The quality of a manufactured tennis ball is 
measured by the height of its bounce, which 
can be related to its coefficient of restitution. 
Using the mechanics of oblique impact, 
engineers can design a separation device to 
remove substandard tennis balls from a 
production line. (© Gary S. Settles/Science 
Source) 





The mechanics of pool depends upon 
application of the conservation of momentum 
and the coefficient of restitution. 
(© R.C. Hibbeler) 


Provided a value for e is specified, Eqs. 15-10 and 15-11 can be solved 
simultaneously to obtain (vy) and (vg). In doing so, however, it is 
important to carefully establish a sign convention for defining the 
positive direction for both v4 and vg and then use it consistently when 
writing both equations. As noted from the application shown, and 
indicated symbolically by the arrow in parentheses, we have defined the 
positive direction to the right when referring to the motions of both A 
and B. Consequently, if a negative value results from the solution of 
either (v4) or (Vg), it indicates motion is to the left. 


Coefficient of Restitution. From Figs. 15-14a and 15-14e, it is 
seen that Eq. 15-11 states that e is equal to the ratio of the relative 
velocity of the particles’ separation just after impact, (vg). — (v4)5, to 
the relative velocity of the particles' approach just before impact, 
(v4) — (vg). By measuring these relative velocities experimentally, it 
has been found that e varies appreciably with impact velocity as well 
as with the size and shape of the colliding bodies. For these reasons the 
coefficient of restitution is reliable only when used with data which 
closely approximate the conditions which were known to exist when 
measurements of it were made. In general e has a value between zero 
and one, and one should be aware of the physical meaning of these two 
limits. 


Elastic Impact (e = 1). Tf the collision between the two particles 
is perfectly elastic, the deformation impulse ( f P dt) is equal and opposite 
to the restitution impulse ( f R dt). Although in reality this can never be 
achieved, e = 1 for an elastic collision. 


Plastic Impact (e = 0). The impact is said to be inelastic or plastic 
when e — 0. In this case there is no restitution impulse ( f Rdt = 0), so 
that after collision both particles couple or stick together and move with 
a common velocity. 

From the above derivation it should be evident that the principle of 
work and energy cannot be used for the analysis of impact problems 
since it is not possible to know how the internal forces of deformation 
and restitution vary or displace during the collision. By knowing the 
particle’s velocities before and after collision, however, the energy loss 
during collision can be calculated on the basis of the difference in the 
particle's kinetic energy. This energy loss, }U,_. = XT; — ÈT}, occurs 
because some of the initial kinetic energy of the particle is transformed 
into thermal energy as well as creating sound and localized deformation 
of the material when the collision occurs. In particular, if the impact is 
perfectly elastic, no energy is lost in the collision; whereas if the collision 
is plastic, the energy lost during collision is a maximum. 
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Procedure for Analysis (Central Impact) 


(v5); 
i Line of impact | 


| ne 


B) 


In most cases the final velocities of two smooth particles are to be 
determined just after they are subjected to direct central impact. b 
Provided the coefficient of restitution, the mass of each particle, and 1% 
each particle’s initial velocity just before impact are known, the (va) 
solution to this problem can be obtained using the following two Plane of contact 
equations: 








(a) 
e The conservation of momentum applies to the system of particles, 
ymv, = Xmv;. 


The coefficient of restitution,e = [(vg). — (v4)ol/[(v4)1 — (vp) il, 
relates the relative velocities of the particles along the line of 


impact, just before and just after collision. ma(VAx)1 fFdt | ma(vax)2 g 
When applying these two equations, the sense of an unknown L+ QZ = NAA 
velocity can be assumed. If the solution yields a negative magnitude, "m | 
the velocity acts in the opposite sense. uM 


TAM 





ju 


alim SFdt (8)- ( Dn 
Oblique Impact. When oblique impact occurs between two Q— 


smooth particles, the particles move away from each other with velocities | 
having unknown directions as well as unknown magnitudes. Provided the malay) 
initial velocities are known, then four unknowns are present in the (b) 
problem. As shown in Fig. 15-15a, these unknowns may be represented Fig. 15-15 
either as (v4)5, (vp)5, 05, and hz, or as the x and y components of the ad 
final velocities. 


Procedure for Analysis (Oblique Impact) 


If the y axis is established within the plane of contact and the x axis along the line of impact, the impulsive 
forces of deformation and restitution act only in the x direction, Fig. 15—15b. By resolving the velocity or 
momentum vectors into components along the x and y axes, Fig. 15-15), it is then possible to write four 
independent scalar equations in order to determine (v 4x) 2, (Vay) 2, (Vgx)2, and (Upy) 2. 

Momentum of the system is conserved along the line of impact, x axis, so that Xm(v,) ; = Xm(v,)5. 


The coefficient of restitution, e = [(vg,)2 — (V4x)2]/[(Vax)1 — (vp,)1], relates the relative-velocity 
components of the particles along the line of impact (x axis). 


If these two equations are solved simultaneously, we obtain (v4,) 2 and (vp) 2. 


Momentum of particle A is conserved along the y axis, perpendicular to the line of impact, since no impulse 
acts on particle A in this direction. As a result m4(v4,); = mA(vAy)2 or (04,)1 = (v4,)2 


Momentum of particle B is conserved along the y axis, perpendicular to the line of impact, since no impulse 
acts on particle B in this direction. Consequently (vp,) ; = (vp). 


Application of these four equations is illustrated in Example 15.11. 
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(b) 


(vg), = 0 | 
L 


— 
Ny 

e 

(vah = 13.90 ft/s 


Just before impact 


bh 6 


(V8) (vA) 


Just after impact 
(c) 
Fig. 15-16 
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The bag A, having a weight of 6 Ib, is released from rest at the position 
0 = 0°, as shown in Fig. 15-16a. After falling to 9 = 90°, it strikes an 
18-Ib box B. If the coefficient of restitution between the bag and box is 
e — 0.5, determine the velocities of the bag and box just after impact. 
What is the loss of energy during collision? 


SOLUTION 

This problem involves central impact. Why? Before analyzing the 
mechanics of the impact, however, it is first necessary to obtain the 
velocity of the bag just before it strikes the box. 


Conservation of Energy. With the datum at 0 = 0°, Fig. 15-165, 
we have 


To =F Vo = Ti + Vi 
1 6 Ib 
0+0=-— m 
2\ 32.2 ft/s 
Conservation of Momentum. After impact we will assume A and B 
travel to the left. Applying the conservation of momentum to the system, 
Fig. 15-16c, we have 
(a) mpg) + MaVah = mg(vgp + m (vA) 
6 Ib 18 1b 6 Ib 
+| ———— ](13.90 ft/s) =| — ————— 
(ss ft/s? ) /s) (5 ft/s? Jon E ft/s? Jon 


(v4); = 13.90 — 3(vg) 


Jet — 6 1b(3 ft);(v4), = 13.90 ft/s 


(1) 
Coefficient of Restitution. Realizing that for separation to occur 
after collision (vg) > (v4), Fig. 15-16c, we have 
e= (wsh — wak, gd ("pp — ab 
(vA) = (vp) 13.90 ft/s — 0 
(va) = (vp) — 6.950 


Ce) 
Q) 


Solving Eqs. 1 and 2 simultaneously yields 
(vak = —1.74 ft/s = 1.74 ft/s—> and (vgh = 5.21 ft/s — Ans. 
Loss of Energy. Applying the principle of work and energy to the 
bag and box just before and just after collision, we have 
ZU- = T, - Tı; 
1 18 Ib 1 6 Ib 
LU» = Ee 5.21 ft/s} + (5) 1.74 ft | 
i2 7 3 2n/2/ 021 WS + T ans) 074 S 
1 6 Ib 
= | — ](13.9 ft | 
ber JE [9 
XU, ;-— —10.ft-Ib Ans. 


NOTE: The energy loss occurs due to inelastic deformation during the 
collision. 


EXAMPLE | 15.10 


Ball B shown in Fig. 15-17a has a mass of 1.5 kg and is suspended from 
the ceiling by a 1-m-long elastic cord. If the cord is stretched downward 
0.25 m and the ball is released from rest, determine how far the cord 
stretches after the ball rebounds from the ceiling. The stiffness of the 
cord is k — 800 N/m, and the coefficient of restitution between the 
ball and ceiling is e — 0.8. The ball makes a central impact with the 
ceiling. 

SOLUTION 

First we must obtain the velocity of the ball just before it strikes the 
ceiling using energy methods, then consider the impulse and 
momentum between the ball and ceiling, and finally again use energy 
methods to determine the stretch in the cord. 


Conservation of Energy. With the datum located as shown in 
Fig. 15-17a, realizing that initially y = yg = (1 + 0.25) m = 1.25 m, 
we have 
To ar Vo = Tı SP Vi 
mW — Wayo + 5ks? = 5m(vg + 0 
0 — 1.5(9.81)N(1.25 m) + 4(800 N/m)(0.25 m? = 4(1.5 kg)(vgyt 
(vg) = 2.968 m/s 1 


The interaction of the ball with the ceiling will now be considered 
using the principles of impact.* Since an unknown portion of the mass 
of the ceiling is involved in the impact, the conservation of momentum 
for the ball-ceiling system will not be written. The “velocity” of this 
portion of ceiling is zero since it (or the earth) are assumed to remain 
at rest both before and after impact. 


Coefficient of Restitution. Fig. 15-175. 


_ (pz — (vA. cgo 1 
pcr Gp aie OS =o CENE 


(wsh = —2.374 m/s = 2.374 m/s | 


Conservation of Energy. The maximum stretch s3 in the cord can 
be determined by again applying the conservation of energy equation 
to the ball just after collision. Assuming that y = y3 = (1 + s3)m, 
Fig. 15-17c, then 

T» ale V5 = T3 ale V3 


imp + 0 = Lm(vgd — Way3 + +ks3 
1(1.5 kg)(2.37 m/s)? = 0 — 9.81(1.5) N(1 m + s3) + (800 N/m)s3 
400s; — 14.7155, — 18.94 = 0 


Solving this quadratic equation for the positive root yields 
53 = 0.237 m = 237 mm 


*The weight of the ball is considered a nonimpulsive force. 
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T E © 


k = 800N/m| y= (1 + 0.25) m 


B 


Do 





al [a = 2.97 m/s 
(b) 





Le ga 


k = 800 N/m y = (1 + s3) m 


Fig. 15-17 
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(vg); = 1 m/s 







X 
6, = 30°% 
B 


VA). = 3 m/s 
(va) / -Plane of contact 


(a) 


Line of impact 
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Two smooth disks A and B, having a mass of 1 kg and 2 kg, respectively, 
collide with the velocities shown in Fig. 15-18a. If the coefficient of 
restitution for the disks is e — 0.75, determine the x and y components 
of the final velocity of each disk just after collision. 


SOLUTION 
This problem involves oblique impact. Why? In order to solve it, we 
have established the x and y axes along the line of impact and the 
plane of contact, respectively, Fig. 15-18a. 

Resolving each of the initial velocities into x and y components, we 
have 


(U4,)1 = 3 cos 30° = 2.598 m/s 
(Up) = —1 cos 45? = —0.7071 m/s 


(Vay)1 = 3 sin 30° = 1.50 m/s 
(gy), = —1 sin 45°= —0.7071 m/s 


The four unknown velocity components after collision are assumed to 
act in the positive directions, Fig. 15-18b. Since the impact occurs in the 


"6 — fFdt ma(Vax)2 x direction (line of impact), the conservation of momentum for both 
— @+@<+=@— 


disks can be applied in this direction. Why? 








| Conservation of "x" Momentum. In reference to the momentum 
mata Dur diagrams, we have 
nid (3) Ma(Vax) + Mg(Vgx)ı = Ma(Vax)2 + Mp(UBy)2 
RA 1 kg(2.598 m/s) + 2 kg(—0.707 m/s) = 1 kg(v4,); + 2 kgg) 
Lm 20- och (wad + (Up) = 1.184 (1) 
ys Caeiie of Restitution (x). 
ma(Vpy)2 — ; = 
ES PE (Upx)2 Was), 075 = (Ugx)2 — (Vax)2 
(b) (a) — (959i 2.598 m/s — (—0.7071 m/s) 
(Up); — Wax) = 2.482 (2) 
Solving Eqs. 1 and 2 for (v4 x) and (vg); yields 
(vA); = —1.26 m/s = 1.26 m/s (vg); = 1.22 m/s > Ans. 


y 
(vah = 1.96 m/s 








6) = 50.00 N. A 
i x 
d, = 30.1° 
(vg); = 1.41 m/s 
(c) 
Fig. 15-18 


Conservation of "y" Momentum. The momentum of each disk is 
conserved in the y direction (plane of contact), since the disks are 
smooth and therefore no external impulse acts in this direction. From 
Fig. 15-18), 

(+1) maway) 


Œ D) mg@py) = mgg); 


1.50 m/s Î Ans. 
—0.707 m/s = 0.707 m/s | Ans. 


= ma(VAy)o; (v4); = 


(Up y)2 = 


NOTE: Show that when the velocity components are summed vectorially, 
one obtains the results shown in Fig. 15-18c. 
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m FUNDAMENTAL PROBLEMS 


F15-13. Determine the coefficient of restitution e between 
ball A and ball B. The velocities of A and B before and after 
the collision are shown. 


8 m/s 


2 m/s 











Before collision 


1 m/s 9 m/s 
— 


—- 
Q Q 


After collision 





Prob. F15-13 


F15-14. The 15-Mg tank car A and 25-Mg freight car B 
travel toward each other with the velocities shown. If the 
coefficient of restitution between the bumpers is e — 0.6, 
determine the velocity of each car just after the collision. 


5 m/s 


7 m/s 
ge 





Prob. F15-14 


F15-15. The 30-lb package A has a speed of 5 ft/s when it 
enters the smooth ramp. As it slides down the ramp, it 
strikes the 80-lb package B which is initially at rest. If the 
coefficient of restitution between A and B is e = 0.6, 
determine the velocity of B just after the impact. 














Prob. F15-15 


F15-16. The ball strikes the smooth wall with a velocity of 
(v5), = 20 m/s. If the coefficient of restitution between the 
ball and the wall is e = 0.75, determine the velocity of the 
ball just after the impact. 


(va) 
e| ^g 
30° 


(vp) = 20 m/s 


Prob. F15-16 


F15-17. Disk A has a mass of 2 kg and slides on the 
smooth horizontal plane with a velocity of 3 m/s. Disk B 
has a mass of 11 kg and is initially at rest. If after impact A 
has a velocity of 1 m/s, parallel to the positive x axis, 
determine the speed of disk B after impact. 





Prob. F15-17 


F15-18. Two disks A and B each have a mass of 1 kg and 
the initial velocities shown just before they collide. If the 
coefficient of restitution is e — 0.5, determine their speeds 
just after impact. 








— 
(vs) = 3 m/s 


Prob. F15-18 
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| | PROBLEMS 


15-58. Disk A has a mass of 250 g and is sliding on a 
smooth horizontal surface with an initial velocity 
(v4), = 2 m/s. It makes a direct collision with disk B, which 
has a mass of 175 g and is originally at rest. If both disks are 
of the same size and the collision is perfectly elastic (e = 1), 
determine the velocity of each disk just after collision. Show 
that the kinetic energy of the disks before and after collision 
is the same. 


15-59. The 5-Mg truck and 2-Mg car are traveling with the 
free-rolling velocities shown just before they collide. After 
the collision, the car moves with a velocity of 15km/h to the 
right relative to the truck. Determine the coefficient of 
restitution between the truck and car and the loss of energy 
due to the collision. 


30 km/h 


10 km/h 





Prob. 15-59 


*15-60. Disk A has a mass of 2 kg and is sliding forward 
on the smooth surface with a velocity (v4) = 5 m/s when it 
strikes the 4-kg disk B, which is sliding towards A at 
(vg), = 2 m/s, with direct central impact. If the coefficient 
of restitution between the disks is e — 0.4, compute the 
velocities of A and B just after collision. 


(va), = 5 m/s (vg) = 2 m/s 


— omens 
_—_ = 


A B 


Prob. 15-60 


15-61. The 15-kg block A slides on the surface for which 
pa, = 0.3. The block has a velocity v = 10 m/s when it is 
s = 4 m from the 10-kg block B. If the unstretched spring 
has a stiffness k = 1000 N/m, determine the maximum 
compression of the spring due to the collision. Take e = 0.6. 


—k = 1000 N/m = 





Prob. 15-61 


15-62. The four smooth balls each have the same mass m. 
If A and B are rolling forward with velocity v and strike C, 
explain why after collision C and D each move off with 
velocity v. Why doesn’t D move off with velocity 2v? The 
collision is elastic, e = 1. Neglect the size of each ball. 


15-63. The four balls each have the same mass m. If A 
and B are rolling forward with velocity v and strike C, 
determine the velocity of each ball after the first three 
collisions. Take e = 0.5 between each ball. 


Probs. 15-62/63 


*15-64. Ball A has a mass of 3 kg and is moving with a 
velocity of 8 m/s when it makes a direct collision with ball 
B, which has a mass of 2 kg and is moving with a velocity of 
4 m/s.If e — 0.7 determine the velocity of each ball just after 
the collision. Neglect the size of the balls. 


8 m/s 4 m/s 
——— — 


o w -/ 


Prob. 15-64 


15-65. A 1-lb ball A is traveling horizontally at 20 ft/s 
when it strikes a 10-Ib block B that is at rest. If the coefficient 
of restitution between A and B ise = 0.6,and the coefficient 
of kinetic friction between the plane and the block is 
uk = 0.4, determine the time for the block B to stop sliding. 


15-66. Block A, having a mass 7n, is released from rest, 
falls a distance h and strikes the plate B having a mass 2m. If 
the coefficient of restitution between A and B is e, determine 
the velocity of the plate just after collision. The spring has a 
stiffness k. 





Prob. 15-66 


15-67. The three balls each weigh 0.5 lb and have a 
coefficient of restitution of e — 0.85. If ball A is released 
from rest and strikes ball B and then ball B strikes ball C, 
determine the velocity of each ball after the second collision 
has occurred. The balls slide without friction. 











Prob. 15-67 
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*15-68. A pitching machine throws the 0.5-kg ball toward 
the wall with an initial velocity v4 — 10 m/s as shown. 
Determine (a) the velocity at which it strikes the wall at B, 
(b) the velocity at which it rebounds from the wall if e — 0.5, 
and (c) the distance s from the wall to where it strikes the 
ground at C. 






v, = 10 m/s 
: a 
1.5m 


| 












< S 





Prob. 15-68 


15-69. A 300-g ball is kicked with a velocity of v = 25 m/s 
at point A as shown. If the coefficient of restitution between 
the ball and the field is e = 0.4, determine the magnitude 
and direction 6 of the velocity of the rebounding ball at B. 


va = 25 m/s 
V'p 
IN 30° 
B A 


Prob. 15-69 


15-70. Two smooth spheres A and B each have a mass m. 
If A is given a velocity of vp, while sphere B is at rest, 
determine the velocity of B just after it strikes the wall. The 
coefficient of restitution for any collision is e. 


Vo 
——- 


A B 





Prob. 15-70 
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15-71. It was observed that a tennis ball when served 
horizontally 75 ft above the ground strikes the smooth 
ground at B 20 ft away. Determine the initial velocity v4 of 
the ball and the velocity vg (and 0) of the ball just after it 
strikes the court at B. Take e — 0.7. 


*15-72. The tennis ball is struck with a horizontal velocity 
va» Strikes the smooth ground at B, and bounces upward at 
0 = 30°. Determine the initial velocity v4, the final velocity 
vg. and the coefficient of restitution between the ball and 
the ground. 


7.5 ft 


20 ft —- 


Probs. 15-71/72 





-~ 


15-73. Two smooth disks A and B each have a mass of 0.5 kg. 
If both disks are moving with the velocities shown when they 
collide, determine their final velocities just after collision. The 
coefficient of restitution is e = 0.75. 


15-74. Two smooth disks A and B each have a mass of 0.5 kg. 
If both disks are moving with the velocities shown when they 
collide, determine the coefficient of restitution between the 
disks if after collision B travels along a line, 30° counterclockwise 
from the y axis. 


(v4) = 6 m/s 





Probs. 15-73/74 


15-75. The 0.5-kg ball is fired from the tube at A with 
a velocity of v — 6 m/s. If the coefficient of restitution 
between the ball and the surface is e — 0.8, determine the 
height A after it bounces off the surface. 


v — 6mj/s 30 





Prob. 15-75 


*15—76. A ball of mass m is dropped vertically from a 
height hg above the ground. If it rebounds to a height of h4, 
determine the coefficient of restitution between the ball 
and the ground. 








Prob. 15-76 


15-77. The cue ball A is given an initial velocity 
(vA) = 5 m/s. If it makes a direct collision with ball 
B (e — 0.8), determine the velocity of B and the angle 0 just 
after it rebounds from the cushion at C (e' = 0.6). Each ball 
has a mass of 0.4 kg. Neglect their size. 





Prob. 15-77 


15-78. Using a slingshot, the boy fires the 0.2-Ib marble at the 
concrete wall, striking it at B. If the coefficient of restitution 
between the marble and the wall is e = 0.5, determine the 
speed of the marble after it rebounds from the wall. 





va = 75 ft/s 





100 ft | 








Prob. 15-78 
15-79. The two disks A and B have a mass of 3 kg and 5 kg, 
respectively. If they collide with the initial velocities shown, 


determine their velocities just after impact. The coefficient 
of restitution is e — 0.65. 


(vg) = 7 m/s 


(v4)1 = 6 m/s e AS Line of impact 





Prob. 15-79 


*15-80. A ball of negligible size and mass m is given a 
velocity of vp on the center of the cart which has a mass M 
and is originally at rest. If the coefficient of restitution 
between the ball and walls A and B is e, determine the 
velocity of the ball and the cart just after the ball strikes A. 
Also, determine the total time needed for the ball to strike A, 
rebound, then strike B, and rebound and then return to the 
center of the cart. Neglect friction. 























Prob. 15-80 
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15-81. The girl throws the 0.5-kg ball toward the wall with 
an initial velocity v4 = 10m/s. Determine (a) the velocity 
at which it strikes the wall at B, (b) the velocity at which it 
rebounds from the wall if the coefficient of restitution 
e — 0.5, and (c) the distance s from the wall to where it 
strikes the ground at C. 

















Prob. 15-81 


15-82. The 20-lb box slides on the surface for which 
Ma = 03. The box has a velocity v = 15 ft/s when it is 2 ft 
from the plate. If it strikes the smooth plate, which has a 
weight of 10 Ib and is held in position by an unstretched 
spring of stiffness k = 400 lb/ft, determine the maximum 
compression imparted to the spring. Take e — 0.8 between 
the box and the plate. Assume that the plate slides smoothly. 


v — 15 ft/s 





Prob. 15-82 


15-83. The 10-Ib collar B is at rest, and when it is in the 
position shown the spring is unstretched. If another 1-Ib 
collar A strikes it so that B slides 4 ft on the smooth rod 
before momentarily stopping, determine the velocity of A 
just after impact, and the average force exerted between A 
and B during the impact if the impact occurs in 0.002 s. 
The coefficient of restitution between A and B is e — 0.5. 






k — 20 Ib/ft 


Prob. 15-83 
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*15-84. A ballis thrown onto a rough floor at an angle 0. 
If it rebounds at an angle $ and the coefficient of kinetic 
friction is u, determine the coefficient of restitution e. 
Neglect the size of the ball. Hint: Show that during impact, 
the average impulses in the x and y directions are related by 
I, = ul. Since the time ofimpactisthe same, F, At = uF, At 
or F, = uF,. 


15-85. A ball is thrown onto a rough floor at an angle of 
0 = 45°. If it rebounds at the same angle $ = 45°, determine 
the coefficient of kinetic friction between the floor and the 
ball. The coefficient of restitution is e = 0.6. Hint: Show 
that during impact, the average impulses in the x and y 
directions are related by /, = ul. Since the time of impact 
is the same, F, At = uF, At or F, = pF,. 


w | 
ES / 
PN A \ 


J hy x $ 
[ NA = 











Probs. 15-84/85 


15-86. Two smooth billiard balls A and B each have a 
mass of 200 g. If A strikes B with a velocity (v4); = 1.5 m/s 
as shown, determine their final velocities just after collision. 
Ball B is originally at rest and the coefficient of restitution is 
e — 0.85. Neglect the size of each ball. 








Prob. 15-86 


15-87. The "stone" A used in the sport of curling slides 
over the ice track and strikes another “stone” B as shown. If 
each “stone” is smooth and has a weight of 47 lb, and the 
coefficient of restitution between the “stones” is e = 0.8, 
determine their speeds just after collision. Initially A has a 
velocity of 8 ft/s and B is at rest. Neglect friction. 


*15-88. The "stone" A used in the sport of curling slides 
over the ice track and strikes another “stone” B as shown. If 
each “stone” is smooth and has a weight of 47 lb, and the 
coefficient of restitution between the “stone” is e = 0.8, 
determine the time required just after collision for B to 
slide off the runway. This requires the horizontal component 
of displacement to be 3 ft. 


al 


ex 







(vs = 8ft/s v. 


Probs. 15-87/88 


15-89. Two smooth disks A and B have the initial velocities 
shown just before they collide. If they have masses 
ma = 4kg and mg = 2 kg, determine their speeds just after 
impact. The coefficient of restitution is e = 0.8. 





Ug = 8 m/s 


Prob. 15-89 


15-90. Before a cranberry can make it to your dinner 
plate, it must pass a bouncing test which rates its quality. If 
cranberries having an e = 0.8 are to be accepted, determine 
the dimensions d and h for the barrier so that when a 
cranberry falls from rest at A it strikes the incline at B and 
bounces over the barrier at C. 





Prob. 15-90 


15-91. The 200-g billiard ball is moving with a speed of 
2.5 m/s when it strikes the side of the pool table at A. If the 
coefficient of restitution between the ball and the side of 
the table is e = 0.6, determine the speed of the ball just after 
striking the table twice, i.e., at A, then at B. Neglect the size 
of the ball. 





Prob. 15-91 
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*15-92. The two billiard balls A and B are originally in 
contact with one another when a third ball C strikes each of 
them at the same time as shown. If ball C remains at rest 
after the collision, determine the coefficient of restitution. 
All the balls have the same mass. Neglect the size of 
each ball. 





Prob. 15-92 


15-93. Disks A and B have a mass of 15 kg and 10 kg, 
respectively. If they are sliding on a smooth horizontal plane 
with the velocities shown, determine their speeds just after 
impact. The coefficient of restitution between them is 
e — 0.8. 





Prob. 15-93 
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Fig. 15-19 








S 
ad Ho =r X my 


Fig. 15-20 





15.5 Angular Momentum 


The angular momentum of a particle about point O is defined as the 
“moment” of the particle’s linear momentum about O. Since this concept 
is analogous to finding the moment of a force about a point, the angular 
momentum, Hp, is sometimes referred to as the moment of momentum. 


Scalar Formulation. If a particle moves along a curve lying in 
the x-y plane, Fig. 15-19, the angular momentum at any instant can be 
determined about point O (actually the z axis) by using a scalar 
formulation. The magnitude of Ho is 





| Ho), = (ine) | (15-12) 





Here d is the moment arm or perpendicular distance from O to the line 
of action of mv. Common units for (Ho), are kg : m/s or slug: ft?/s. The 
direction of Ho is defined by the right-hand rule. As shown, the curl of the 
fingers of the right hand indicates the sense of rotation of mv about O, 
so that in this case the thumb (or Ho) is directed perpendicular to the 
x—y plane along the +z axis. 


Vector Formulation. If the particle moves along a space curve, 
Fig. 15-20, the vector cross product can be used to determine the angular 
momentum about O. In this case 


Ho = rX mv (15-13) 


Here r denotes a position vector drawn from point O to the particle. As 
shown in the figure, Ho is perpendicular to the shaded plane containing r 
and mv. 

In order to evaluate the cross product, r and mv should be expressed 
in terms of their Cartesian components, so that the angular momentum 
can be determined by evaluating the determinant: 





Ho =|", r5 y (15-14) 
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15.6 Relation Between Moment of 
a Force and Angular Momentum 
The moments about point O of all the forces acting on the particle in 
Fig. 15-21a can be related to the particle's angular momentum by applying 
the equation of motion. If the mass of the particle is constant, we may write 
EF = mv 
The moments of the forces about point O can be obtained by performing 
a cross-product multiplication of each side of this equation by the 


position vector r, which is measured from the x, y, z inertial frame of 
reference. We have 


XMoQ-rxXF-rXmv 


From Appendix B, the derivative of r X mv can be written as 


: d 
Ho = 70 X mv) = eX mv +rX mv 


The first term on the right side, r X mv = m(r X r) = 0, since the cross 
product of a vector with itself is zero. Hence,the above equation becomes 


which states that the resultant moment about point O of all the forces acting 
on the particle is equal to the time rate of change of the particle's angular 
momentum about point O. This result is similar to Eq. 15-1, i.e., 











Spr (15-16) 





Here L — mv, so that the resultant force acting on the particle is equal to 
the time rate of change of the particle's linear momentum. 

From the derivations, it is seen that Eqs. 15-15 and 15-16 are actually 
another way of stating Newton's second law of motion. In other sections 
of this book it will be shown that these equations have many practical 
applications when extended and applied to problems involving either a 
system of particles or a rigid body. 











O 


Inertial coordinate 
system 


(a) 
Fig. 15-21 
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System of Particles. An equation having the same form as 
Eq. 15-15 may be derived for the system of particles shown in 
Fig. 15-215. The forces acting on the arbitrary ith particle of the system 
consist of a resultant external force F; and a resultant internal force f;. 
Expressing the moments of these forces about point O, using the form of 
Eq. 15-15, we have 


(5 X F) + m X f) = (Ao 


Here (Hj, is the time rate of change in the angular momentum of the 
ith particle about O. Similar equations can be written for each of the 
other particles of the system. When the results are summed vectorially, 
the result is 


Sy X F) Xa Xf) = X(Hpo 


The second term is zero since the internal forces occur in equal but opposite 
collinear pairs, and hence the moment of each pair about point O is zero. 
Dropping the index notation, the above equation can be written in a 
simplified form as 


XMe = Ho (15-17) 


which states that the sum of the moments about point O of all the external 
forces acting on a system of particles is equal to the time rate of change of 
the total angular momentum of the system about point O. Although O has 
been chosen here as the origin of coordinates, it actually can represent 
any fixed point in the inertial frame of reference. 





Inertial coordinate 
system 


(b) 
Fig. 15-21 (cont.) 


15.6 RELATION BETWEEN MOMENT OF A FORCE AND ANGULAR MOMENTUM 


EXAMPLE | 15.12 


The box shown in Fig. 15—22a has a mass m and travels down the smooth 
circular ramp such that when it is at the angle 0 it has a speed v. 
Determine its angular momentum about point O at this instant and the 
rate of increase in its speed, i.e., a. 

EU sin 0 














Fig. 15-22 


SOLUTION 


Since v is tangent to the path, applying Eq. 15-12 the angular 
momentum is 


Ho — rmv2 Ans. 


The rate of increase in its speed (dv/dr) can be found by applying 
Eq. 15-15. From the free-body diagram of the box, Fig. 15-22b,it can be 
seen that only the weight W — mg contributes a moment about point O. 
We have 


, d 
C -XMg = Hg; mg(r sin 0) = am) 
Since r and m are constant, 
dv 


mer sin @ = rm — 
: dt 


d 
A = gsin 0 Ans. 


NOTE: This same result can, of course, be obtained from the equation 
of motion applied in the tangential direction, Fig. 15-22b, i.e., 


d 
+/2F, = ma; mg sin 0 = n( 2) 


d 
^T ssinó 
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15.7 Principle of Angular Impulse 
and Momentum 


Principle of Angular Impulse and Momentum. If Eq. 15-15 
is rewritten in the form >Mj dt = dH, and integrated, assuming that at 
time f = fj, H5 = (Ho), and at time t = f, Hy = (Ho), we have 


zf Mo dt = (Ho) — (Ho); 


or 


(H9 + X J Modi = (Ho) (15-18) 


This equation is referred to as the principle of angular impulse and 
momentum. The initial and final angular momenta (Ho), and (Ho), are 
defined as the moment of the linear momentum of the particle 
(Ho = r X mv) at the instants ¢, and f, respectively. The second term on 
the left side, > f Mo dt, is called the angular impulse. It is determined by 
integrating, with respect to time, the moments of all the forces acting on 
the particle over the time period ż to f. Since the moment of a force 
about point O is My = r X F, the angular impulse may be expressed in 
vector form as 





h h 
angular impulse = ii Modt = J (r X F) dt | (15-19) 
ti ti 








Here r is a position vector which extends from point O to any point on 
the line of action of F. 

In a similar manner, using Eq. 15-18, the principle of angular impulse 
and momentum for a system of particles may be written as 


xo, + x | Modi = Xeto» (15-20) 
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Here the first and third terms represent the angular momenta of all the 
particles [XHo = X(r X mvj) at the instants t; and £j. The second term 
is the sum of the angular impulses given to all the particles from f, to t». 
Recall that these impulses are created only by the moments of the external 
forces acting on the system where, for the ith particle, My = r; X F;. 


Vector Formulation. Using impulse and momentum principles, it 
is therefore possible to write two equations which define the particle's 
motion, namely, Eqs. 15-3 and Eqs. 15-18, restated as 








h 
m + 3 f F dt = mv; 
^ (15-21) 


(Ho); + a Modt = (Ho) 











Scalar Formulation. In general, the above equations can be 
expressed in x, y, z component form. If the particle is confined to move in 
the x-y plane, then three scalar equations can be written to express the 
motion, namely, 





mo) + X i F,dt = mw) 


m(v,), + =| F, dt = mw) (15-22) 








(Ho), + 3 Modt = (Ho); 





The first two of these equations represent the principle of linear impulse 
and momentum in the x and y directions, which has been discussed in 
Sec. 15-1, and the third equation represents the principle of angular 
impulse and momentum about the z axis. 
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Fig. 15-23 





(© Petra Hilke/Fotolia) 


z 





Provided air resistance is neglected, the 
passengers on this amusement-park ride are 
subjected to a conservation of angular 
momentum about the z axis of rotation. As 
shown on the free-body diagram, the line of 
action of the normal force N of the seat on the 
passenger passes through this axis, and the 
passenger’s weight W is parallel to it. Thus, no 
angular impulse acts around the z axis. 





Conservation of Angular Momentum. When the angular 
impulses acting on a particle are all zero during the time 1, to tj, Eq. 15-18 
reduces to the following simplified form: 


(Ho) = (Ho) (15-23) 


This equation is known as the conservation of angular momentum. lt states 
that from 1; to t, the particles angular momentum remains constant. 
Obviously, if no external impulse is applied to the particle, both linear and 
angular momentum will be conserved. In some cases, however, the particle's 
angular momentum will be conserved and linear momentum may not. An 
example of this occurs when the particle is subjected only to a central force 
(see Sec. 13.7). As shown in Fig. 15-23, the impulsive central force F is always 
directed toward point O as the particle moves along the path. Hence, the 
angular impulse (moment) created by F about the z axis is always zero, and 
therefore angular momentum of the particle is conserved about this axis. 

From Eq. 15-20, we can also write the conservation of angular 
momentum for a system of particles as 


2 (Ho): = 2 (Ho) (15-24) 


In this case the summation must include the angular momenta of all 
particles in the system. 


Procedure for Analysis 


When applying the principles of angular impulse and momentum, or 
the conservation of angular momentum, it is suggested that the 
following procedure be used. 


Free-Body Diagram. 


e Draw the particle’s free-body diagram in order to determine any 
axis about which angular momentum may be conserved. For this 
to occur, the moments of all the forces (or impulses) must either 
be parallel or pass through the axis so as to create zero moment 
throughout the time period 1, to t. 


The direction and sense of the particle’s initial and final velocities 
should also be established. 


An alternative procedure would be to draw the impulse and 
momentum diagrams for the particle. 


Momentum Equations. 

e Apply the principle of angular impulse and momentum, 
(Hy); + X J PModt = (Ho). or if appropriate, the conservation 
of angular momentum, (H5), = (Ho). 
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EXAMPLE | 15.13 


The 1.5-Mg car travels along the circular road as shown in Fig. 15-24a. 
If the traction force of the wheels on the road is F = (1502?) N, where t 
is in seconds, determine the speed of the car when t = 5s. The car 
initially travels with a speed of 5 m/s. Neglect the size of the car. 


Free-Body Diagram. The free-body diagram of the car is shown in 
Fig. 15—24b. If we apply the principle of angular impulse and momentum 
about the z axis, then the angular impulse created by the weight, normal 
force, and radial frictional force will be eliminated since they act 
parallel to the axis or pass through it. 


Principle of Angular Impulse and Momentum. 


t 
GAN a5 x M;dt = (E) 
à W = 1500 (9.81)N 


h 
rm((v) + i rF dt = rmv) 
ti 


SiS 
(100 m)(1500 kg)(5 m/s) + / (100 m)[(1502) N] dt 
0 


(100 m)(1500 kg)(v,)> 
SIS 


750(10°) + 500022} = 150(105)(v; 
0 


(w) = 9.17 m/s 
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he 1:75 


rá 


ft~ 


x 






Ng 


The 0.8-Ib ball B, shown in Fig. 15-25a, is attached to a cord which 
passes through a hole at A in a smooth table. When the ball is 
rı = 1.75 ft from the hole, it is rotating around in a circle such that its 
speed is v, = 4ft/s. By applying the force F the cord is pulled 
downward through the hole with a constant speed v, = 6 ft/s. 
Determine (a) the speed of the ball at the instant it is n = 0.6 ft from 
the hole, and (b) the amount of work done by F in shortening the 
radial distance from r to m. Neglect the size of the ball. 


SOLUTION 


Part (a) Free-Body Diagram. As the ball moves from 7, to n, 
Fig. 15-25b, the cord force F on the ball always passes through the 
z axis, and the weight and Ng are parallel to it. Hence the moments, or 
angular impulses created by these forces, are all zero about this axis. 
Therefore, angular momentum is conserved about the z axis. 


Conservation of Angular Momentum. The ball’s velocity v; is 
resolved into two components. The radial component, 6 ft/s, is known; 
however, it produces zero angular momentum about the z axis. Thus, 


H, = H, 


rumgU; = Mpv 


0.8 Ib 0.8 Ib 
1.75 (e) 4 ft/s = 0.6 (28s 
32.2 ft/s 32.2 ft/s 


v5 = 11.67 ft/s 
The speed of the ball is thus 





v, = V(11.67 ft/s} + (6 ft/s)? 


13.1 ft/s 


Part (b). The only force that does work on the ball is F. (The normal 
force and weight do not move vertically.) The initial and final kinetic 
energies of the ball can be determined so that from the principle of 
work and energy we have 


T, + Ui. = T, 


( 0.8 Ib 


1 Y 0.8 Ib 
232.2 ft/s? 


2 \ 32.2 ft/s? 
Ur = 1.94 ft- Ib Ans. 


Ja ft/s)? + Up = Jasa ft/s}? 


NOTE: The force F is not constant because the normal component of 
acceleration, a, = v?/r, changes as r changes. 
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EXAMPLE | 15.15 


The 2-kg disk shown in Fig. 15-26a rests on a smooth horizontal 
surface and is attached to an elastic cord that has a stiffness 
ke = 20 N/m and is initially unstretched. If the disk is given a velocity 
(vp); = 1.5 m/s, perpendicular to the cord, determine the rate at 
which the cord is being stretched and the speed of the disk at the 
instant the cord is stretched 0.2 m. 


SOLUTION 


Free-Body Diagram. After the disk has been launched, it slides 
along the path shown in Fig. 15—26b. By inspection, angular momentum 
about point O (or the z axis) is conserved, since none of the forces 
produce an angular impulse about this axis. Also, when the distance is 
0.7 m, only the transverse component (vp) produces angular 
momentum of the disk about O. 


Conservation of Angular Momentum. The component (vp) can 
be obtained by applying the conservation of angular momentum 
about O (the z axis). 


(Ho); = (Ho); 
nmp(vp), = Mpp) 
0.5 m (2 kg)(1.5 m/s) = 0.7 m(2 kg)Y(vp); 
(vp); = 1.071 m/s 


Conservation of Energy. The speed of the disk can be obtained by 

applying the conservation of energy equation at the point where the 

disk was launched and at the point where the cord is stretched 0.2 m. 
Ti qr Vi = T. 2 xis V5 


1 ECE NI lA 
amp(vp)i + zkxi = amp(vp)5 + 5kx5 


1(2 kg)(1.5 m/s)? + 0 = X2 kg)(vp)3 + 120 N/m)(0.2 m}? 


(vp), = 1.360 m/s = 1.36 m/s Ans. 


Having determined (vp), and its component (vp), the rate of stretch 
of the cord, or radial component, (vp), is determined from the 
Pythagorean theorem, 


(v); = V (vp$ — (i 
= V(1.360 m/s)? — (1.071 m/s) 
= 0.838 m/s 





M 


lom... ji 
m/s 
ES 4 


L3 


0.5m 
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F15-19. The 2-kg particle A has the velocity shown. 


Determine its angular momentum Hj about point O. 


y 10 m/s 
P 
3 


2kg)A 


Prob. F15-19 





F15-20. The 2-kg particle A has the velocity shown. 
Determine its angular momentum Hp about point P. 


15 m/s 


P 





x 


Prob. F15-20 





F15-21. Initially the 5-kg block is moving with a constant 
speed of 2 m/s around the circular path centered at O on 
the smooth horizontal plane. If a constant tangential force 
F = 5N is applied to the block, determine its speed when 
t = 3 s. Neglect the size of the block. 





Prob. F15-21 


F15-22. The 5-kg block is moving around the circular path 
centered at O on the smooth horizontal plane when it is 
subjected to the force F = (107) N, where f is in seconds. If 
the block starts from rest, determine its speed when t — 4 s. 
Neglect the size of the block. The force maintains the same 
constant angle tangent to the path. 





Prob. F15-22 


F15-23. The 2-kg sphere is attached to the light rigid rod, 
which rotates in the horizontal plane centered at O. If the 
system is subjected to a couple moment M = (0.92) N-m, 
where t is in seconds, determine the speed of the sphere at 
the instant t — 5 s starting from rest. 





Prob. F15-23 


F15-24. Two identical 10-kg spheres are attached to the 
light rigid rod, which rotates in the horizontal plane centered 
at pin O. If the spheres are subjected to tangential forces of 
P = 10N, and the rod is subjected to a couple moment 

= (8t) N* m, where t is in seconds, determine the speed 
of the spheres at the instant t = 4 s. The system starts from 
rest. Neglect the size of the spheres. 


P=10N 


RU 0.5m T 0.5m - 
= (81) N 


P=10N Prob. F15-24 
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15-94. Determine the angular momentum Hy of the 6-Ib 
particle about point O. 


15-95. Determine the angular momentum H, of the 6-Ib 
particle about point P. 











Probs. 15-94/95 


*15-96. Determine the angular momentum H, of each of 
the two particles about point O. 


15-97. Determine the angular momentum H, of each of 
the two particles about point P. 























y 
le. 4 m — ——e 
P 
e 
5m 1.5m 
„< 4m dp 
9 
O 4kg fim 
$ x 
8 m/s 3 J 
NA 2m 30° 6m/ 
m/s 
A 
A 





Probs. 15-96/97 


15-98. Determine the angular momentum Hp of the 3-kg 
particle about point O. 


15-99, Determine the angular momentum Hp of the 3-kg 
particle about point P. 





Probs. 15-98/99 


*15-100. Each ball has a negligible size and a mass of 
10 kg and is attached to the end of a rod whose mass 
may be neglected. If the rod is subjected to a torque 
M = (P + 2) N*m, where ft is in seconds, determine the 
speed of each ball when t = 3 s. Each ball has a speed v = 2 
m/s when t — 0. 


è? 
M=(@+)N:m |] xL 
NIL, 


1 


0.5 m 


P 





`~ 


v 


























e» 


Prob. 15-100 
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15-101. The 800-lb roller-coaster car starts from rest on 
the track having the shape of a cylindrical helix. If the helix 
descends 8 ft for every one revolution, determine the speed 
of the car when t — 4 s. Also, how far has the car descended 
in this time? Neglect friction and the size of the car. 


15-102. The 800-Ib roller-coaster car starts from rest on 
the track having the shape of a cylindrical helix. If the helix 
descends 8 ft for every one revolution, determine the time 
required for the car to attain a speed of 60 ft/s. Neglect 
friction and the size of the car. 





Probs. 15-101/102 


15-103. A 4-Ib ball B is traveling around in a circle of 
radius r, = 3 ft with a speed (vg), = 6 ft/s. If the attached 
cord is pulled down through the hole with a constant speed 
v, = 2 ft/s, determine the balls speed at the instant 
n = 2 ft. How much work has to be done to pull down the 
cord? Neglect friction and the size of the ball. 





Prob. 15-103 


*15-104. A 4-]b ball B is traveling around in a circle of 
radius r, = 3 ft with a speed (vg), = 6 ft/s. If the attached 
cord is pulled down through the hole with a constant speed 
v, — 2 ft/s, determine how much time is required for the ball 
to reach a speed of 12 ft/s. How far n is the ball from the hole 
when this occurs? Neglect friction and the size of the ball. 





Prob. 15-104 


15-105. The two blocks A and B each have a mass of 
400 g. The blocks are fixed to the horizontal rods, and their 
initial velocity along the circular path is 2 m/s. If a couple 
moment of M = (0.6) N* m is applied about CD of the 
frame, determine the speed of the blocks when t = 3 s. The 
mass of the frame is negligible, and it is free to rotate about 
CD. Neglect the size of the blocks. 





Prob. 15-105 


15.7 


15-106. A small particle having a mass m is placed inside 
the semicircular tube. The particle is placed at the position 
shown and released. Apply the principle of angular 
momentum about point O (Mo = Ho). and show that the 
motion of the particle is governed by the differential 
equation 6 + (g/R) sin0 = 0. 


Prob. 15-106 


15-107. If the rod of negligible mass is subjected to a 
couple moment of M = (30) N-m, and the engine of the 
car supplies a traction force of F = (15r) N to the wheels, 
where t is in seconds, determine the speed of the car at the 
instant t = 5 s. The car starts from rest. The total mass of the 
car and rider is 150 kg. Neglect the size of the car. 





F=15tN 


Prob. 15-107 
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*15-108. When the 2-kg bob is given a horizontal speed of 
1.5 m/s, it begins to move around the horizontal circular 
path A. If the force F on the cord is increased, the bob rises 
and then moves around the horizontal circular path B. 
Determine the speed of the bob around path B. Also, find 
the work done by force F. 





Prob. 15-108 


15-109. The elastic cord has an unstretched length lo = 1.5 ft 
and a stiffness k = 12 lb/ft. It is attached to a fixed point at A 
and a block at B, which has a weight of 2 Ib. If the block is 
released from rest from the position shown, determine its 
speed when it reaches point C after it slides along the smooth 
guide. After leaving the guide, it is launched onto the smooth 
horizontal plane. Determine if the cord becomes unstretched. 
Also, calculate the angular momentum of the block about 
point A, at any instant after it passes point C. 








k = 12 lb/ft 


Prob. 15-109 
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15-110. The amusement park ride consists of a 200-kg car 
and passenger that are traveling at 3 m/s along a circular path 
having a radius of 8 m. If at t = 0, the cable OA is pulled in 
toward O at 0.5 m/s, determine the speed of the car when 
t= 4 s. Also, determine the work done to pull in the cable. 


Prob. 15-110 


15-111. A box having a weight of 8 Ib is moving around in 
a circle of radius r4 = 2 ft with a speed of (v4), =5 ft/s while 
connected to the end of a rope. If the rope is pulled inward 
with a constant speed of v, = 4 ft/s, determine the speed of 
the box at the instant rg = 1 ft. How much work is done 
after pulling in the rope from A to B? Neglect friction and 
the size of the box. 





Prob. 15-111 


*15-112. A toboggan and rider, having a total mass of 
150 kg, enter horizontally tangent to a 90° circular curve 
with a velocity of v4 = 70 km/h. If the track is flat and 
banked at an angle of 60°, determine the speed vg and the 
angle 0 of “descent,” measured from the horizontal in a 
vertical x-z plane, at which the toboggan exists at B. Neglect 
friction in the calculation. 





Prob. 15-112 


15-113. An earth satellite of mass 700 kg is launched into a 
free-flight trajectory about the earth with an initial speed of 
v4 = 10km/s when the distance from the center of the 
earth is r, = 15 Mm. If the launch angle at this position is 
$4 = 70°, determine the speed vg of the satellite and its 
closest distance rg from the center of the earth. The earth 
has a mass M, = 5.976(107^ kg. Hint: Under these 
conditions, the satellite is subjected only to the earth's 
gravitational force, F = GM,m,/, Eq. 13-1. For part of the 
solution, use the conservation of energy. 





Prob. 15-113 
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15.8 Steady Flow of a Fluid Stream 


Up to this point we have restricted our study of impulse and momentum 
principles to a system of particles contained within a closed volume. In 
this section, however, we will apply the principle of impulse and 
momentum to the steady mass flow of fluid particles entering into and 
then out of a control volume. This volume is defined as a region in space 
where fluid particles can flow into or out of the region. The size and shape 
of the control volume is frequently made to coincide with the solid 
boundaries and openings of a pipe, turbine, or pump. Provided the flow 
of the fluid into the control volume is equal to the flow out, then the flow 
can be classified as steady flow. 


Principle of Impulse and Momentum. Consider the steady 
flow of a fluid stream in Fig. 15—27a that passes through a pipe. The region 
within the pipe and its openings will be taken as the control volume. As 
shown, the fluid flows into and out of the control volume with velocities 
v4 and vg, respectively. The change in the direction of the fluid flow 
within the control volume is caused by an impulse produced by the 
resultant external force exerted on the control surface by the wall of the 
pipe. This resultant force can be determined by applying the principle of 
impulse and momentum to the control volume. (a) 





Fig. 15-27 





The air on one side of this fan is essentially 
at rest, and as it passes through the blades 
its momentum is increased. To change the 
momentum of the air flow in this manner, 
the blades must exert a horizontal thrust 
on the air stream. As the blades turn faster, 





The conveyor belt must supply frictional 
forces to the gravel that falls upon it in 
order to change the momentum of the 
gravel stream, so that it begins to travel 
along the belt. (© R.C. Hibbeler) 


the equal but opposite thrust of the air on 
the blades could overcome the rolling 
resistance of the wheels on the ground and 
begin to move the frame of the fan. 
(© R.C. Hibbeler) 
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Time t 


+— - 
( 


dsg dm 


(c) 
Fig. 15-27 (cont.) 


i XF dt 





O Time dt O Timet+ dt 


(b) 


As indicated in Fig. 15-27b, a small amount of fluid having a mass dm 
is about to enter the control volume through opening A with a velocity 
of v, at time t. Since the flow is considered steady, at time t + dt, the 
same amount of fluid will leave the control volume through opening B 
with a velocity vg. The momenta of the fluid entering and leaving the 
control volume are therefore dm v, and dm vg, respectively. Also, during 
the time dt, the momentum of the fluid mass within the control volume 
remains constant and is denoted as mv. As shown on the center diagram, 
the resultant external force exerted on the control volume produces the 
impulse XF dt. If we apply the principle of linear impulse and momentum, 
we have 


dm v, + mv + XFdt = dm vg + mv 
If r, r4, rg are position vectors measured from point O to the geometric 


centers of the control volume and the openings at A and B, Fig. 15-27b, 
then the principle of angular impulse and momentum about O becomes 


r, X dm v, +r X mv +r X XFdt — rX mv + rg X dm vg 


Dividing both sides of the above two equations by dt and simplifying, 
we get 











d 
=F = S (Vs - v4) (15-25) 
dm 
>Mo = — (rg x VE SEA 2$ VA) (15-26) 


dt 


15.8 STEADY FLOW OF A FLUID STREAM 


The term dm /dt is called the mass flow. It indicates the constant amount 
of fluid which flows either into or out of the control volume per unit of time. 
If the cross-sectional areas and densities of the fluid at the entrance A 
are A4, pa and at exit B, Ap, pp, Fig. 15-27c, then for an incompressible 
fluid,the continuity ofmassrequiresdm = pdV = p4(ds4A4) = pp(dsgA p). 
Hence, during the time dt, since v4 = ds,/dt and vg = dsg/dt, we have 
dm/dt = p4vAAA = ppUpA g Or in general, 





d 
m = pvA = pQ (15-27) 











The term Q = vA measures the volume of fluid flow per unit of time and 
is referred to as the discharge or the volumetric flow. 


Procedure for Analysis 


Problems involving steady flow can be solved using the following 
procedure. 


Kinematic Diagram. 


e Identify the control volume. If it is moving, a kinematic diagram 
may be helpful for determining the entrance and exit velocities of 
the fluid flowing into and out of its openings since a relative- 
motion analysis of velocity will be involved. 


The measurement of velocities v4 and vg must be made by an 
observer fixed in an inertial frame of reference. 


Once the velocity of the fluid flowing into the control volume is 
determined, the mass flow is calculated using Eq. 15-27 


Free-Body Diagram. 


e Draw the free-body diagram of the control volume in order to 
establish the forces $F that act on it. These forces will include the 
support reactions, the weight of all solid parts and the fluid contained 
within the control volume, and the static gauge pressure forces of the 
fluid on the entrance and exit sections.* The gauge pressure is the 
pressure measured above atmospheric pressure, and so if an opening 
is exposed to the atmosphere, the gauge pressure there will be zero. 


Equations of Steady Flow. 


e Apply the equations of steady flow, Eq. 15-25 and 15-26, using 
the appropriate components of velocity and force shown on the 
kinematic and free-body diagrams. 





* [n the SI system, pressure is measured using the pascal (Pa), where 1Pa = 1 N/m?. 
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F, 


? 20(9.81) NIB 


[0.125 m 


(b) 
Fig. 15-28 


0.3 m 





Determine the components of reaction which the fixed pipe joint at A 
exerts on the elbow in Fig. 15—28a, if water flowing through the pipe is 
subjected to a static gauge pressure of 100 kPa at A. The discharge at 
B is Qg = 0.2 m?/s. Water has a density p,, = 1000 kg/m?, and the 
water-filled elbow has a mass of 20 kg and center of mass at G. 


SOLUTION 

We will consider the control volume to be the outer surface of the 
elbow. Using a fixed inertial coordinate system, the velocity of flow at 
A and B and the mass flow rate can be obtained from Eq. 15-27 Since 
the density of water is constant, Qs = Q4 = Q. Hence, 





d 
E = p„Q = (1000 kg/m?)(0.2 m3/s) = 200 kg/s 
0.2 m?/s 
TA N EMET ails 
Ap  m(0.05 m? 
0.2 m?/s 
UA Q ESLa T 


“Ay Ot mp 


Free-Body Diagram. As shown on the free-body diagram of the 
control volume (elbow) Fig. 15-285, the fixed connection at A exerts a 
resultant couple moment Mp and force components F, and F, on the 
elbow. Due to the static pressure of water in the pipe, the pressure force 
acting on the open control surface at A is Fy = pyA,y. Since 
1 kPa = 1000 N/m’, 

F, = p44 = [100(10°) N/m?][z(0.1 mf] = 3141.6 N 


There is no static pressure acting at B, since the water is discharged at 
atmospheric pressure; i.e., the pressure measured by a gauge at B is 
equal to zero, pg = 0. 


Equations of Steady Flow. 
dm 


= = 
FS 
5 iF, di 


(py — Vax); —F, + 31416N = 200 kg/s(0 — 6.37 m/s) 
F, = 4.41 kN Ans. 
d 
+T3R, = Pil — qi F, - 209.81) N= 200 kg/s(-25.46 m/s — 0) 


F, — 4.90 kN Ans. 
If moments are summed about point O, Fig. 1528b, then F,, F,, and 
the static pressure F4, are eliminated, as well as the moment of 
momentum of the water entering at A, Fig. 15-28a. Hence, 


dm 
C*XM,- d; (dont — doava) 


Mo + 20(9.81) N (0.125 m) = 200 kg/s[(0.3 m)(25.46 m/s) — 0] 
Mo = L.50kN:m Ans. 


15.8 STEADY FLOW OF A FLUID STREAM 


EXAMPLE | 15.17 


A 2-in.-diameter water jet having a velocity of 25 ft/s impinges upon 
a single moving blade, Fig. 15-29a. If the blade moves with a constant 
velocity of 5 ft/s away from the jet, determine the horizontal and 
vertical components of force which the blade is exerting on the 
water. What power does the water generate on the blade? Water has 
a specific weight of y, = 62.4 lb/ft’. 


SOLUTION 2in. 


Kinematic Diagram. Here the control volume will be the stream of ae 
water on the blade. From a fixed inertial coordinate system, Fig. 15—29b, 
the rate at which water enters the control volume at A is 
Vie {oon tts 

The  relative-flow velocity within the control volume is 
Vwiev = Yw — Vey = 25i — 5i = {20i} ft/s. Since the control volume 
is moving with a velocity of v = {5i} ft/s, the velocity of flow at B 
measured from the fixed x, y axes is the vector sum, shown in 
Fig. 15-29b. Here, 


Vy = = ft/s 
(a) 


Mig = Meg Vw/cv 
= {5i + 20j} ft/s 


Thus, the mass flow of water onto the control volume that undergoes 
a momentum change is 


dm 62. [me 
v da PwCwievAa = (So (4) | — 0.8456 slug /s 


Free-Body Diagram. The free-body diagram of the control volume 
is shown in Fig. 15-29c. The weight of the water will be neglected in 
the calculation, since this force will be small compared to the reactive 
components F, and F,. 
Equations of Steady Flow. 

dm 


DR »uu — va) 


—F,i + Fj = 0.845661 + 20) — 251) 
Equating the respective i and j components gives 


F, = 0.8456(20) = 16.9 Ib <— 


F, = 0.8456(20) = 16.9 Ib f Ans. 
The water exerts equal but opposite forces on the blade. 

Since the water force which causes the blade to move forward 
horizontally with a velocity of 5 ft/s is F, = 16.9 lb, then from 
Eq. 14-10 the power is 

16.9 Ib(5 ft/s) 


poe ce = 0154h 
550 hp/(ft* Ib/s) B 
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*15.9 Propulsion with Variable Mass __ 


A Control Volume That Loses Mass. Consider a device such 
as a rocket which at an instant of time has a mass m and is moving 
forward with a velocity v, Fig. 15—30a. At this same instant the amount of 
mass m, is expelled from the device with a mass flow velocity v,. For the 
analysis, the control volume will include both the mass m of the device 
and the expelled mass m,. The impulse and momentum diagrams for the 
control volume are shown in Fig. 15-305. During the time dt, its velocity 
is increased from v to v + dv since an amount of mass dm, has been 
ejected and thereby gained in the exhaust. This increase in forward 
velocity, however, does not change the velocity v, of the expelled mass, 
as seen by a fixed observer, since this mass moves with a constant 
velocity once it has been ejected. The impulses are created by $F., 
which represents the resultant of all the external forces, such as drag or 
weight, that act on the control volume in the direction of motion. This 
force resultant does not include the force which causes the control 
volume to move forward, since this force (called a thrust) is internal to 
the control volume; that is, the thrust acts with equal magnitude but 
opposite direction on the mass m of the device and the expelled exhaust 
mass m,.* Applying the principle of impulse and momentum to the 
control volume, Fig. 15-305, we have 


(5) mv- mæ, + XF,,dt = (m — dm,Yv + dv) — (m, + dmv, 
Or 
EF,dt- —vdm, + m dv — dm, dv — v, dm, 
(m — dm,) (v + dv) 
——— 
Pm "- (m, 2 dm,)v, — -— 
| \ > F., dt < rin 
| JŘ e -— m — dm, 
"^ *"— (m, + dm,) — ae 
Time dt Time t + dt 
(b) 
Fig. 15-30 


*YF represents the external resultant force acting on the control volume, which is different 
from F, the resultant force acting only on the device. 
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Without loss of accuracy, the third term on the right side may be neglected 
since it is a “second-order” differential. Dividing by df gives 





dv dm, 
SF. =m——-(Wwtv 
gem Eq. 
The velocity of the device as seen by an observer moving with the particles 
of the ejected mass is vp;, = (v + v), and so the final result can be 
written as 





dv dm, 
Ee qe Voje 


15-28 
p (15-28) 











Here the term dm,/dt represents the rate at which mass is being ejected. 

To illustrate an application of Eq. 15-28, consider the rocket shown 
in Fig. 15-31, which has a weight W and is moving upward against an 
atmospheric drag force Fp. The control volume to be considered 
consists of the mass of the rocket and the mass of ejected gas m,. 
Applying Eq. 15-28 gives 


_ Wdv dm, 
g dt Be di 





(+1) Fp 


The last term of this equation represents the thrust T which the engine 
exhaust exerts on the rocket, Fig. 15-31. Recognizing that dv/dt = a, we 
can therefore write 


(+1) T — Fp — W = —a 


If a free-body diagram of the rocket is drawn, it becomes obvious that this 
equation represents an application of }F = ma for the rocket. 


A Control Volume That Gains Mass. A device such as a scoop 
or a shovel may gain mass as it moves forward. For example, the device 
shown in Fig. 15-32a has a mass m and moves forward with a velocity v. At 
this instant, the device is collecting a particle stream of mass m;. The flow 
velocity v; of this injected mass is constant and independent of the velocity 
v such that v > vj. The control volume to be considered here includes 
both the mass of the device and the mass of the injected particles. 


Control Volume 





Vi 


| 

l 

l 

l 

l 

m; | 
l 

l 

4 





(a) 
Fig. 15-32 


Control Volume 











Fp 








Fig. 15-31 
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MN; 


mi 


Time £ 





(c) 





The scraper box behind this tractor 
represents a device that gains mass. If the 
tractor maintains a constant velocity v, then 
dv/dt — 0 and, because the soil is originally 
at rest, vpj; = v. Applying Eq. 15-29, the 
horizontal towing force on the scraper box 
is then T = 0 + v(dm/dt), where dm /dt is 
the rate of soil accumulated in the box. 
(O R.C. Hibbeler) 


(m + dmj) (v + dv) 
—— 
(m; — dmj) vi 
AÉ— a 


EF,, dt m; — dm; 


Time dt Time t + dt 


(b) 
Fig. 15-32 (cont.) 


The impulse and momentum diagrams are shown in Fig. 15-32b. Along 
with an increase in mass dm; gained by the device, there is an assumed 
increase in velocity dv during the time interval dt. This increase is caused 
by the impulse created by XF,,, the resultant of all the external forces 
acting on the control volume in the direction of motion. The force 
summation does not include the retarding force of the injected mass 
acting on the device. Why? Applying the principle of impulse and 
momentum to the control volume, we have 


(4) mv + mw; + XF,dt = (m  dmj)(v + dv) + (m; — dmv; 


Using the same procedure as in the previous case, we may write this 
equation as 


dv dm; 
LF = m= + w- v) 
cv aS va 
Since the velocity of the device as seen by an observer moving with the 
particles of the injected mass is vpy; = (v — vj), the final result can be 
written as 
dm; 


dv 
ee = mt m 


15-29 

X (15-29) 
where dmij/ dt is the rate of mass injected into the device. The last term in 
this equation represents the magnitude of force R, which the injected 
mass exerts on the device, Fig. 15-32c. Since dv/dt = a, Eq. 15-29 becomes 


EF,-—R = ma 


This is the application of XF = ma. 

As in the case of steady flow, problems which are solved using 
Eqs. 15-28 and 15-29 should be accompanied by an identified control 
volume and the necessary free-body diagram. With this diagram one can 
then determine XF,, and isolate the force exerted on the device by the 
particle stream. 


15.9 PROPULSION WITH VARIABLE Mass 303 


EXAMPLE | 15.18 


The initial combined mass of a rocket and its fuel is mp. A total mass 
my Of fuel is consumed at a constant rate of dm,/dt = c and expelled 
at aconstant speed of u relative to the rocket. Determine the maximum 
velocity of the rocket, i.e., at the instant the fuel runs out. Neglect the 
change in the rocket’s weight with altitude and the drag resistance of 
the air. The rocket is fired vertically from rest. 


SOLUTION 

Since the rocket loses mass as it moves upward, Eq. 15-28 can be used 
for the solution. The only external force acting on the control volume 
consisting of the rocket and a portion of the expelled mass is the 
weight W, Fig. 15-33. Hence, 


dv dm, dv 
Bee = dip m Co =W= mox = UTE (1) 


The rocket's velocity is obtained by integrating this equation. 

At any given instant ¢ during the flight, the mass of the rocket can be 
expressed as m = mọ — (dm,/dt)t = mo — ct. Since W = mg, Eq. 1 
becomes 


-(m, — eng = (mp ~ c) Z - 
mo — ct)g = (mo us uc 


Separating the variables and integrating, realizing that v = Oat t = 0, 


we have 
v t 
pe- (ta 
0 0 mo — ct 


) = ge (2) 


f£ 
v = —uln(mo — ct) — gt) = wn( 
0 


iy Ci 


Note that liftoff requires the first term on the right to be greater than 
the second during the initial phase of motion. The time ft’ needed to 


consume all the fuel is 
dm, 
m, = t = ct! 
1 ( dt ) 


U 








Hence, 


= m/c 


Substituting into Eq. 2 yields 


mo 
Vmax = u ln = 
mo — my Ç 
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(c) 
Fig. 15-34 


A chain of length /, Fig. 15—34a, has a mass m. Determine the magnitude 
of force F required to (a) raise the chain with a constant speed v., 
starting from rest when y — 0; and (b) lower the chain with a constant 
speed v,, starting from rest when y = 1. 


SOLUTION 


Part (a). As the chain is raised, all the suspended links are given a 
sudden downward impulse by each added link which is lifted off the 
ground. Thus, the suspended portion of the chain may be considered as 
a device which is gaining mass. The control volume to be considered 
is the length of chain y which is suspended by F at any instant, including 
the next link which is about to be added but is still at rest, Fig. 15—34b. 
The forces acting on the control volume exclude the internal forces P 
and —P, which act between the added link and the suspended portion 
of the chain. Hence, XF,, = F — mg(y/I). 

To apply Eq. 15-29, it is also necessary to find the rate at which mass 
is being added to the system. The velocity v, of the chain is equivalent to 
vpj;. Why? Since v, is constant, dv,/dt = 0 and dy/dt = v,. Integrating, 
using the initial condition that y = 0 when t = 0, gives y = vt. Thus, 
the mass of the control volume at any instantism,, = m(y/I) = m(v,t/I), 
and therefore the rate at which mass is added to the suspended chain is 


dm; (=) 
— = ml — 
dt l 


Applying Eq. 15-29 using this data, we have 


dv. dm; 
+72 Foy = m qum Unff 
(7) ewm) 
F — mg| 7| = 0 + vm| — 
l l 
Hence, 
F = (m/Igy + v3 Ans. 


Part (b). When the chain is being lowered, the links which are expelled 
(given zero velocity) do notimpart an impulse to the remaining suspended 
links. Why? Thus, the control volume in Part (a) will not be considered. 
Instead, the equation of motion will be used to obtain the solution. At 
time ¢ the portion of chain still off the floor is y. The free-body diagram 
for a suspended portion of the chain is shown in Fig. 15-34c. Thus, 


-TXF- ma; F- me(>) =0 


F= me(*) Ans. 
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f J eroerems 


15-114. The fire boat discharges two streams of seawater, 
each at a flow of 0.25 m?/s and with a nozzle velocity of 
50 m/s. Determine the tension developed in the anchor 
chain, needed to secure the boat. The density of seawater is 
Psw = 1020 kg/m?. 











Prob. 15-114 


15-115. The chute is used to divert the flow of water, 
Q — 0.6 m?/s. If the water has a cross-sectional area of 
0.05 m?, determine the force components at the pin D and 
roller C necessary for equilibrium. Neglect the weight of the 
chute and weight of the water on the chute. p, = 1 Mg/n? . 

















l- 1.5m - 











Prob. 15-115 


*15-116. The 200-kg boat is powered by the fan which 
develops a slipstream having a diameter of 0.75 m. If the 
fan ejects air with a speed of 14 m/s, measured relative to 
the boat, determine the initial acceleration of the boat if it 
is initially at rest. Assume that air has a constant density of 
Py = 122 kg/m? and that the entering air is essentially at 
rest. Neglect the drag resistance of the water. 








Prob. 15-116 


15-117. The nozzle discharges water at a constant rate of 
2 ft? /s. The cross-sectional area of the nozzle at A is 4 in’, 
and at B the cross-sectional area is 12 in?. If the static gauge 
pressure due to the water at B is 2 lb/in’, determine the 
magnitude of force which must be applied by the coupling 
at B to hold the nozzle in place. Neglect the weight of the 
nozzle and the water within it. y,, = 62.4 lb/ft’. 


Prob. 15-117 


306 CHAPTER 15 KINETICS OF A PARTICLE: IMPULSE AND MOMENTUM 


15-118. The blade divides the jet of water having a 
diameter of 4 in. If one-half of the water flows to the right 
while the other half flows to the left, and the total flow is 
Q — L5 f? /s, determine the vertical force exerted on the 
blade by the jet, Ye = 62.4 Ib/ft?. 





Prob. 15-118 


15-119. The blade divides the jet of water having a 
diameter of 3 in. If one-fourth of the water flows downward 
while the other three-fourths flows upward, and the total 
flow is Q = 0.5 f /s, determine the horizontal and vertical 
components of force exerted on the blade by the jet, 
Yy = 624 Ib/ft. 


*15-120. The gauge pressure of water at A is 150.5 kPa. 
Water flows through the pipe at A with a velocity of 18 m/s, 
and out the pipe at B and C with the same velocity v. 
Determine the horizontal and vertical components of 
force exerted on the elbow necessary to hold the pipe 
assembly in equilibrium. Neglect the weight of water 
within the pipe and the weight of the pipe. The pipe has a 
diameter of 50 mm at A, and at B and C the diameter is 
30 mm. p,, = 1000 kg/m?. 





Prob. 15-120 


15-121. The gauge pressure of water at C is 40 Ib/in?. If 
water flows out of the pipe at A and B with velocities 
va = I2ft/s and vg = 25ft/s, determine the horizontal 
and vertical components of force exerted on the elbow 
necessary to hold the pipe assembly in equilibrium. Neglect 
the weight of water within the pipe and the weight of the 
pipe. The pipe has a diameter of 0.75 in. at C, and at A and B 
the diameter is 0.5 in. y, = 62.4 Ib/ft. 





Prob. 15-119 


Prob. 15-121 


15-122. The fountain shoots water in the direction shown. 
If the water is discharged at 30° from the horizontal, and the 
cross-sectional area of the water stream is approximately 
2 in”, determine the force it exerts on the concrete wall at B. 
Yw = 62.4 Ib/ft. 














VA 
o B 
A 30 
f 
3 ft 
| 
20 ft - 
Prob. 15-122 


15-123. A plow located on the front of a locomotive 
scoops up snow at the rate of 10 ft/s and stores it in the 
train. If the locomotive is traveling at a constant speed of 
12 ft/s, determine the resistance to motion caused by the 
shoveling. The specific weight of snow is y, = 6 Ib/ft^. 


*15-124. The boat has a mass of 180 kg and is traveling 
forward on a river with a constant velocity of 70 km/h, 
measured relative to the river. The river is flowing in the 
opposite direction at 5 km/h. If a tube is placed in the water, 
as shown, and it collects 40 kg of water in the boat in 80 s, 
determine the horizontal thrust T on the tube that is 
required to overcome the resistance due to the water 
collection and yet maintain the constant speed of the boat. 
Pw = 1 Mg/m’. 





Prob. 15-124 
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15-125. Water is discharged from a nozzle with a velocity 
of 12 m/s and strikes the blade mounted on the 20-kg cart. 
Determine the tension developed in the cord, needed to 
hold the cart stationary, and the normal reaction of the 
wheels on the cart. The nozzle has a diameter of 50 mm and 
the density of water is p„ = 1000 kg/m?. 








Prob. 15-125 


15-126. A snowblower having a scoop S with a cross- 
sectional area of A, — 0.12 m? is pushed into snow with a speed 
of v, — 0.5 m/s. The machine discharges the snow through a 
tube T that has a cross-sectional area of Az — 0.03 m? and is 
directed 60° from the horizontal. If the density of snow is 
p, = 104 kg/m, determine the horizontal force P required to 
push the blower forward, and the resultant frictional force F of 
the wheels on the ground, necessary to prevent the blower 
from moving sideways. The wheels roll freely. 





Prob. 15-126 
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15-127. The fan blows air at 6000 ft?/min. If the fan has a 
weight of 30 Ib and a center of gravity at G, determine the 
smallest diameter d of its base so that it will not tip over. 
The specific weight of air is y = 0.076 lb/ft’. 








Prob. 15-127 


*15-128. The nozzle has a diameter of 40 mm. If it 
discharges water uniformly with a downward velocity of 
20 m/s against the fixed blade, determine the vertical force 
exerted by the water on the blade. p, = 1 Mg/m?. 


15-129. The water flow enters below the hydrant at C at 
the rate of 0.75 m?/s. It is then divided equally between the 
two outlets at A and B. If the gauge pressure at C is 300 kPa, 
determine the horizontal and vertical force reactions and 
the moment reaction on the fixed support at C. The diameter 
of the two outlets at A and B is 75 mm, and the diameter 
of the inlet pipe at C is 150 mm. The density of water is 
Py = 1000 kg/m. Neglect the mass of the contained water 
and the hydrant. 





Prob. 15-129 


15-130. Sand drops onto the 2-Mg empty rail car at 50 kg/s 
from a conveyor belt. If the car is initially coasting at 4 m/s, 
determine the speed of the car as a function of time. 





Prob. 15-128 


Prob. 15-130 


15-131. Sand is discharged from the silo at A at a rate of 
50 kg/s with a vertical velocity of 10 m/s onto the conveyor 
belt, which is moving with a constant velocity of 1.5 m/s. If 
the conveyor system and the sand on it have a total mass of 
750 kg and center of mass at point G, determine the 
horizontal and vertical components of reaction at the pin 
support B and roller support A. Neglect the thickness of the 
conveyor. 








6 4m 








Prob. 15-131 


*15-132. Sand is deposited from a chute onto a conveyor 
belt which is moving at 0.5 m/s. If the sand is assumed to fall 
vertically onto the belt at A at the rate of 4 kg/s, determine 
the belt tension Fz to the right of A. The belt is free to move 
over the conveyor rollers and its tension to the left of A is 
Fo=400N. 


0.5 m/s 


Å m osm 


= O00000 "* 


Prob. 15-132 
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15-133. The tractor together with the empty tank has a 
total mass of 4 Mg. The tank is filled with 2 Mg of water. The 
water is discharged at a constant rate of 50 kg/s with a 
constant velocity of 5 m/s, measured relative to the tractor. 
If the tractor starts from rest, and the rear wheels provide a 
resultant traction force of 250 N, determine the velocity 
and acceleration of the tractor at the instant the tank 
becomes empty. 





Prob. 15-133 


15-134. A rocket has an empty weight of 500 Ib and carries 
300 Ib of fuel. If the fuel is burned at the rate of 15 Ib/s and 
ejected with a relative velocity of 4400 ft/s, determine the 
maximum speed attained by the rocket starting from rest. 
Neglect the effect of gravitation on the rocket. 


Prob. 15-134 
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15-135. A power lawn mower hovers very close over the 
ground. This is done by drawing air in at a speed of 6 m/s 
through an intake unit A, which has a cross-sectional area of 
A4 = 025 m?, and then discharging it at the ground, B, 
where the cross-sectional area is Ag = 0.35 m°. If air at A is 
subjected only to atmospheric pressure, determine the air 
pressure which the lawn mower exerts on the ground when 
the weight of the mower is freely supported and no load is 
placed on the handle. The mower has a mass of 15 kg with 
center of mass at G. Assume that air has a constant density 
of p, = 1.22 kg/m’. 





Prob. 15-135 


*15-136. The rocket car has a mass of 2 Mg (empty) and 
carries 120 kg of fuel. If the fuel is consumed at a constant 
rate of 6 kg/s and ejected from the car with a relative 
velocity of 800 m/s, determine the maximum speed attained 
by the car starting from rest. The drag resistance due to the 
atmosphere is Fp = (6.8v?) N, where v is the speed in m/s. 





Prob. 15-136 


15-137. If the chain is lowered at a constant speed v = 
4 ft/s, determine the normal reaction exerted on the floor as 
a function of time. The chain has a weight of 5 lb/ft and a 
total length of 20 ft. 





Prob. 15-137 


15-138. The second stage of a two-stage rocket weighs 
2000 Ib (empty) and is launched from the first stage with a 
velocity of 3000 mi/h. The fuel in the second stage weighs 
1000 Ib. If it is consumed at the rate of 50 Ib/s and ejected 
with a relative velocity of 8000 ft/s, determine the 
acceleration of the second stage just after the engine is fired. 
What is the rocket’s acceleration just before all the fuel is 
consumed? Neglect the effect of gravitation. 


15-139. The missile weighs 40 000 Ib. The constant thrust 
provided by the turbojet engine is T = 15 000 Ib. Additional 
thrust is provided by two rocket boosters B. The propellant 
in each booster is burned at a constant rate of 150 Ib/s, with 
a relative exhaust velocity of 3000 ft/s. If the mass of the 
propellant lost by the turbojet engine can be neglected, 
determine the velocity of the missile after the 4-s burn time 
of the boosters. The initial velocity of the missile is 300 mi /h. 


B 
B 


Prob. 15-139 


*15-140. The jet is traveling at a speed of 720 km/h. If the 
fuel is being spent at 0.8 kg/s, and the engine takes in air at 
200 kg/s, whereas the exhaust gas (air and fuel) has a relative 
speed of 12 000 m/s, determine the acceleration of the plane at 
this instant. The drag resistance of the air is Fp = (55 v?), where 
the speed is measured in m/s. The jet has a mass of 7 Mg. 


720 km/h 











Prob. 15-140 


15-141. The rope has a mass m’ per unit length. If the end 
length y =h is draped off the edge of the table, and released, 
determine the velocity of its end A for any position y, as the 
rope uncoils and begins to fall. 





























Prob. 15-141 


15-142. The 12-Mg jet airplane has a constant speed of 
950 km/h when it is flying along a horizontal straight line. 
Air enters the intake scoops S at the rate of 50 m?/s. If the 
engine burns fuel at the rate of 0.4 kg/s and the gas (air and 
fuel) is exhausted relative to the plane with a speed of 
450 m/s, determine the resultant drag force exerted on the 
plane by air resistance. Assume that air has a constant 
density of 1.22 kg/m?. Hint: Since mass both enters and exits 
the plane, Eqs. 15-28 and 15-29 must be combined to yield 


dv dm, | dm; 
dt "Ple qp UD qe 


L 








EF, =m 


v = 950 km/h 

















Prob. 15-142 
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15-143. The jet is traveling at a speed of 500 mi/h, 30° 
with the horizontal. If the fuel is being spent at 3 Ib/s, and 
the engine takes in air at 400 Ib/s, whereas the exhaust gas 
(air and fuel) has a relative speed of 32 800 ft/s, determine 
the acceleration of the plane at this instant. The drag 
resistance of the air is Fp = (0.7?) Ib, where the speed is 
measured in ft/s. The jet has a weight of 15 000 Ib. Hint: See 
Prob. 15-142. 





Prob. 15-143 


*15-144. A four-engine commercial jumbo jet is cruising 
at a constant speed of 800 km/h in level flight when all four 
engines are in operation. Each of the engines is capable of 
discharging combustion gases with a velocity of 775 m/s 
relative to the plane. If during a test two of the engines, one 
on each side of the plane, are shut off, determine the new 
cruising speed of the jet. Assume that air resistance (drag) is 
proportional to the square of the speed, that is, Fy = cv”, 
where c is a constant to be determined. Neglect the loss of 
mass due to fuel consumption. 





Prob. 15-144 
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15-145. The 10-Mg helicopter carries a bucket containing 
500 kg of water, which is used to fight fires. If it hovers over 
the land in a fixed position and then releases 50 kg/s of 
water at 10 m/s, measured relative to the helicopter, 
determine the initial upward acceleration the helicopter 
experiences as the water is being released. 


fi 
f 





Prob. 15-145 


15-146. A rocket has an empty weight of 500 lb and carries 
300 Ib of fuel. If the fuel is burned at the rate of 1.5 Ib/s and 
ejected with a velocity of 4400 ft/s relative to the rocket, 
determine the maximum speed attained by the rocket 
starting from rest. Neglect the effect of gravitation on the 
rocket. 


15-147. Determine the magnitude of force F as a function 
of time, which must be applied to the end of the cord at A to 
raise the hook H with a constant speed v — 0.4 m/s. Initially 
the chain is at rest on the ground. Neglect the mass of the 
cord and the hook. The chain has a mass of 2 kg/m. 


*15-148. The truck has a mass of 50 Mg when empty. When 
it is unloading 5 m? of sand at a constant rate of 0.8 m?/s, 
the sand flows out the back at a speed of 7 m/s, measured 
relative to the truck, in the direction shown. If the truck is 
free to roll, determine its initial acceleration just as the load 
begins to empty. Neglect the mass of the wheels and any 
frictional resistance to motion. The density of sand is 
p, = 1520 kg/ m*. 





Prob. 15-148 


15-149. The car has a mass mọ and is used to tow the 
smooth chain having a total length / and a mass per unit of 
length m’. If the chain is originally piled up, determine the 
tractive force F that must be supplied by the rear wheels of 
the car, necessary to maintain a constant speed v while the 
chain is being drawn out. 





Prob. 15-147 


Prob. 15-149 


C15-1. The ball travels to the left when it is struck by the 
bat. If the ball then moves horizontally to the right, 
determine which measurements you could make in order to 
determine the net impulse given to the ball. Use numerical 
values to give an example of how this can be done. 





Prob. C15-1 (© R.C. Hibbeler) 


C15-2. The steel wrecking “ball” is suspended from the 
boom using an old rubber tire A. The crane operator lifts 
the ball then allows it to drop freely to break up the 
concrete. Explain, using appropriate numerical data, why it 
is a good idea to use the rubber tire for this work. 





Prob. C15-2 (© R.C. Hibbeler) 
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C15-3. The train engine on the left, A, is at rest, and the 
one on the right, B, is coasting to the left. If the engines are 
identical, use numerical values to show how to determine 
the maximum compression in each of the spring bumpers 
that are mounted in the front of the engines. Each engine is 
free to roll. 





Prob. C15-3 (© R.C. Hibbeler) 


C15-4. Three train cars each have the same mass and are 
rolling freely when they strike the fixed bumper. Legs AB 
and BC on the bumper are pin connected at their ends and 
the angle BAC is 30° and BCA is 60°. Compare the average 
impulse in each leg needed to stop the motion if the cars 
have no bumper and if the cars have a spring bumper. Use 
appropriate numerical values to explain your answer. 


EET 





Prob. C15-4 (O R.C. Hibbeler) 
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CHAPTER REVIEW 


Impulse 


An impulse is defined as the product of force and time. 
Graphically it represents the area under the F-r diagram. 
If the force is constant, then the impulse becomes 
I= Ft; — tı). 





Principle of Impulse and Momentum 


When the equation of motion, XF — ma, and the kinematic 
equation, a — dv/dt, are combined, we obtain the principle 
of impulse and momentum. This is a vector equation that 
can be resolved into rectangular components and used to 
solve problems that involve force, velocity, and time. For 
application, the free-body diagram should be drawn in order 
to account for all the impulses that act on the particle. 


Conservation of Linear Momentum 


If the principle of impulse and momentum is applied to a 
system of particles, then the collisions between the particles 
produce internal impulses that are equal, opposite, and 
collinear, and therefore cancel from the equation. Furthermore, 
if an external impulse is small, that is, the force is small and the 
timeisshort,then the impulse can be classified as nonimpulsive 
and can be neglected. Consequently, momentum for the 
system of particles is conserved. 


The conservation-of-momentum equation is useful for 
finding the final velocity of a particle when internal impulses 
are exerted between two particles and the initial velocities 
of the particles is known. If the internal impulse is to be 
determined, then one of the particles is isolated and the 
principle of impulse and momentum is applied to this particle. 


= + 
Impact 


When two particles A and B have a direct impact, the internal 
impulse between them is equal, opposite, and collinear. 
Consequently the conservation of momentum for this system 
applies along the line of impact. 












-J= UR F(t)dt 


fh t 


$ mv) = Xmv) 


Plane of contact 


VB Line of impact 


Ma(V4) + Mpg) = maa) + mgg) 


If the final velocities are unknown, a second equation 
is needed for solution. We must use the coefficient 
of restitution, e. This experimentally determined 
coefficient depends upon the physical properties of 
the colliding particles. It can be expressed as the ratio 
of their relative velocity after collision to their 
relative velocity before collision. If the collision is 
elastic, no energy is lost and e = 1. For a plastic 
collision e = 0. 
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_ (Ug); — wah 
(v4) — (?p)i 
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If the impact is oblique, then the conservation of 
momentum for the system and the coefficient-of- 
restitution equation apply along the line of impact. 
Also, conservation of momentum for each particle 
applies perpendicular to this line (plane of contact) 
because no impulse acts on the particles in this 
direction. 


Plane of contact 
A LB 


Line of impact 


& RENE ¢ 
Nd 








Principle of Angular Impulse and Momentum 


The moment of the linear momentum about an axis (z) 
is called the angular momentum. 


The principle of angular impulse and momentum is 
often used to eliminate unknown impulses by 
summing the moments about an axis through which 
the lines of action of these impulses produce no 
moment. For this reason, a free-body diagram should 
accompany the solution. 


(Ho); = (d)(mv) 





(Ho), + >f Modt = (Ho) 








Steady Fluid Streams 


Impulse-and-momentum methods are often used to 
determine the forces that a device exerts on the mass 
flow of a fluid— liquid or gas. To do so, a free-body 
diagram of the fluid mass in contact with the device 
is drawn in order to identify these forces. Also, the 
velocity of the fluid as it flows into and out of a 
control volume for the device is calculated. The 
equations of steady flow involve summing the forces 
and the moments to determine these reactions. 





dm 
LF = piu — v4) 


dm 


Mo = —-(rg X vg — 


Y, X v, 
p A A) 








Propulsion with Variable Mass 


Some devices, such as a rocket, lose mass as they are 
propelled forward. Others gain mass, such as a shovel. 
We can account for this mass loss or gain by applying 
the principle of impulse and momentum to a control 
volume for the device. From this equation, the force 
exerted on the device by the mass flow can then be 
determined. 





_ dv dm, 
EF m dt UD/e dt 





Loses Mass 


dv dm; 
EF. = mU + UD 


Gains Mass 
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t FUNDAMENTAL REVIEW PROBLEMS 


R15-1. Packages having a mass of 6 kg slide down a 
smooth chute and land horizontally with a speed of 3 m/s 
on the surface of a conveyor belt. If the coefficient of kinetic 
friction between the belt and a package is ij, — 0.2, determine 
the time needed to bring the package to rest on the belt if 
the belt is moving in the same direction as the package with 
a speed v — 1 m/s. 






zn 
T» | li | 1 m/s 
© 0 00000 ” 
Prob. R15-1 


R15-2. The 50-kg block is hoisted up the incline using the 
cable and motor arrangement shown. The coefficient of 
kinetic friction between the block and the surface is 
pa, = 0.4. If the block is initially moving up the plane at 
v = 2 m/s, and at this instant (t = 0) the motor develops 
a tension in the cord of T = (300 + 120V N, where t is in 
seconds, determine the velocity of the block when ¢ = 2 s. 





Prob. R15-2 


R15-3. A 20-kg block is originally at rest on a horizontal 
surface for which the coefficient of static friction is u, = 0.6 
and the coefficient of kinetic friction is uy = 0.5. If a 
horizontal force F is applied such that it varies with time as 
shown, determine the speed of the block in 10 s. Hint: First 
determine the time needed to overcome friction and start 
the block moving. 


aM —- 


F(N) 


t (s) 


3 10 





Prob. R15-3 


R15-4. The three freight cars A, B, and C have masses of 
10 Mg, 5 Mg, and 20 Mg, respectively. They are traveling 
along the track with the velocities shown. Car A collides 
with car B first, followed by car C. If the three cars couple 
together after collision, determine the common velocity of 
the cars after the two collisions have taken place. 





Prob. R15-4 


R15-5. The 200-g projectile is fired with a velocity of 
900 m/s towards the center of the 15-kg wooden block, 
which rests on a rough surface. If the projectile penetrates 
and emerges from the block with a velocity of 300 m/s, 
determine the velocity of the block just after the projectile 
emerges. How long does the block slide on the rough 
surface, after the projectile emerges, before it comes to rest 
again? The coefficient of kinetic friction between the 
surface and the block is jj, = 0.2. 


900 m/s 





Before 


300 m/s 
——- 





After 


Prob. R15-5 


R15-6. Block A has a mass of 3 kg and is sliding on a 
rough horizontal surface with a velocity (v4); = 2 m/s 
when it makes a direct collision with block B, which has a 
mass of 2 kg and is originally at rest. If the collision is 
perfectly elastic (e — 1), determine the velocity of each 
block just after collision and the distance between the 
blocks when they stop sliding. The coefficient of kinetic 
friction between the blocks and the plane is i, = 0.3. 


(V4 


Prob. R15-6 
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R15-7. Two smooth billiard balls A and B have an equal 
mass of m = 200 g. If A strikes B with a velocity of 
(va) = 2 m/s as shown, determine their final velocities just 
after collision. Ball B is originally at rest and the coefficient 
of restitution is e — 0.75. 


O 


Y ax 


Prob. R15-7 








R15-8. The small cylinder C has a mass of 10 kg and is 
attached to the end of a rod whose mass may be neglected. 
If the frame is subjected to a couple M = (8? + 5) N:m, 
where f is in seconds, and the cylinder is subjected to a force 
of 60 N, which is always directed as shown, determine the 
speed of the cylinder when t = 2 s. The cylinder has a speed 
ty = 2 m/s when t = 0. 





M = (88 + 5) N-m 


Prob. R15-8 





Chapter 16 














(© TFoxFoto/Shutterstock) 


Kinematics is important for the design of the mechanism used on this dump truck. 





Planar Kinematics 
of a Rigid Body 





16.1 Planar Rigid-Body Motion 


In this chapter, the planar kinematics of a rigid body will be discussed. 
This study is important for the design of gears, cams, and mechanisms used 
for many mechanical operations. Once the kinematics is thoroughly 
understood, then we can apply the equations of motion, which relate the 
forces on the body to the body's motion. 

The planar motion of a body occurs when all the particles of a rigid 
body move along paths which are equidistant from a fixed plane. There 
are three types of rigid-body planar motion. In order of increasing 
complexity, they are 
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00-9 


Path of rectilinear translation Path of curvilinear translation 


(a) (b) 


\ 





\ 


Rotation about a fixed axis General plane motion 
(c) (d) 
Fig. 16-1 


Translation. This type of motion occurs when a line in the body 
remains parallel to its original orientation throughout the motion. 
When the paths of motion for any two points on the body are 
parallel lines, the motion is called rectilinear translation, Fig. 16—1a. 
If the paths of motion are along curved lines, the motion is called 
curvilinear translation, Fig. 16-1b. 


Rotation about a fixed axis. When a rigid body rotates about a 
fixed axis, all the particles of the body, except those which lie on the 
axis of rotation, move along circular paths, Fig. 16-1c. 


General plane motion. When a body is subjected to general plane 
motion, it undergoes a combination of translation and rotation, 
Fig. 16-1d. The translation occurs within a reference plane, and the 
rotation occurs about an axis perpendicular to the reference plane. 


In the following sections we will consider each of these motions in detail. 
Examples of bodies undergoing these motions are shown in Fig. 162. 


Curvilinear translation 


General plane motion 





Rectilinear translation Rotation about a fixed axis 


Fig. 16-2 





16.2 Translation 


Consider a rigid body which is subjected to either rectilinear or curvilinear 
translation in the x-y plane, Fig. 16-3. 





X 





Translating 
coordinate system 


e Fixed 
coordinate system 


Fig. 16-3 


Position. The locations of points A and B on the body are defined 
with respect to fixed x, y reference frame using position vectors r4 and rg. 
The translating x’, y' coordinate system is fixed in the body and has its 
origin at A, hereafter referred to as the base point. The position of B with 
respect to A is denoted by the relative-position vector xg;4 (“r of B with 
respect to A"). By vector addition, 


rg = r4 + Yea 


Velocity. A relation between the instantaneous velocities of A and B 
is obtained by taking the time derivative of this equation, which yields 
Vg = v4 + drgj,/dt. Here v4 and vz denote absolute velocities since 
these vectors are measured with respect to the x, y axes. The term 
drg;4 /dt = 0, since the magnitude of rgj4 is constant by definition of a 
rigid body, and because the body is translating the direction of rg, is also 
constant. Therefore, 


Vg = VA 
Acceleration. Taking the time derivative of the velocity equation yields 
a similar relationship between the instantaneous accelerations of A and B: 
ag = 84 


The above two equations indicate that all points in a rigid body 
subjected to either rectilinear or curvilinear translation move with the 
same velocity and acceleration. As a result, the kinematics of particle 
motion, discussed in Chapter 12, can also be used to specify the kinematics 
of points located in a translating rigid body. 
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Riders on this Ferris wheel are subjected 
to curvilinear translation, since the 
gondolas move in a circular path, yet it 
always remains in the upright position. 
(O R.C. Hibbeler) 
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16.3 Rotation about a Fixed Axis 


When a body rotates about a fixed axis, any point P located in the body 
travels along a circular path. To study this motion it is first necessary to 
discuss the angular motion of the body about the axis. 


Angular Motion. Since a point is without dimension, it cannot 
have angular motion. Only lines or bodies undergo angular motion. For 
example, consider the body shown in Fig. 16-4a and the angular motion 
of a radial line r located within the shaded plane. 


Angular Position. At the instant shown, the angular position of 
r is defined by the angle 0, measured from a fixed reference line to r. 


Angular Displacement. The change in the angular position, which 
can be measured as a differential d0, is called the angular displacement.* 
This vector has a magnitude of d0, measured in degrees, radians, or 
revolutions, where 1 rev = 277 rad. Since motion is about a fixed axis, the 
direction of d0 is always along this axis. Specifically, the direction is 
determined by the right-hand rule; that is, the fingers of the right hand are 
curled with the sense of rotation, so that in this case the thumb, or 46, 
points upward, Fig. 164a. In two dimensions, as shown by the top view of 
the shaded plane, Fig. 16-45, both 0 and d0 are counterclockwise, and so 
the thumb points outward from the page. 


Angular Velocity. The time rate of change in the angular position 
is called the angular velocity œ (omega). Since d0 occurs during an 
instant of time dt, then, 


_ d8 


(G+) GQ = E 


(16-1) 


This vector has a magnitude which is often measured in rad/s. It is 
expressed here in scalar form since its direction is also along the axis of 
rotation, Fig. 16-4a. When indicating the angular motion in the shaded 
plane, Fig. 16-45, we can refer to the sense of rotation as clockwise or 
counterclockwise. Here we have arbitrarily chosen counterclockwise 
rotations as positive and indicated this by the curl shown in parentheses 
next to Eq. 16-1. Realize, however, that the directional sense of w is 
actually outward from the page. 


*It is shown in Sec. 20.1 that finite rotations or finite angular displacements are not vector 
quantities, although differential rotations d@ are vectors. 
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Angular Acceleration. The angular acceleration œ (alpha) 
measures the time rate of change of the angular velocity. The magnitude 
of this vector is 


(G+) a= Y: (16-2) 


Using Eq. 16-1, it is also possible to express o as 


| d 


(G4) imi: 


(16-3) 


The line of action of a is the same as that for œw, Fig. 164a; however, its 
sense of direction depends on whether w is increasing or decreasing. If w 
is decreasing, then æ is called an angular deceleration and therefore has a 
sense of direction which is opposite to w. 

By eliminating dt from Eqs. 16-1 and 16-2, we obtain a differential 
relation between the angular acceleration, angular velocity, and angular 
displacement, namely, 


C» as) 


The similarity between the differential relations for angular motion 
and those developed for rectilinear motion of a particle (v = ds/dt, 
a = dv/dt, and ads = v dv) should be apparent. 


Constant Angular Acceleration. If the angular acceleration of 
the body is constant, a = a,, then Eqs. 16-1, 16-2, and 16-4, when 
integrated, yield a set of formulas which relate the body’s angular velocity, 
angular position, and time. These equations are similar to Eqs. 12-4 to 12-6 
used for rectilinear motion. The results are 










(G+) w = eg + ad (16-5) 
(G+) 0 = bo + wot + 50,0 (16-6) 
(G+) o? = wy + 2a(0 — 0o) (16-7) 


Constant Angular Acceleration 





Here 6 and oy are the initial values of the body's angular position and 
angular velocity, respectively. 





The gears used in the operation of a crane 
all rotate about fixed axes. Engineers 
must be able to relate their angular 
motions in order to properly design this 
gear system. (O R.C. Hibbeler) 
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(d) 


Motion of Point P. As the rigid body in Fig. 16-4c rotates, point P 
travels along a circular path of radius r with center at point O. This path 
is contained within the shaded plane shown in top view, Fig. 16—4d. 





(c) 
Fig. 16-4 (cont.) 


Position and Displacement. The position of P is defined by the 
position vector r, which extends from O to P. If the body rotates d0 then P 
will displace ds = rd6. 


Velocity. The velocity of P has a magnitude which can be found by 
dividing ds = rd0 by dt so that 


I 


As shown in Figs. 16-4c and 16-4d, the direction of v is tangent to the 
circular path. 

Both the magnitude and direction of v can also be accounted for by 
using the cross product of w and rp (see Appendix B). Here, rp is directed 
from any point on the axis of rotation to point P, Fig. 16-4c. We have 





Y = 0 X rp (16-9) 











The order of the vectors in this formulation is important, since the 
cross product is not commutative, i.e., « X rp ~ rp X œ. Notice in 
Fig. 16-4c how the correct direction of v is established by the right-hand 
rule. The fingers of the right hand are curled from « toward rp (œ “cross” rp). 
The thumb indicates the correct direction of v, which is tangent to the 
path in the direction of motion. From Eq. B-8, the magnitude of v in 
Eq. 16-9 is v = orpsin $, and since r = rpsin $, Fig. 16-4c, then v = ar, 
which agrees with Eq. 16-8. As a special case, the position vector r can 
be chosen for rp. Here r lies in the plane of motion and again the 
velocity of point P is 


v—oXr (16-10) 
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Acceleration. The acceleration of P can be expressed in terms of its 
normal and tangential components. Applying Eq. 12-19 and Eq. 12-20, 
a, = dv/dt and a, = v?/p, where p = r, v = wr, and a = dw/dt, we get 


a, = ar (16-11) 


pee (16-12) 


The tangential component of acceleration, Figs. 16-4e and 16-4f, 
represents the time rate of change in the velocity's magnitude. If the speed 
of P is increasing, then a, acts in the same direction as v; if the speed is 
decreasing, a, acts in the opposite direction of v; and finally, if the speed is 
constant, a, is zero. 

The normal component of acceleration represents the time rate of 
change in the velocity's direction. The direction of a, is always toward O, 
the center of the circular path, Figs. 16-4e and 16-4f. 

Like the velocity, the acceleration of point P can be expressed in terms 
of the vector cross product. Taking the time derivative of Eq. 16-9 
we have 


RE EE 
d d ©? dt 


Recalling that a = dw/dt, and using Eq. 16-9 (drp/dt = v = w X rp), 
yields 


a — a X rp t wX (@ X rp) (16-13) 


From the definition of the cross product, the first term on the right has a 
magnitude a, = arpsin $ = ar, and by the right-hand rule, e X rpisin the 
direction of a,, Fig. 16-4e. Likewise, the second term has a magnitude 
à, = w’rpsin $ = or, and applying the right-hand rule twice, first to 
determine the result vp = œw X rp then œw X vp, it can be seen that this 
result is in the same direction as a,, shown in Fig. 16-4e. Noting that this 
is also the same direction as —r, which lies in the plane of motion, we can 
express a, in a much simpler form as a, = —w7r. Hence, Eq. 16-13 can be 
identified by its two components as 


(16-14) 





Since a, and a, are perpendicular to one another, if needed the magnitude 

of acceleration can be determined from the Pythagorean theorem; namely, 
= 4/22 2n 

a= Va, + aj, Fig. 16-Af. 








(£) 
Fig. 16-4 (cont.) 
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If two rotating bodies contact one another, then the points in contact move 
gL DN along different circular paths, and the velocity and tangential components 


of acceleration of the points will be the same: however, the normal 
components of acceleration will not be the same. For example, consider 
the two meshed gears in Fig. 16—5a. Point A is located on gear B and 
a coincident point A' is located on gear C. Due to the rotational motion, 
VA = Vy), Fig. 16-5b, and as a result, wgrg = wcrc or wg = oc(rc/ rg). Also, 
(a) from Fig. 16—5c, (a4), 7 (a4), so that ag = ac(rc/rg); however, since both 
points follow different circular paths, (a4), (a4), and therefore, as 
shown, a4 # ay. 


e we 


VA aa (a4), (ay Jh 


(b) (c) Fig. 16-5 









Important Points 


A body can undergo two types of translation. During rectilinear 
translation all points follow parallel straight-line paths, and 
during curvilinear translation the points follow curved paths that 
are the same shape. 


All the points on a translating body move with the same velocity 
and acceleration. 


Points located on a body that rotates about a fixed axis follow 
circular paths. 


The relation ad? = wdw is derived from a = dw/dt and 
w = d0/dt by eliminating dt. 


Once angular motions w and « are known, the velocity and 
acceleration of any point on the body can be determined. 


The velocity always acts tangent to the path of motion. 


The acceleration has two components. The tangential acceleration 
measures the rate of change in the magnitude of the velocity and 
can be determined from a, = ar. The normal acceleration 
measures the rate of change in the direction of the velocity and 


can be determined from a, = cr. 





16.3 


Procedure for Analysis 


The velocity and acceleration of a point located on a rigid body that 
is rotating about a fixed axis can be determined using the following 
procedure. 


Angular Motion. 


Establish the positive sense of rotation about the axis of rotation 
and show it alongside each kinematic equation as it is applied. 


If a relation is known between any two of the four variables a, c, 0, 
and ¢, then a third variable can be obtained by using one of the 
following kinematic equations which relates all three variables. 
MER cu ey 
z a= d a d0 = w dw 

If the body’s angular acceleration is constant, then the following 
equations can be used: 


w 


w = w + at 
0 = Oo T wot + lad 
o? = w + 2a(0 — 00) 


Once the solution is obtained, the sense of 0, œw, and a is 
determined from the algebraic signs of their numerical quantities. 


Motion of Point P. 


In most cases the velocity of P and its two components of 
acceleration can be determined from the scalar equations 


v= or 
Oh, = OF 
a, = or 
If the geometry of the problem is difficult to visualize, the 
following vector equations should be used: 
V—oXrp—eoxXr 
ay—oxrp—uoxr 
a, = w X (w X rp) = -WT 


Here rp is directed from any point on the axis of rotation to 
point P, whereas r lies in the plane of motion of P. Either of these 
vectors, along with w and a, should be expressed in terms of its 
i, j, k components, and, if necessary, the cross products determined 
using a determinant expansion (see Eq. B-12). 





ROTATION ABOUT A FIXED AXIS 
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EXAMPLE Das 





Fig. 16-6 


A cord is wrapped around a wheel in Fig. 16-6, which is initially at rest 
when 0 = 0. Ifa force is applied to the cord and gives it an acceleration 
a = (4t) m/ s?, where t is in seconds, determine, as a function of time, 
(a) the angular velocity of the wheel, and (b) the angular position of 
line OP in radians. 


SOLUTION 


Part(a). The wheelis subjected to rotation about a fixed axis passing 
through point O. Thus, point P on the wheel has motion about a circular 
path, and the acceleration of this point has both tangential and normal 
components. The tangential component is (ap), = (4f) m/s”, since the 
cord is wrapped around the wheel and moves tangent to it. Hence the 
angular acceleration of the wheel is 


(C+) (ap), = ar 
(4t) m/s? = a(0.2 m) 
o = (202) rad/s? 2 
Using this result, the wheel’s angular velocity w can now be 
determined from a = dw/dt, since this equation relates o, t, and w. 


Integrating, with the initial condition that o = 0 when ¢ = 0, yields 


_ do _ 


(C+) a= = (20r) rad/s? 
dt 
[0] ik 
f dw = fora 
0 0 
w = 10f rad/s2 Ans. 


Part (b). Using this result, the angular position 0 of OP can be found 
from w = d0/dt, since this equation relates 0, w, and t. Integrating, with 
the initial condition 0 = 0 when t = 0, we have 


(C+) Ta w = (109) rad/s 


dt 
0 t 
fa- ] va 
0 0 


0 — 3.33P rad Ans. 


NOTE: We cannot use the equation of constant angular acceleration, 
since a is a function of time. 
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The motor shown in the photo is used to turn a wheel and attached 
blower contained within the housing. The details are shown in 
Fig. 16-7a. If the pulley A connected to the motor begins to rotate 
from rest with a constant angular acceleration of o4 — 2 rad/s?, 
determine the magnitudes of the velocity and acceleration of point P 
on the wheel, after the pulley has turned two revolutions. Assume 
the transmission belt does not slip on the pulley and wheel. 


SOLUTION 
Angular Motion. First we will convert the two revolutions to radians. 
Since there are 27 rad in one revolution, then 


2r rad 
04 = 2 rev 
l rev 





) = 12.57 rad 


Since a, is constant, the angular velocity of pulley A is therefore 
(C+) w = w + 2a(0 — Op) 
w4 = 0 + 2(2 rad/s”)(12.57 rad — 0) 
w, = 7.090 rad/s 


The belt has the same speed and tangential component of 
acceleration as it passes over the pulley and wheel. Thus, 





U = war, = Oprg; 7.090 rad/s (0.15 m) = wg(0.4 m) 
wg = 2.659 rad/s (a) 
a, = Ayr, = agrg; 2 rad/s” (0.15 m) = ap (0.4 m) 


ap = 0.750 rad/s” 


Motion of P. As shown on the kinematic diagram in Fig. 16-7), 





we have 
Up = Walz = 2.659 rad/s (0.4 m) = 1.06 m/s Ans. 
(ap), = agrg = 0.750 rad/s” (0.4 m) = 0.3 m/s? 
(ap), = erg = (2.659 rad/s) (0.4 m) = 2.827 m/s? 
Thus (b) 





ap = V(03 m/s + (2.827 m/s)? = 2.84 m/s? Ans Fig. 16-7 
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ma FUNDAMENTAL PROBLEMS 


F16-1. When the gear rotates 20 revolutions, it achieves 
an angular velocity of w = 30 rad/s, starting from rest. 
Determine its constant angular acceleration and the time 
required. 





Prob. F16-1 


F16-2. The flywheel rotates with an angular velocity of 
c = (0.0050?) rad/s, where 6 is in radians. Determine the 
angular acceleration when it has rotated 20 revolutions. 





Prob. F16-2 


F16-3. The flywheel rotates with an angular velocity of 
w = (4 o" 2) rad /s, where 0 is in radians. Determine the time 
it takes to achieve an angular velocity of w = 150 rad/s. 
When ¢t = 0,0 = 1 rad. 





Prob. F16-3 


F16-4. The bucket is hoisted by the rope that wraps around 
a drum wheel. If the angular displacement of the wheel is 
0 = (0.57 + 157) rad, where t is in seconds, determine the 
velocity and acceleration of the bucket when t = 3 s. 





Prob. F16-4 


F16-5. A wheel has an angular acceleration of 
a = (0.5 0) rad/ s2, where 0 is in radians. Determine the 
magnitude of the velocity and acceleration of a point P 
located on its rim after the wheel has rotated 2 revolutions. 
The wheel has a radius of 0.2 m and starts at wọ = 2 rad/s. 


F16-6. For a short period of time, the motor turns gear A 
with a constant angular acceleration of a4 = 4.5 rad/s’, 
starting from rest. Determine the velocity of the cylinder and 
the distance it travels in three seconds. The cord is wrapped 
around pulley D which is rigidly attached to gear B. 





QA =45 rad s^ fs 


Prob. F16-6 


m PROBLEMS 
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16-1. The angular velocity of the disk is defined by 
w = (5? + 2) rad/s, where t is in seconds. Determine the 
magnitudes of the velocity and acceleration of point A on 
the disk when t = 0.5 s. 





Prob. 16-1 


16-2. The angular acceleration of the disk is defined by 
a = 3f + 12 rad/s, where t is in seconds. If the disk is 
originally rotating at wy — 12 rad/s, determine the 
magnitude of the velocity and the n and t components of 
acceleration of point A on the disk when t — 2 s. 


16-3. The disk is originally rotating at wọ = 12 rad/s. 
If it is subjected to a constant angular acceleration of 
a = 20 rad/s?, determine the magnitudes of the velocity 
and the n and t components of acceleration of point A at 
the instant t = 2 s. 


*16-4. The disk is originally rotating at wọ = 12 rad/s. 
If it is subjected to a constant angular acceleration of 
a = 20 rad/s’, determine the magnitudes of the velocity 
and the n and t components of acceleration of point B when 
the disk undergoes 2 revolutions. 


c = 12 rad/s 





Probs. 16—2/3/4 


16-5. The disk is driven by a motor such that the angular 
position of the disk is defined by 0 = (20t + 412) rad, where t 
is in seconds. Determine the number of revolutions, the angular 
velocity, and angular acceleration of the disk when t = 90 s. 





Prob. 16-5 


16-6. A wheel has an initial clockwise angular velocity of 
10 rad/s and a constant angular acceleration of 3 rad/s?. 
Determine the number of revolutions it must undergo to acquire 
a clockwise angular velocity of 15 rad/s. What time is required? 


16-7. Ifgear A rotates with a constant angular acceleration 
of a4 — 90 rad/s?, starting from rest, determine the time 
required for gear D to attain an angular velocity of 600 rpm. 
Also, find the number of revolutions of gear D to attain this 
angular velocity. Gears A, B, C, and D have radii of 15 mm, 
50 mm, 25 mm, and 75 mm, respectively. 


*16-8. If gear A rotates with an angular velocity of 
w, = (0, + 1) rad/s, where 0, is the angular displacement 
of gear A, measured in radians, determine the angular 
acceleration of gear D when 04 = 3 rad, starting from rest. 
Gears A, B, C, and D have radii of 15 mm, 50 mm, 25 mm, 
and 75 mm, respectively. 





Probs. 16-7/8 
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16-9. At the instant w4 = 5 rad/s, pulley A is given an 
angular acceleration a = (0.80) rad/s?, where 0 is in radians. 
Determine the magnitude of acceleration of point B on 
pulley C when A rotates 3 revolutions. Pulley C has an inner 
hub which is fixed to its outer one and turns with it. 


16-10. At the instant w4 = 5 rad/s, pulley A is given a 
constant angular acceleration a, = 6 rad/s’. Determine 
the magnitude of acceleration of point B on pulley C when 
A rotates 2 revolutions. Pulley C has an inner hub which is 
fixed to its outer one and turns with it. 


OA 
QA 


40 mm 





60 mm 


Probs. 16—9/10 


16-11. The cord, which is wrapped around the disk, is given 
an acceleration of a = (107) m/s’, where t is in seconds. 
Starting from rest, determine the angular displacement, 
angular velocity, and angular acceleration of the disk when 
t=3s. 


a = (10r) m/s? 





Prob. 16-11 
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*16-12. The power of a bus engine is transmitted using the 
belt-and-pulley arrangement shown. If the engine turns 
pulley A at w4 = (20t + 40) rad/s, where t is in seconds, 
determine the angular velocities of the generator pulley B 
and the air-conditioning pulley C when t = 3s. 


16-13. The power of a bus engine is transmitted using the 
belt-and-pulley arrangement shown. If the engine turns 
pulley A at w4 = 60 rad/s, determine the angular velocities 
of the generator pulley B and the air-conditioning pulley C. 
The hub at D is rigidly connected to B and turns with it. 


100 mm 





Probs. 16-12/13 


16-14. The disk starts from rest and is given an angular 
acceleration a = (25?) rad/ s*, where t is in seconds. 
Determine the angular velocity of the disk and its angular 
displacement when r = 4 s. 


16-15. The disk starts from rest and is given an angular 
acceleration a = (51/2?) rad/s2, where t is in seconds. 
Determine the magnitudes of the normal and tangential 
components of acceleration of a point P on the rim of the 
disk when t — 2 s. 


*16-16. The disk starts at wọ = 1 rad/s when 0 = 0, and is 
given an angular acceleration a = (0.30) rad/s”, where 6 is 
in radians. Determine the magnitudes of the normal and 
tangential components of acceleration of a point P on the 
rim of the disk when 0 = 1 rev. 





Probs. 16-14/15/16 


16-17. A motor gives gear A an angular acceleration of 
a, = (2 + 0.006 0?) rad/s?, where 0 is in radians. If this 
gear is initially turning at w4 = 15 rad/s, determine the 
angular velocity of gear B after A undergoes an angular 
displacement of 10 rev. 


16-18. A motor gives gear A an angular acceleration of 
a, = (20) rad/s?, where t is in seconds. If this gear is 
initially turning at w4 = 15 rad/s, determine the angular 
velocity of gear B when t = 3s. 





Probs. 16-17/18 


16-19. The vacuum cleaner's armature shaft S rotates with 
an angular acceleration of a = 4w*/* rad/s?, where w is in 
rad/s. Determine the brush’s angular velocity when t = 4s, 
starting from wọ = 1 rad/s, at = 0. The radii of the shaft 
and the brush are 0.25 in. and 1 in., respectively. Neglect the 
thickness of the drive belt. 
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*16-20. A motor gives gear A an angular acceleration of 
a, = (AP) rad/s?, where t is in seconds. If this gear is 
initially turning at (w4)) = 20 rad/s, determine the angular 
velocity of gear B when t = 2 s. 









(wa) = 20 rad/s 
woe 


0.05 m 





bad 


aA 


Prob. 16-20 


16-21. The motor turns the disk with an angular velocity 
of w = (S? + 3t) rad/s, where t is in seconds. Determine 
the magnitudes of the velocity and the n and t components 
of acceleration of the point A on the disk when t = 3 s. 





Prob. 16-19 


Prob. 16-21 
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16-22. If the motor turns gear A with an angular 
acceleration of a4 = 2 rad/s? when the angular velocity is 
wa = 20 rad/s, determine the angular acceleration and 
angular velocity of gear D. 





100 mm 


Prob. 16-22 


16-23. If the motor turns gear A with an angular 
acceleration of a, = 3 rad/s? when the angular velocity is 
wa = 60 rad/s, determine the angular acceleration and 
angular velocity of gear D. 


HHI 


— 


Prob. 16-23 
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*16-24. The gear A on the drive shaft of the outboard 
motor has a radius r, = 0.5 in. and the meshed pinion 
gear B on the propeller shaft has a radius rg = 1.2 in. 
Determine the angular velocity of the propeller int = 1.5 s, 
if the drive shaft rotates with an angular acceleration 
a = (400P) rad/s’, where t is in seconds. The propeller is 
originally at rest and the motor frame does not move. 


16-25. For the outboard motor in Prob. 16-24, determine 
the magnitude of the velocity and acceleration of point P 
located on the tip of the propeller at the instant t = 0.75 s. 





Probs. 16-24/25 


16-26. The pinion gear A on the motor shaft is given a 
constant angular acceleration a = 3 rad/s?. If the gears A 
and B have the dimensions shown, determine the angular 
velocity and angular displacement of the output shaft C, 
when rt = 2s starting from rest. The shaft is fixed to B and 
turns with it. 





Prob. 16-26 


16-27. The gear A on the drive shaft of the outboard motor 
has a radius r4 = 0.7 in. and the meshed pinion gear B on 
the propeller shaft has a radius rg = 1.4 in. Determine the 
angular velocity of the propeller int = 1.3 s if the drive shaft 
rotates with an angular acceleration a = (300V*1) rad/s’, 
where ¢ is in seconds. The propeller is originally at rest and 
the motor frame does not move. 





Prob. 16-27 


*16-28. The gear A on the drive shaft of the outboard 
motor has a radius r4 = 0.7 in. and the meshed pinion gear 
B on the propeller shaft has a radius rg — 1.4 in. Determine 
the magnitudes of the velocity and acceleration of a point P 
located on the tip of the propeller at the instant t = 0.75 s. 
The drive shaft rotates with an angular acceleration a = 
(300V2) rad/s?, where t is in seconds. The propeller is 
originally at rest and the motor frame does not move. 
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16-29. A stamp S, located on the revolving drum, is used 
to label canisters. If the canisters are centered 200 mm apart 
on the conveyor, determine the radius r4 of the driving 
wheel A and the radius rg of the conveyor belt drum so that 
for each revolution of the stamp it marks the top of a 
canister. How many canisters are marked per minute if the 
drum at B is rotating at wz = 0.2 rad/s? Note that the 
driving belt is twisted as it passes between the wheels. 





re~ op = 0.2 rad/s 


Prob. 16-29 


16-30. At the instant shown, gear A is rotating with a 
constant angular velocity of o4 = 6 rad/s. Determine the 
largest angular velocity of gear B and the maximum speed 
of point C. 





Prob. 16-28 


Prob. 16-30 
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16-31. Determine the distance the load Wis lifted int = 5s 
using the hoist. The shaft of the motor M turns with an angular 
velocity o = 100(4 + t) rad/s, where t is in seconds. 





Prob. 16-31 


*16—32. The driving belt is twisted so that pulley B rotates 
in the opposite direction to that of drive wheel A. If A has a 
constant angular acceleration of a, = 30 rad/ s?, determine 
the tangential and normal components of acceleration of 
a point located at the rim of B when t = 35, starting 
from rest. 


200 mm 125 mm 








Prob. 16-32 
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16-33. The driving belt is twisted so that pulley B rotates 
in the opposite direction to that of drive wheel A. If the 
angular displacement of A is 04 = (5P + 102) rad, where t 
is in seconds, determine the angular velocity and angular 
acceleration of B when t = 3s. 


200 mm 








Prob. 16-33 


16-34. For a short time a motor of the random-orbit 
sander drives the gear A with an angular velocity of 
w4 = 40(P + 6r) rad/s, where t is in seconds. This gear is 
connected to gear B, which is fixed connected to the shaft 
CD. The end of this shaft is connected to the eccentric 
spindle EF and pad P, which causes the pad to orbit around 
shaft CD at a radius of 15 mm. Determine the magnitudes of 
the velocity and the tangential and normal components of 
acceleration of the spindle EF when t = 2 s after starting 
from rest. 





Prob. 16-34 


16-35. If the shaft and plate rotates with a constant 
angular velocity of w = 14 rad/s, determine the velocity 
and acceleration of point C located on the corner of the 
plate at the instant shown. Express the result in Cartesian 
vector form. 
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16-37. The rod assembly is supported by ball-and-socket 
joints at A and B. At the instant shown it is rotating about 
the y axis with an angular velocity w = 5 rad/s and has an 
angular acceleration œ = 8rad/s?. Determine the 


magnitudes of the velocity and acceleration of point C at 
this instant. Solve the problem using Cartesian vectors and 
Eqs. 16-9 and 16-13. 








Prob. 16-35 


*16-36. At the instant shown, the shaft and plate rotates 
with an angular velocity of w = 14rad/s and angular 
acceleration of a = 7 rad/s?. Determine the velocity and 
acceleration of point D located on the corner of the plate at 
this instant. Express the result in Cartesian vector form. 





Prob. 16-36 


Prob. 16—37 


16-38. The sphere starts from rest at 0. = 0° and rotates 
with an angular acceleration of a = (40 + 1) rad/s’, where 
0 is in radians. Determine the magnitudes of the velocity 
and acceleration of point P on the sphere at the instant 
6 = 6 rad. 





Prob. 16-38 
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The dumping bin on the truck rotates 
about a fixed axis passing through the 
pin at A. It is operated by the extension 
of the hydraulic cylinder BC. The 
angular position of the bin can be 
specified using the angular position 
coordinate 0, and the position of point C 
on the bin is specified using the 
rectilinear position coordinate s. Since a 
and b are fixed lengths, then the two 
coordinates can be related by the 
cosinelaw, s — Ve + D? — 2ab cos 6. 
The time derivative of this equation 
relates the speed at which the hydraulic 
cylinder extends to the angular velocity 
of the bin. (© R.C. Hibbeler) 
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16.4 Absolute Motion Analysis 

A body subjected to general plane motion undergoes a simultaneous 
translation and rotation. If the body is represented by a thin slab, the slab 
translates in the plane of the slab and rotates about an axis perpendicular 
to this plane. The motion can be completely specified by knowing both the 
angular rotation of a line fixed in the body and the motion of a point on 
the body. One way to relate these motions is to use a rectilinear position 
coordinate s to locate the point along its path and an angular position 
coordinate 0 to specify the orientation of the line. The two coordinates are 
then related using the geometry of the problem. By direct application of 
the time-differential equations v = ds/dt, a = dv/dt, w = d0/dt, and 
a = dw/dt, the motion of the point and the angular motion of the line can 
then be related. This procedure is similar to that used to solve dependent 
motion problems involving pulleys, Sec. 12.9. In some cases, this same 
procedure may be used to relate the motion of one body, undergoing 
either rotation about a fixed axis or translation, to that of a connected 
body undergoing general plane motion. 


Procedure for Analysis 


The velocity and acceleration of a point P undergoing rectilinear 
motion can be related to the angular velocity and angular acceleration 
of a line contained within a body using the following procedure. 


Position Coordinate Equation. 


e Locate point P on the body using a position coordinate s, which is 
measured from a fixed origin and is directed along the straight-line 
path of motion of point P. 


e Measure from a fixed reference line the angular position 0 of a 
line lying in the body. 


e From the dimensions of the body, relate s to 0, s = f(0), using 
geometry and/or trigonometry. 
Time Derivatives. 


e Take the first derivative of s — f(0) with respect to time to get a 
relation between v and o. 


Take the second time derivative to get a relation between a and a. 
In each case the chain rule of calculus must be used when taking 


the time derivatives of the position coordinate equation. See 
Appendix C. 
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EXAMPLE | 16.3 


The end of rod R shown in Fig. 16-8 maintains contact with the cam by 
means of a spring. If the cam rotates about an axis passing through 
point O with an angular acceleration œ and angular velocity œ, 
determine the velocity and acceleration of the rod when the cam is in 
the arbitrary position 0. 


SOLUTION 


Position Coordinate Equation. Coordinates 0 and x are chosen in 
order to relate the rotational motion of the line segment OA on the cam 
to the rectilinear translation of the rod. These coordinates are measured 
from the fixed point O and can be related to each other using 
trigonometry. Since OC = CB = rcos 0, Fig. 16-8, then 


x = 2r COSO 
Time Derivatives. Using the chain rule of calculus, we have 


2rGi d 
= —2r(sin 0)— 
dt 


—2ro sin 0 


d do 
= (s) sin @ — 2ra(cos 8)—- 


—2r(a sin 0 + o cos 0) Ans. 


NOTE: The negative signs indicate that v and a are opposite to the 
direction of positive x. This seems reasonable when you visualize 
the motion. 
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EXAMPLE pesa LR 


At a given instant, the cylinder of radius r, shown in Fig. 16-9, has an 
angular velocity w and angular acceleration a. Determine the velocity 
and acceleration of its center G if the cylinder rolls without slipping. 








SOLUTION 


Position Coordinate Equation. The cylinder undergoes general 
plane motion since it simultaneously translates and rotates. By 
inspection, point G moves in a straight line to the left, from G to G’, as 
the cylinder rolls, Fig. 16-9. Consequently its new position G' will be 
specified by the horizontal position coordinate sg, which is measured 
from G to G'. Also,as the cylinder rolls (without slipping), the arc length 
A'B on the rim which was in contact with the ground from A to B, 
is equivalent to sg. Consequently, the motion requires the radial line GA 
to rotate 0 to the position G'A’. Since the arc A'B = r0, then G travels 
a distance 


Sg — r0 


Time Derivatives. Taking successive time derivatives of this 
equation, realizing that r is constant, w = d0/dt, and a = dw/dt, gives 
the necessary relationships: 


Sg — r0 
Ug — ro Ans. 
dg — ra Ans. 


NOTE: Remember that these relationships are valid only if the cylinder 
(disk, wheel, ball, etc.) rolls without slipping. 
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EXAMPLE 9605 


The large window in Fig. 16-10 is opened using a hydraulic cylinder AB. 
If the cylinder extends at a constant rate of 0.5 m/s, determine the 
angular velocity and angular acceleration of the window at the instant 
9 = 30°. 


SOLUTION 


Position Coordinate Equation. The angular motion of the window 
can be obtained using the coordinate 6, whereas the extension or motion 
along the hydraulic cylinder is defined using a coordinate s, which 
measures its length from the fixed point A to the moving point B. 
These coordinates can be related using the law of cosines, namely, 








s = (2 my + (1 mf — 2(2 mY1 m) cos 0 
s? = 5 — 4 cos 0 (1) 





When 0 = 30°, Fig. 16-10 
s = 1.239 m 


Time Derivatives. Taking the time derivatives of Eq. 1, we have 








412 eg a” 
e sin 
z dt dt 
s(v,) = 2(sin 0)w (2) 


Since v, = 0.5 m/s, then at 0 = 30°, 


(1.239 m)(0.5 m/s) = 2 sin 30°w 
w = 0.6197 rad/s = 0.620 rad/s Ans. 


Taking the time derivative of Eq. 2 yields 


ds dv, do dw 
—v, + s—=2 —o + 2(si m 
di v.d s d (cos 0) di w (sin 0) di 


v2 + sa, = 2(cos 0)w* + 2(sin Oa 


Since a, = dv,/dt = 0, then 


(0.5 m/s)’ + 0 = 2 cos 30°(0.6197 rad/s)” + 2 sin 30°a 
a = —0.415 rad/s? Ans. 


Because the result is negative, it indicates the window has an angular 
deceleration. 
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PE TPROSLEMS 


16-39. The end A of the bar is moving downward along 
the slotted guide with a constant velocity v4. Determine the 
angular velocity w and angular acceleration « of the bar as 
a function of its position y. 





Prob. 16-39 


*16-40. At the instant 6 = 60°, the slotted guide rod is 
moving to the left with an acceleration of 2 m/s* and a 
velocity of 5 m/s. Determine the angular acceleration and 
angular velocity of link AB at this instant. 





Prob. 16-40 


16-41. At the instant 0 = 50°, the slotted guide is moving 
upward with an acceleration of 3 m/s? and a velocity of 
2 m/s. Determine the angular acceleration and angular 
velocity of link AB at this instant. Note: The upward motion 
of the guide is in the negative y direction. 








Prob. 16-41 


16-42. At the instant shown, 0 = 60°, and rod AB is 
subjected to a deceleration of 16 m/s? when the velocity is 
10 m/s. Determine the angular velocity and angular 
acceleration of link CD at this instant. 















a = 16 m/s? 


Prob. 16-42 


16-43. The crank AB is rotating with a constant angular 
velocity of 4 rad/s. Determine the angular velocity of the 
connecting rod CD at the instant 6 = 30°. 


RC 





600 











Prob. 16-43 


*16-44. Determine the velocity and acceleration of the 
follower rod CD as a function of 0 when the contact 
between the cam and follower is along the straight region 
AB on the face of the cam. The cam rotates with a constant 
counterclockwise angular velocity w. 








Prob. 16-44 


16-45. Determine the velocity of rod R for any angle 0 of 
the cam C if the cam rotates with a constant angular 
velocity w. The pin connection at O does not cause an 
interference with the motion of A on C. 








Prob. 16-45 
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16-46. The circular cam rotates about the fixed point O 
with a constant angular velocity w. Determine the velocity 
v of the follower rod AB as a function of 0. 





Prob. 16-46 


16-47. Determine the velocity of the rod R for any 
angle 0 of cam C as the cam rotates with a constant angular 
velocity w. The pin connection at O does not cause an 
interference with the motion of plate A on C. 





Prob. 16-47 


*16-48. Determine the velocity and acceleration of the 
peg A which is confined between the vertical guide and the 
rotating slotted rod. 








"a 
nm 


Prob. 16-48 
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16-49. Bar AB rotates uniformly about the fixed pin A 
with a constant angular velocity w. Determine the velocity 
and acceleration of block C, at the instant 0 = 60°. 


16-50. The center of the cylinder is moving to the left with 
a constant velocity vy. Determine the angular velocity œ 
and angular acceleration æ of the bar. Neglect the thickness 


of the bar. 
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Prob. 16-49 








Prob. 16-50 


16-51. The pins at A and B are confined to move in the 
vertical and horizontal tracks. If the slotted arm is causing A 
to move downward at v4, determine the velocity of B at the 
instant shown. 





e i — —À3À 














Prob. 16-51 


*16-52. The crank AB has a constant angular velocity œ. 
Determine the velocity and acceleration of the slider at C as 
a function of 0. Suggestion: Use the x coordinate to express 
the motion of C and the ¢ coordinate for CB. x = 0 when 


$ = 0°. 














Prob. 16-52 


16-53. If the wedge moves to the left with a constant 
velocity v, determine the angular velocity of the rod as a 
function of 0. 








Prob. 16-53 


16-54. The crate is transported on a platform which rests 
on rollers, each having a radius r. If the rollers do not slip, 
determine their angular velocity if the platform moves 
forward with a velocity v. 





y 


Prob. 16-54 
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16-55. Arm AB has an angular velocity of w and an 
angular acceleration of æ. If no slipping occurs between the 
disk D and the fixed curved surface, determine the angular 
velocity and angular acceleration of the disk. 





Prob. 16-55 


*16-56. Atthe instant shown, the disk is rotating with an 
angular velocity of w and has an angular acceleration of a. 
Determine the velocity and acceleration of cylinder B at 
this instant. Neglect the size of the pulley at C. 





Prob. 16-56 


346 





CHAPT 






ER 16 PLANAR KINEMATICS OF A RIGID BODY 


x 


Translating 
reference 





Fixed reference 


(a) 


Fig. 16-11 





Time t 


General plane 
motion 


(b) 


Time t + dt 


16.5  Relative-Motion Analysis: Velocity 


The general plane motion of a rigid body can be described as a 
combination of translation and rotation. To view these “component” 
motions separately we will use a relative-motion analysis involving two sets 
of coordinate axes. The x, y coordinate system is fixed and measures the 
absolute position of two points A and B on the body, here represented as 
a bar, Fig. 16-11a. The origin of the x', y' coordinate system will be 
attached to the selected *base point" A, which generally has a known 
motion. The axes of this coordinate system translate with respect to the 
fixed frame but do not rotate with the bar. 


Position. The position vector r, in Fig. 16-11a specifies the location 
of the “base point” A, and the relative-position vector rg), locates point B 
with respect to point A. By vector addition, the position of B is then 


Yp — YA + Yp/A 


Displacement. During an instant of time dt, points A and B 
undergo displacements dr, and drg as shown in Fig. 16-115. If we 
consider the general plane motion by its component parts then the entire 
bar first translates by an amount dr, so that A, the base point, moves to 
its final position and point B moves to B', Fig. 16-11c. The bar is then 
rotated about A by an amount d0 so that B' undergoes a relative 
displacement drgją and thus moves to its final position B. Due to the 
rotation about A, drg/, = rp;4 d0, and the displacement of B is 


drg — dr, + dv g/A 


due to rotation about A 
due to translation of A 
due to translation and rotation 





Translation Rotation 


(c) 
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As slider block A moves horizontally to the left with a velocity v4, 
it causes crank CB to rotate counterclockwise, such that vg is 
directed tangent to its circular path, i.e., upward to the left. The 
connecting rod AB is subjected to general plane motion, and at 
the instant shown it has an angular velocity w. (© R.C. Hibbeler) 


Velocity. To determine the relation between the velocities of points A 
and B, it is necessary to take the time derivative of the position equation, 
or simply divide the displacement equation by dt. This yields 


drg — dr, n dY pA 
dt dt dt 





The terms drg/dt = vg and dr,/dt = v4, are measured with respect to 
the fixed x, y axes and represent the absolute velocities of points A and B, 
respectively. Since the relative displacement is caused by a rotation, the 
magnitude of the third term is drgj4/dt = rgj4 d0/dt = rg; 4B = rpjAO, 
where w is the angular velocity of the body at the instant considered. We 
will denote this term as the relative velocity vg/,, since it represents the 
velocity of B with respect to A as measured by an observer fixed to the 
translating x', y' axes. In other words, the bar appears to move as if it were 
rotating with an angular velocity w about the z' axis passing through A. 
Consequently, vg), has a magnitude of vg/4 = «rg, and a direction which 
is perpendicular to rg;4. We therefore have 


where 


vz = velocity of point B 
v4 = velocity of the base point A 
Vzja = velocity of B with respect to A 
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Path of 
point A 
A 
VA 
VB w 
B 

Path of 
point B 


General plane motion 


(d) 





Fig. 16-13 





VA A 
A UpgjA — ®TBIA 
w 
+ T/A 
VA 
Rotation about the 
base point A 
Translation 


(e) (f) 
Fig. 16-11 (cont.) 


What the equation vz = v4 + vg, states is that the velocity of B, 
Fig. 16-11d,is determined by considering the entire bar to translate with a 
velocity of v,, Fig. 16-11e, and rotate about A with an angular velocity œ, 
Fig. 16-11f. Vector addition of these two effects, applied to B, yields vz, as 
shown in Fig. 16-11g. 

Since the relative velocity vg), represents the effect of circular motion, 
about A, this term can be expressed by the cross product vg; = @ X rgj4, 
Eq. 16-9. Hence, for application using Cartesian vector analysis, we can 
also write Eq. 16-15 as 





(16-16) 


Vg = Va + œ X YBa 











where 


Vg = velocity of B 
v4 = velocity of the base point A 
c) = angular velocity of the body 
rg/4 = position vector directed from A to B 


The velocity equation 16-15 or 16-16 may be used in a practical 
manner to study the general plane motion of a rigid body which is either 
pin connected to or in contact with other moving bodies. When applying 
this equation, points A and B should generally be selected as points on 
the body which are pin-connected to other bodies, or as points in contact 
with adjacent bodies which have a known motion. For example, point A 
on link AB in Fig. 16-12a must move along a horizontal path, whereas 
point B moves on a circular path. The directions of v, and vg can 
therefore be established since they are always tangent to their paths of 
motion, Fig. 16-12b. In the case of the wheel in Fig. 16-13, which rolls 
without slipping, point A on the wheel can be selected at the ground. 
Here A (momentarily) has zero velocity since the ground does not 
move. Furthermore, the center of the wheel, B, moves along a horizontal 
path so that vg is horizontal. 
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Procedure for Analysis 


The relative velocity equation can be applied either by using 
Cartesian vector analysis, or by writing the x and y scalar component 
equations directly. For application, it is suggested that the following 
procedure be used. 


Vector Analysis 


Kinematic Diagram. 


e Establish the directions of the fixed x, y coordinates and draw a 
kinematic diagram of the body. Indicate on it the velocities v4, vg 
of points A and B, the angular velocity œ, and the relative- 
position vector rg/,. 


If the magnitudes of v4, vg, or w are unknown, the sense of 
direction of these vectors can be assumed. 


Velocity Equation. 


e To apply vg = v4 + œ X rg/4, express the vectors in Cartesian 
vector form and substitute them into the equation. Evaluate the 
cross product and then equate the respective i and j components 
to obtain two scalar equations. 


Ifthe solution yields a negative answer for an unknown magnitude, 
it indicates the sense of direction of the vector is opposite to that 
shown on the kinematic diagram. 


Scalar Analysis 


Kinematic Diagram. 


e If the velocity equation is to be applied in scalar form, then the 
magnitude and direction of the relative velocity vg/, must be 
established. Draw a kinematic diagram such as shown in Fig. 16-11g, 
which shows the relative motion. Since the body is considered to be 
“pinned” momentarily at the base point A, the magnitude of vg/4 
is Vgj, = crgj,. The sense of direction of vg/, is always 
perpendicular to rg;, in accordance with the rotational motion œ 
of the body.* 


Velocity Equation. 

e Write Eq. 16-15 in symbolic form, vg = v4 + vgj, and 
underneath each of the terms represent the vectors graphically 
by showing their magnitudes and directions. The scalar equations 
are determined from the x and y components of these vectors. 


*The notation vg = v4 + Vg/4giy, may be helpful in recalling that A is “pinned.” 
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EXAMPLE 9606 





The link shown in Fig. 16-14a is guided by two blocks at A and B, 
which move in the fixed slots. If the velocity of A is 2 m/s downward, 
v4 =2m/s | | L^. determine the velocity of B at the instant 0 = 45°. 
A 
0.2 
GW X SOLUTION I (VECTOR ANALYSIS) 
Kinematic Diagram. Since points A and B are restricted to move along 
g = 45 Be the fixed slots and v; is directed downward, then velocity vg must be 




















directed horizontally to the right, Fig. 16-145. This motion causes the link 
to rotate counterclockwise; that is, by the right-hand rule the angular 
velocity « is directed outward, perpendicular to the plane of motion. 


Velocity Equation. Expressing each of the vectors in Fig. 16-145 in 
(a) terms of their i,j, k components and applying Eq. 16-16 to A, the base 
point, and B, we have 


Vp = Va + @ X rg 
vpi = —2j + [wk X (0.2 sin 455i — 0.2 cos 45°j)] 
vpi = —2j + 0.2m sin 45°j + 0.2m cos 45° 
Equating the i and j components gives 
Vg = 0.20 cos 45° 0 = —2 + 0.2% sin 45° 
Thus, 
w = 14.1 rad/s5 vg = 2m/s—> Ans. 


SOLUTION II (SCALAR ANALYSIS) 


The kinematic diagram of the relative “circular motion” which 
produces vz), is shown in Fig. 16-14c. Here vgj4 = «(0.2 m). 


Thus, 
Ug = Va + Vela 
Up | |2mj/s «(0.2 m) 
EE PE 
(3) Vp = 0 + w(0.2) cos 45° 
(+f) 0 = —2 + w(0.2) sin 45° 


The solution produces the above results. 

It should be emphasized that these results are valid only at the 
instant 0 = 45°. A recalculation for 0 = 44° yields vg = 2.07 m/s 
and o = 14.4 rad/s; whereas when 0 = 46°, vg = 1.93 m/s and 
Relative motion w = 13.9 rad/s, etc. 


© NOTE: Since v4 and o are known, the velocity of any other point on the 
Fig. 16-14 link can be determined. As an exercise, see if you can apply Eq. 16-16 to 
points A and C or to points B and C and show that when 0 = 45°, 

Uc = 3.16 m/s, directed at an angle of 18.4? up from the horizontal. 
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EXAMPLE 


The cylinder shown in Fig. 16-15a rolls without slipping on the surface y 

of a conveyor belt which is moving at 2 ft/s. Determine the velocity of 

point A. The cylinder has a clockwise angular velocity œ = 15 rad/s at gees 

the instant shown. x 





SOLUTION | (VECTOR ANALYSIS) 
Kinematic Diagram. Since no slipping occurs, point B on the cylinder 
has the same velocity as the conveyor, Fig. 16-155. Also, the angular 
velocity of the cylinder is known, so we can apply the velocity equation (a) 
to B, the base point, and A to determine v4. 
Velocity Equation 
VA = Vg + @ X Yajp 
(v4)d + (v4),j = 2i + (—15k) x (—0.5i + 0.5j) 
(vahi + (4),j = 2i + 7.50j + 7.50i 





so that 
(v4), = 2 + 7.50 = 9.50 ft/s (1) 
(v4), = 7.50 ft/s (2) 
Thus, 
v4 = V (9.50) + (7.50)? = 12.1 ft/s Ans. 
T 
@ = tant = 393° La Ans. 
9.50 


SOLUTION II (SCALAR ANALYSIS) 

As an alternative procedure, the scalar components of v4 = vg + V4/g 
can be obtained directly. From the kinematic diagram showing the 
relative "circular" motion which produces va g, Fig. 16-15c, we have 








0.5 ft 
Vajs = orap = (15 rad/s) a) — 10.6 ft/s 
Thus, 
Relative motion 
Va = Vp + VAJB (c) 
ies " ea B P el á E | Fig. 16-15 
= t > Z 45° 


Equating the x and y components gives the same results as before, 
namely, 


(5) (v4), = 2 + 10.6 cos 45° = 9.50 ft/s 
(+1) (v4), = 0 + 10.6 sin 45° = 7.50 ft/s 
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EXAMPLE 








y 
u x 
cB 
Ip/c 
B VB 
(b) 








vg — 2 m/s 
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The collar C in Fig. 16-16a is moving downward with a velocity of 
2 m/s. Determine the angular velocity of CB at this instant. 


SOLUTION I (VECTOR ANALYSIS) 


Kinematic Diagram. The downward motion of C causes B to move 
to the right along a curved path. Also, CB and AB rotate 
counterclockwise. 


Velocity Equation. Link CB (general plane motion): See Fig. 16-16b. 
Vg — Ve T Ocp x TB/c 


Vpi = —2j + 0.2wcgj + 0.2« cgi 


Up = 0.205 (1) 
0 = -2 + 0.20¢p (2) 
cz = 10 rad/s 5 Ans. 


Up = 2m/s— 


SOLUTION II (SCALAR ANALYSIS) 

The scalar component equations of vg = vc + Vgc can be obtained 
directly. The kinematic diagram in Fig. 16-16c shows the relative 
"circular" motion which produces vg/c. We have 


Vp — Vc + VB/C 


So ] prt 


245° 


— 


Resolving these vectors in the x and y directions yields 


(5) vp = 0 + wep(0.2V2 cos 45°) 

(+1) 0 = —2 + wep(0.2V2 sin 45°) 

which is the same as Eqs. 1 and 2. 

NOTE: Since link AB rotates about a fixed axis and vg is known, 


Fig. 16-16d, its angular velocity is found from vg = w4grag Or 
2 m/s = wag (0.2 m), wag = 10 rad/s. 
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a PRELIMINARY PROBLEM 


P16-1. Set up the relative velocity equation between n" 3m 1 
points A and B. 





B 


r 


"4 3 rad/s 








6 rad/s 
(d) 














(e) 




















No slipping 
(b) 
B 
EE 
4m 
A 
-4— 
1m 
i AL 6 rad/s t 
— 





(f) 
Prob. P16-1 
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B FUNDAMENTAL PROBLEMS 


F16-7. If roller A moves to the right with a constant F16-10. If crank OA rotates with an angular velocity of 
velocity of v4 = 3 m/s, determine the angular velocity of w = 12 rad/s, determine the velocity of piston B and the 
the link and the velocity of roller B at the instant 0 = 30°. angular velocity of rod AB at the instant shown. 











Prob. F16-10 


F16-11. If rod AB slides along the horizontal slot with a 
velocity of 60 ft/s, determine the angular velocity of link 
Prob. F16-7 BC at the instant shown. 








F16-8. The wheel rolls without slipping with an angular 
velocity of w = 10 rad/s. Determine the magnitude of the 
velocity of point B at the instant shown. 








Prob. F16-11 


F16-12. End A of the link has a velocity of v4 — 3 m/s. 
Determine the velocity of the peg at B at this instant. The 
peg is constrained to move along the slot. 





Prob. F16-8 


F16-9. Determine the angular velocity of the spool. The 
cable wraps around the inner core, and the spool does not 
slip on the platform P. 











Prob. F16-9 Prob. F16-12 
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[PROBLEMS M 


16-57. At the instant shown the boomerang has an angular 16-59. The link AB has an angular velocity of 3 rad/s. 
velocity w = 4 rad/s, and its mass center G has a velocity Determine the velocity of block C and the angular velocity 
vg = 6in./s. Determine the velocity of point B at this instant. of link BC at the instant 6 = 45°. Also, sketch the position 


of link BC when 6 = 60°, 45°, and 30° to show its general 
plane motion. 


1.5m [e 









0.5 m 


B \o=4 rad/s 6 = 45° 
x 


Prob. 16-59 


*16-60. The slider block C moves at 8 m/s down the 
Prob. 16-57 inclined groove. Determine the angular velocities of links 
AB and BC, at the instant shown. 


16-58. If the block at C is moving downward at 4 ft/s, 
determine the angular velocity of bar AB at the instant shown. 











Prob. 16-58 
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16-61. Determine the angular velocity of links AB 
and BC at the instant 0 = 30°. Also, sketch the position of 
link BC when 0 = 55°, 45°, and 30° to show its general 
plane motion. 


PLANAR KINEMATICS OF A RIGID BODY 


16-63. Ifthe angular velocity of link AB is w4g = 3 rad/s, 
determine the velocity of the block at C and the angular 
velocity of the connecting link CB at the instant 0 = 45? 
and $ = 30°. 





Prob. 16-61 


16-62. The planetary gear A is pinned at B. Link BC 
rotates clockwise with an angular velocity of 8 rad/s, while 
the outer gear rack rotates counterclockwise with an 
angular velocity of 2 rad/s. Determine the angular velocity 
of gear A. 





Prob. 16-62 


Prob. 16-63 


*16-64. The pinion gear A rolls on the fixed gear rack B 
with an angular velocity w = 4rad/s. Determine the 
velocity of the gear rack C. 


16-65. The pinion gear rolls on the gear racks. If B is 
moving to the right at 8 ft/s and C is moving to the left at 
4 ft/s, determine the angular velocity of the pinion gear and 
the velocity of its center A. 





Probs. 16-64/65 
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16-66. Determine the angular velocity of the gear and the 16-69. Rod AB is rotating with an angular velocity of 
velocity of its center O at the instant shown. wag = 60 rad/s. Determine the velocity of the slider C at 
the instant 0 = 60° and $ = 45°. Also, sketch the position 
of bar BC when 0 = 30°, 60° and 90° to show its general 
plane motion. 











Prob. 16-66 






16-67. Determine the velocity of point A on the rim of the 


gear at the instant shown. wag = 60 rad/s 





Prob. 16-69 





Prob. 16-67 16-70. The angular velocity of link AB is w4g = 5 rad/s. 
Determine the velocity of block C and the angular velocity 
of link BC at the instant 0 = 45° and $ = 30°. Also, sketch 
the position of link CB when 0 = 45°, 60°, and 75° to show 
its general plane motion. 


*16-68. Knowing that angular velocity of link AB is 
wag = 4rad/s, determine the velocity of the collar at C and 
the angular velocity of link CB at the instant shown. Link 
CB is horizontal at this instant. 








Prob. 16-68 Prob. 16-70 
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16-71. The similar links AB and CD rotate about the 
fixed pins at A and C. If AB has an angular velocity 
wag = 8 rad/s, determine the angular velocity of BDP and 
the velocity of point P. 








/ 300 mm —>-— 300 mm QN 






wag = S8rad/s 700mm 








+—©P 


Prob. 16-71 


*16—72. If the slider block A is moving downward at 
va = 4m/s, determine the velocities of blocks B and C at 
the instant shown. 


16-73. If the slider block A is moving downward at v4 = 
4 m/s, determine the velocity of point E at the instant shown. 





Probs. 16-72/73 
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16-74. The epicyclic gear train consists of the sun gear A 
which is in mesh with the planet gear B. This gear has an 
inner hub C which is fixed to B and in mesh with the fixed 
ring gear R. If the connecting link DE pinned to B and C is 
rotating at wp, = 18 rad/s about the pin at E, determine 
the angular velocities of the planet and sun gears. 





Prob. 16-74 


16-75. If link AB is rotating at wag = 3 rad/s, determine 
the angular velocity of link CD at the instant shown. 


*16-76. Iflink CD is rotating at wcp = 5 rad/s, determine 
the angular velocity of link AB at the instant shown. 


6 in. - 








Probs. 16—75/76 


16-77. The planetary gear system is used in an automatic 
transmission for an automobile. By locking or releasing 
certain gears, it has the advantage of operating the car at 
different speeds. Consider the case where the ring gear R is 
held fixed, we = 0, and the sun gear S is rotating at 
ws = 5 rad/s. Determine the angular velocity of each of the 
planet gears P and shaft A. 





Prob. 16-77 


16-78. Ifthe ring gear A rotates clockwise with an angular 
velocity of w4 = 30 rad/s, while link BC rotates clockwise 
with an angular velocity of «gc = 15 rad/s, determine the 
angular velocity of gear D. 





Prob. 16-78 
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16-79. The mechanism shown is used in a riveting 
machine. It consists of a driving piston A, three links, and a 
riveter which is attached to the slider block D. Determine 
the velocity of D at the instant shown, when the piston at A 
is traveling at v4 = 20 m/s. 





Prob. 16-79 


*16-80. The mechanism is used on a machine for the 
manufacturing of a wire product. Because of the rotational 
motion of link AB and the, sliding of block F, the segmental 
gear lever DE undergoes general plane motion. If AB is 
rotating at o45 = 5 rad/s, determine the velocity of point E 
at the instant shown. 





wap = 5 rad/s 


Prob. 16-80 
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16.6 Instantaneous Center of Zero 
Velocity 


The velocity of any point B located on a rigid body can be obtained in a 
very direct way by choosing the base point A to be a point that has zero 
velocity at the instant considered. In this case, v, = 0, and therefore the 
velocity equation, vg = v4 + @ X rgj,, becomes vg = w X rgj4. For a 
body having general plane motion, point A so chosen is called the 
instantaneous center of zero velocity (IC), and it lies on the instantaneous 
axis of zero velocity. This axis is always perpendicular to the plane of 
motion, and the intersection of the axis with this plane defines the location 
of the ZC. Since point A coincides with the ZC, then vg = @ X rgjjc and 
so point B moves momentarily about the JC in a circular path; in other 
words, the body appears to rotate about the instantaneous axis. The 
magnitude of vg is simply vg = wrgjrc, Where w is the angular velocity of 
the body. Due to the circular motion, the direction of vg must always be 
perpendicular to rgjic. 

For example, the IC for the bicycle wheel in Fig. 16-17 is at the contact 
point with the ground. There the spokes are somewhat visible, whereas at 
the top of the wheel they become blurred. If one imagines that the wheel 
is momentarily pinned at this point, the velocities of various points can 
be found using v = wr. Here the radial distances shown in the photo, 
Fig. 16-17 must be determined from the geometry of the wheel. 





(O R.C. Hibbeler) 


Fig. 16-17 
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Centrode 


Vic = 9 





Location of /C 
knowing v4 and œw 
vB 
(a) 
Location of IC 
knowing the directions 
of v4 and vg 
(b) 


Fig. 16-18 


Location of the IC. To locate the JC we can use the fact that the 
velocity of a point on the body is always perpendicular to the relative- 
position vector directed from the /C to the point. Several possibilities 
exist: 


e = The velocity v; of a point A on the body and the angular velocity œ 
of the body are known, Fig. 16-18a. In this case, the IC is located 
along the line drawn perpendicular to v, at A, such that the distance 
from A to the IC is ryjc = v4/o. Note that the IC lies up and to the 
right of A since v4 must cause a clockwise angular velocity œw about 
the IC. 


e The lines of action of two nonparallel velocities v, and vg are known, 
Fig. 16-185. Construct at points A and B line segments that are 
perpendicular to v4 and vg. Extending these perpendiculars to 
their point of intersection as shown locates the /C at the instant 
considered. 


e The magnitude and direction of two parallel velocities v4 and vg are 
known. Here the location of the /C is determined by proportional 
triangles. Examples are shown in Fig. 16-18c and d. In both cases 
rajic = V4/& and rgjc = vg/o. If d is a known distance between l 
points A and B, then in Fig. 16-18c, rayc + rgjc = d and in Location of IC 
Fig. 16-18d, rgjc — rac = d. eee 

(d) 
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As the board slides downward to the left it is 
subjected to general plane motion. Since the 
directions of the velocities of its ends A and 
B are known, the /C is located as shown. At 
this instant the board will momentarily rotate 
about this point. Draw the board in several 
other positions and establish the JC for 
each case. (© R.C. Hibbeler) 


w l'Byrc 


Uc = @TC/IC 





UA — 0 l'AjJC 


Fig. 16-19 








Realize that the point chosen as the instantaneous center of zero 
velocity for the body can only be used at the instant considered since the 
body changes its position from one instant to the next. The locus of points 
which define the location of the /C during the body's motion is called a 
centrode, Fig. 16-18a, and so each point on the centrode acts as the IC for 
the body only for an instant. 

Although the /C may be conveniently used to determine the velocity of 
any point in a body, it generally does not have zero acceleration and therefore 
it should not be used for finding the accelerations of points in a body. 


Procedure for Analysis 


The velocity of a point on a body which is subjected to general plane 
motion can be determined with reference to its instantaneous center 
of zero velocity provided the location of the JC is first established 
using one of the three methods described above. 


e As shown on the kinematic diagram in Fig. 16-19, the body is 


imagined as “extended and pinned” at the /C so that, at the instant 
considered, it rotates about this pin with its angular velocity w. 


The magnitude of velocity for each of the arbitrary points A, B, 
and C on the body can be determined by using the equation 
— or, Where r is the radial distance from the /C to each point. 


e The line of action of each velocity vector v is perpendicular to its 
associated radial line r, and the velocity has a sense of direction 
which tends to move the point in a manner consistent with the 
angular rotation w of the radial line, Fig. 16-19. 
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EXAMPLE | 16.9 


Show how to determine the location of the instantaneous center of zero 
velocity for (a) member BC shown in Fig. 16-20a; and (b) the link CB 
shown in Fig. 16-20c. 


SOLUTION 


Part(a). Asshown in Fig. 16-20a, point B moves in a circular path 
such that vg is perpendicular to AB. Therefore, it acts at an angle 0 
from the horizontal as shown in Fig. 16-205. The motion of point B 
causes the piston to move forward horizontally with a velocity vc. 
When lines are drawn perpendicular to vg and vc, Fig. 16-205, they 
intersect at the IC. 


Part (b). Points B and C follow circular paths of motion since 
links AB and DC are each subjected to rotation about a fixed axis, 
Fig. 16—20c. Since the velocity is always tangent to the path, at the 
instant considered, vç on rod DC and vz on rod AB are both directed 
vertically downward, along the axis of link CB, Fig. 16-20d. Radial 
lines drawn perpendicular to these two velocities form parallel lines 
which intersect at "infinity;" i.e., rcc >% and rge o. Thus, 
ce = (Uc/Tcjrc) 0. As a result, link CB momentarily translates. An 
instant later, however, CB will move to a tilted position, causing the /C 
to move to some finite location. 


Fig. 16-20 
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EXAMPLE | 16.10 


Block D shown in Fig. 16-21a moves with a speed of 3 m/s. Determine the 
angular velocities of links BD and AB, at the instant shown. 





SOLUTION 

As D moves to the right, it causes AB to rotate clockwise about point A. 
Hence, vz is directed perpendicular to AB. The instantaneous center of zero 
velocity for BD is located at the intersection of the line segments drawn 
perpendicular to vg and vp, Fig. 16-215. From the geometry, 





rejc = 0.4 tan 45° m = 0.4m 


0.4 m 
rD/IC = SAS = 0.5657 m 


Since the magnitude of vp is known, the angular velocity of link BD is 


v 3 m/s 
Opp = —- = oe 5.30 rad/s 5 Ans. 
'D/IC 0.5657 m 





The velocity of B is therefore 


Vg = Opp(rgjc) = 5.30 rad/s (0.4 m) = 2.12 m/s "545? 
vg = 2.12 m/s 
From Fig. 16—21c, the angular velocity of AB is 
| vg _ 2.12m/s 


€ 
Eu T'B/A 0.4 m 





= 5.30 rad/s2 Ans. 


NOTE: Try to solve this problem by applying vp = vg + vpjg to 
Fig. 16-21 member BD. 





16.6 INSTANTANEOUS CENTER OF ZERO VELOCITY 


EXAMPLE | 16.11 


The cylinder shown in Fig. 16—22a rolls without slipping between the 
two moving plates E and D. Determine the angular velocity of the 
cylinder and the velocity of its center C. 





NLS) 


f Vg = 0.25 m/s 


"n 


eoccoooooooooó 
(a) 























SOLUTION 

Since no slipping occurs, the contact points A and B on the cylinder 
have the same velocities as the plates E and D, respectively. 
Furthermore, the velocities v4 and vg are parallel, so that by the 


proportionality of right triangles the /C is located at a point on line AB, 
Fig. 162b. Assuming this point to be a distance x from B, we have 


Ug = ox; 0.4 m/s — ox 


va = @(0.25 m — x); 0.25 m/s = «(0.25 m — x) 
Dividing one equation into the other eliminates w and yields 


04025 > x) = 10.25% 


Ol | 0.1538 
=-—_ = 0. m 
«Wes 


Hence, the angular velocity of the cylinder is 


vg | 04 m/s 
— = 260d 
Ir 7 





The velocity of point C is therefore 


Uc = orcjgc = 2.60 rad/s (0.1538 m — 0.125 m) 
0.0750 m/s —— 


va = 0.25 m/s 
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EXAMPLE | 16.12 


The crankshaft AB turns with a clockwise angular velocity of 10 rad/s, 
Fig. 16-23a. Determine the velocity of the piston at the instant shown. 


gc = 2.43 rad/s 





wag = 10 rad/s 


SOLUTION 
The crankshaft rotates about a fixed axis, and so the velocity of 
point B is 
Up = 10 rad/s (0.25 ft) = 2.50 ft/s 45° 

Since the directions of the velocities of B and C are known, then the 
location of the /C for the connecting rod BC is at the intersection of 
the lines extended from these points, perpendicular to vg and vc, 
Fig. 16-23b. The magnitudes of rgjjc and rcc can be obtained from the 
geometry of the triangle and the law of sines, i.e., 

Oa it E B/IC 

sin 45? sin 76.4? 

YB/IC = 1.031 ft 


OS ft CG 
sin 45° sin 58.6° 
TOG = 0.9056 ft 














(b) The rotational sense of «gc must be the same as the rotation caused 
Fig. 16-23 by vg about the /C, which is counterclockwise. Therefore, 


vg _ 25ft/s 
rec — 1.031 ft 
Using this result, the velocity of the piston is 

Uc = wgcrcjic = (2.425 rad/s)(0.9056 ft) = 2.20 ft/s 


Ope — 


= 2.425 rad/s 
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Ld PRELIMINARY PROBLEM 


P16—-2. Establish the location of the instantaneous center 
of zero velocity for finding the velocity of point B. 














No slipping 
(a) (d) 








3 rad/s 






: 


4 rad/s 


(b) 








No slipping No slipping 
(e) 





(c) (f) 
Prob. P16-2 
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F16-13. Determine the angular velocity of the rod and the 
velocity of point C at the instant shown. 

















[* — 6 m/s 
A 
2.5m 
4m c 
2.5m 
B 
Prob. F16-13 


F16-14. Determine the angular velocity of link BC and 
velocity of the piston C at the instant shown. 


A 0457 12 Tu - 








Prob. F16-14 


F16-15. If the center O of the wheel is moving with a 
speed of vo = 6 m/s, determine the velocity of point A on 
the wheel. The gear rack B is fixed. 





Prob. F16-15 


F16-16. Ifcable AB is unwound with a speed of 3 m/s, and 
the gear rack C has a speed of 1.5 m/s, determine the 
angular velocity of the gear and the velocity of its center O. 





Prob. F16-16 


F16-17. Determine the angular velocity of link BC and the 
velocity of the piston C at the instant shown. 





30* 


0.2m 





A 6 rad/s 


Prob. F16-17 


F16-18. Determine the angular velocity of links BC and 
CD at the instant shown. 











wap = 10 rad/s 


Prob. F16-18 
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[PROBLEMS 


16-81. In each case show graphically how to locate the 
instantaneous center of zero velocity of link AB. Assume 
the geometry is known. 


(b) 








Prob. 16-81 


16-82. Determine the angular velocity of link AB at the 
instant shown if block C is moving upward at 12 in/s. 





Prob. 16-82 


16-83. The shaper mechanism is designed to give a slow 
cutting stroke and a quick return to a blade attached to the 
slider at C. Determine the angular velocity of the link CB at 
the instant shown, if the link AB is rotating at 4 rad/s. 





A 


Prob. 16-83 


*16-84. The conveyor belt is moving to the right at 
v = 8 ft/s, and at the same instant the cylinder is rolling 
counterclockwise atw = 2 rad/s without slipping. Determine 
the velocities of the cylinder’s center C and point B at this 
instant. 


16-85. The conveyor belt is moving to the right at 
v = 12 ft/s, and at the same instant the cylinder is rolling 
counterclockwise at w = 6 rad/s while its center has a 
velocity of 4 ft/s to the left. Determine the velocities of 
points A and B on the disk at this instant. Does the 
cylinder slip on the conveyor? 





Probs. 16-84/85 
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16-86. As the cord unravels from the wheel’s inner hub, *16-88. If bar AB has an angular velocity wg = 6 rad/s, 
the wheel is rotating at œ = 2 rad/s at the instant shown. determine the velocity of the slider block C at the instant 
Determine the velocities of points A and B. shown. 





wap = 6rad/s y 


Prob. 16-88 





Prob. 16-86 


16-89. Show that if the rim of the wheel and its hub 
maintain contact with the three tracks as the wheel rolls, it is 
necessary that slipping occurs at the hub A if no slipping 
occurs at B. Under these conditions, what is the speed at A 
if the wheel has angular velocity w? 


16-87. If rod CD is rotating with an angular velocity 
wcp = 4rad/s, determine the angular velocities of rods AB 
and CB at the instant shown. 




















Prob. 16-87 Prob. 16-89 


16-90. Due to slipping, points A and B on the rim of the 
disk have the velocities shown. Determine the velocities of 
the center point C and point D at this instant. 


16-91. Due to slipping, points A and B on the rim of the 
disk have the velocities shown. Determine the velocities of 
the center point C and point £ at this instant. 


vg = 10 ft/s B 
— 





Probs. 16-90/91 


*16-92. Member AB is rotating at «4g = 6rad/s. 
Determine the velocity of point D and the angular velocity 
of members BPD and CD. 


16-93. Member AB is rotating at wag = 6rad/s. 
Determine the velocity of point P, and the angular velocity 
of member BPD. 








200 mm =e 200 mm | 









5 






Probs. 16—92/93 
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16-94. The cylinder B rolls on the fixed cylinder A without 
slipping. If connected bar CD is rotating with an angular 
velocity wcp = 5 rad/s, determine the angular velocity of 
cylinder B. Point C is a fixed point. 





Prob. 16-94 


16-95. As the car travels forward at 80 ft/s on a wet road, 
due to slipping, the rear wheels have an angular velocity 
w = 100 rad/s. Determine the speeds of points A, B, and C 
caused by the motion. 








Prob. 16-95 


*16—96. The pinion gear A rolls on the fixed gear rack B 
with an angular velocity w = 8rad/s. Determine the 
velocity of the gear rack C. 








Prob. 16-96 
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16-97. If the hub gear H and ring gear R have angular 
velocities wy = 5 rad/s and wr = 20 rad/s, respectively, 
determine the angular velocity os of the spur gear S and the 
angular velocity of its attached arm OA. 


16-98. If the hub gear H has an angular velocity 
wy = 5 rad/s, determine the angular velocity of the ring 
gear R so that the arm OA attached to the spur gear S 
remains stationary (wo94 = 0). What is the angular velocity 
of the spur gear? 





Probs. 16-97/98 


16-99. The crankshaft AB rotates at «4g = 50 rad/s 
about the fixed axis through point A, and the disk at C is 
held fixed in its support at E. Determine the angular 
velocity of rod CD at the instant shown. 





QAp = 50 rad/s 
T" 
100 — 


Prob. 16-99 


3 


PLANAR KINEMATICS OF A RIGID BODY 


*16-100. Cylinder A rolls on the fixed cylinder B without 
slipping. If bar CD is rotating with an angular velocity of 
Wcp = 3 rad/s, determine the angular velocity of A. 





Prob. 16-100 


16-101. The planet gear A is pin connected to the end of 
the link BC. If the link rotates about the fixed point B at 
4 rad/s, determine the angular velocity of the ring gear R. 
The sun gear D is fixed from rotating. 


16-102. Solve Prob. 16-101 if the sun gear D is rotating 
clockwise at wp — 5 rad/s while link BC rotates 
counterclockwise at wgc = 4 rad/s. 


OR 





Probs. 16—101/102 


16.7  RELATIVE-MOTION ANALYSIS: ACCELERATION 





16.7  Relative-Motion Analysis: 
Acceleration 


An equation that relates the accelerations of two points on a bar (rigid 
body) subjected to general plane motion may be determined by 
differentiating vg = v4 + vp/4 With respect to time. This yields 


dvg m dv, 4 dVgjA 


dt dt dt 





The terms dvg/dt = ag and dv,/dt = a, are measured with respect to 
a set of fixed x, y axes and represent the absolute accelerations of points B 
and A. The last term represents the acceleration of B with respect to A as 
measured by an observer fixed to translating x', y' axes which have their 
origin at the base point A. In Sec. 16.5 it was shown that to this observer 
point B appears to move along a circular arc that has a radius of 
curvature rgj,. Consequently, agja can be expressed in terms of its 
tangential and normal components; i.e., agja = (agja) + (agj4),, Where 
(apgj4); = argja and (agjj), = GP rgJA. Hence, the relative-acceleration 
equation can be written in the form 





ag = a4 + (Apa); + (ag/A)n (16-17) 


where 


ag = acceleration of point B 
a, = acceleration of point A 


(agja), = tangential acceleration component of B with respect 
to A. The magnitude is (agja), = arg/,, and the 
direction is perpendicular to rg/,. 


(agja) = normal acceleration component of B with respect 
to A. The magnitude is (apj4), = OQ Tg[A, and the 
direction is always from B toward A. 


The terms in Eq. 16-17 are represented graphically in Fig. 16-24. Here 
it is seen that at a given instant the acceleration of B, Fig. 16—24a, is 
determined by considering the bar to translate with an acceleration a4, 
Fig. 16-245, and simultaneously rotate about the base point A with an 
instantaneous angular velocity w and angular acceleration a, Fig. 16—24c. 
Vector addition of these two effects, applied to B, yields ag, as shown in 
Fig. 16—24d. It should be noted from Fig. 16—24a that since points A and B 
move along curved paths, the accelerations of these points will have both 
tangential and normal components. (Recall that the acceleration of a 
point is tangent to the path only when the path is rectilinear or when it is 
an inflection point on a curve.) 


Path of 
point A * 





—— ... Path of 
point B 


General plane motion 


(a) 





Translation 


(b) 





Rotation about the 
base point A 


(c) 


(45/4), 


(agja): 
ag 
aa 


(d) 
Fig. 16-24 
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(a) 





B 
(b) 
Fig. 16-25 











i 
(b) 
Fig. 16-26 


Since the relative-acceleration components represent the effect of 
circular motion observed from translating axes having their origin at the 
base point A, these terms can be expressed as (azja), = œ X rgj, and 
(agin = —@' Fp, Eq. 16-14. Hence, Eq. 16-17 becomes 





ag — aq tex Yp/A = Q^ Y gJA (16-18) 











where 


ap — acceleration of point B 


a4 — acceleration of the base point A 


œ = angular acceleration of the body 


c = angular velocity of the body 


Yg/4 = position vector directed from A to B 


If Eq. 16-17 or 16-18 is applied in a practical manner to study the 
accelerated motion of a rigid body which is pin connected to two other 
bodies, it should be realized that points which are coincident at the pin 
move with the same acceleration, since the path of motion over which 
they travel is the same. For example, point B lying on either rod BA or 
BC of the crank mechanism shown in Fig. 16-25a has the same 
acceleration, since the rods are pin connected at B. Here the motion of B 
is along a circular path, so that ag can be expressed in terms of its 
tangential and normal components. At the other end of rod BC point C 
moves along a straight-lined path, which is defined by the piston. Hence, 
ac is horizontal, Fig. 16-25b. 

Finally, consider a disk that rolls without slipping as shown in Fig. 16—26a. 
As a result, v4 = 0 and so from the kinematic diagram in Fig. 16-26b, the 
velocity of the mass center G is 


Vo = VA + € X rgj4 = 0 + (ok) X (rj) 
So that 
Ug = or (16-19) 


This same result can also be determined using the IC method where 
point A is the IC. 

Since G moves along a straight line, its acceleration in this case can be 
determined from the time derivative of its velocity. 


dvo _ dw 
dt dt” 
ag = ar (16-20) 


These two important results were also obtained in Example 16-4. They 
apply as well to any circular object, such as a ball, gear, wheel, etc., that 
rolls without slipping. 
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Procedure for Analysis 


The relative acceleration equation can be applied between any two 
points A and B on a body either by using a Cartesian vector analysis, 
or by writing the x and y scalar component equations directly. 


Velocity Analysis. 


Determine the angular velocity œw of the body by using a velocity 
analysis as discussed in Sec. 16.5 or 16.6. Also, determine the 
velocities v, and vg of points A and B if these points move along 
curved paths. 


Vector Analysis 
Kinematic Diagram. 


Establish the directions of the fixed x, y coordinates and draw the 
kinematic diagram of the body. Indicate on it a4, ag, œ, œ, and rgj,. 


If points A and B move along curved paths, then their accelerations 
should be indicated in terms of their tangential and normal 
components, i.e., a4 = (a4), + (a4), and ag = (ag), + (ap),. 


Acceleration Equation. 


To apply ag = a4 + œ X rgj, — w TBJ express the vectors in 
Cartesian vector form and substitute them into the equation. 
Evaluate the cross product and then equate the respective i and j 
components to obtain two scalar equations. 


If the solution yields a negative answer for an unknown magnitude, 
it indicates that the sense of direction of the vector is opposite to 
that shown on the kinematic diagram. 


Scalar Analysis 
Kinematic Diagram. 


If the acceleration equation is applied in scalar form, then the 
magnitudes and directions of the relative-acceleration components 
(ag/a); and (a5/4),, must be established. To do this draw a kinematic 
diagram such as shown in Fig. 16—24c. Since the body is considered 
to be momentarily “pinned” at the base point A, the magnitudes 
of these components are (agja), = @rg/4 and (apj4), = OQ TgJA. 
Their sense of direction is established from the diagram such that 
(45/4); acts perpendicular to rg/4, in accordance with the rotational 
motion « of the body, and (ag/4), is directed from B toward A.* 


Acceleration Equation. 


is 


Represent the vectors in ag = a4 + (aga); + (agj4), graphically 
by showing their magnitudes and directions underneath each 
term. The scalar equations are determined from the x and y 
components of these vectors. 


*The notation ag = a4 + (Ag/acpin))s + (Ag/acpin)n May be helpful in recalling that A 
assumed to be pinned. 








The mechanism for a window is shown. Here 
CA rotates about a fixed axis through C, and 
AB undergoes general plane motion. Since 
point A moves along a curved path it has two 
components of acceleration, whereas point B 
moves along a straight track and the direction 
ofits acceleration is specified. (© R.C. Hibbeler) 
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EXAMPLE [9699 


The rod AB shown in Fig. 16—27a is confined to move along 
the inclined planes at A and B. If point A has an acceleration 
of 3 m/s? and a velocity of 2 m/s, both directed down the 
plane at the instant the rod is horizontal, determine the 
angular acceleration of the rod at this instant. 





SOLUTION I (VECTOR ANALYSIS) 

We will apply the acceleration equation to points A and B on 
the rod. To do so it is first necessary to determine the angular 
velocity of the rod. Show that it is œ = 0.283 rad/s using 
either the velocity equation or the method of instantaneous 
centers. 


Kinematic Diagram. Since points A and B both move 
along straight-line paths, they have no components of 
acceleration normal to the paths. There are two unknowns in 
Fig. 16-27b, namely, ag and a. 

















Acceleration Equation. 





ag — ay tax YB/A Ex Q^ Tg/A 
ag cos 455i + ag sin 45°j = 3 cos 455i — 3 sin 45°j + (ak) X (10i) — (0.283)7(10i) 


Carrying out the cross product and equating the i and j components 












yields 
ag cos 45? = 3 cos 45? — (0.283)*(10) (1) 
(asja) = a FBA agsin 45° = —3 sin 45° + a(10) (2) 
j 10m - Solvi h 
ving, W av 
A B (again = rea |B pa VE ANE 








= 2 o 
w = 0.283 rad/s BR, ag = 1.87 m/s“ 245 


a = 0.344 rad/s? 5 Ans. 
(c) 
Fig. 16-27 SOLUTION II (SCALAR ANALYSIS) 


From the kinematic diagram, showing the relative-acceleration 
components (ag/4), and (ag/4),, Fig. 16-27c, we have 


ag = ag + (agja) + (AByAn 


l ag | 7 |] me | " [e "| x ns rad/s)°(10 m) 
-45 | | 545° ji 


Equating the x and y components yields Eqs. 1 and 2, and the solution 
proceeds as before. 


«— 


16.7 RELATIVE-MOTION ANALYSIS: ACCELERATION 


EXAMPLE 


The disk rolls without slipping and has the angular motion shown in 
Fig. 16-28a. Determine the acceleration of point A at this instant. 


SOLUTION | (VECTOR ANALYSIS) 

Kinematic Diagram. Since no slipping occurs, applying Eq. 16-20, 
ag = ar = (4 rad/s?)(0.5 ft) = 2 ft/s? 

Acceleration Equation. 

We will apply the acceleration equation to points G and A, Fig. 16-28), 


a, — ag +ax YA/G = WT A/G 
—2i + (4k) x (—0.5j) — (6(—0.5j) 
(18j) ft/s? 


a, 


SOLUTION II (SCALAR ANALYSIS) 


Using the result for ag = 2 ft/s? determined above, and from the 
kinematic diagram, showing the relative motion a4/c, Fig. 16-28c, 
we have 


aa = ag + (a4jg), + (ajyg)y 





3h (a, = -2+2=0 
+f (a4), = 18 ft/s? 
Therefore, 
a, = VOP + (18 ft/s)? = 18 ft/s? Ans. 


NOTE: The fact that a4 = 18 ft/s? indicates that the instantaneous 
center of zero velocity, point A, is not a point of zero acceleration. 


[e z ES E E dd z |^ rad/s^(0.5 » " i rad /s)^(0.5 ft) 





w = 6 rad/s 
a — 4 rad/s? 









w = 6 rad/s 
a = 4 rad/s? 


| -— 


à (a4); 


(b) 


w = 6 rad/s 
a=4 uU 


(c) 
Fig. 16-28 
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EXAMPLE baeas LE 


The spool shown in Fig. 16-29a unravels from the cord, such that at 
the instant shown it has an angular velocity of 3 rad/s and an angular 
acceleration of 4 rad/s?. Determine the acceleration of point B. 


SOLUTION | (VECTOR ANALYSIS) 

The spool *appears" to be rolling downward without slipping at 
point A. Therefore, we can use the results of Eq. 16-20 to determine 
the acceleration of point G, i.e., 


ag = ar = (4 rad/s°\(0.5 ft) = 2 ft/s? 







=3rad 
hte 4 x ud We will apply the acceleration equation to points G and B. 


Kinematic Diagram. Point B moves along a curved path having an 

(a) unknown radius of curvature.* Its acceleration will be represented by 
its unknown x and y components as shown in Fig. 16-29b. 
Acceleration Equation. 


ag — ag tax Y5/G aa wT B/G 


a (ag) + (ag = -2j + (4k) x (0.75) — GY(0.75j 
d Equating the i and j terms, the component equations are 
(as), (ag), = 4(0.75) = 3 ft/s? — (1) 
(ag, = —2 — 6.75 = —8.75 ft/s? = 8.75 ft/s? | (2) 


The magnitude and direction of ag are therefore 


ag = V (3) + (8.75)? = 9.25 ft/s? Ans. 





w = 3 rad/s 
Jb = 4 rad/s? 


0 = ant =71.1°S Ans. 
(b) 
SOLUTION II (SCALAR ANALYSIS) 
This problem may be solved by writing the scalar component equations 
directly. The kinematic diagram in Fig. 16-29c shows the relative- 
» (anc), = arsye acceleration components (ag/q), and (ag/g),. Thus, 
me ag = ag + (agg): + (ag/o)n 
i: a 
ag i | " l 2| 


7 b a " i rad/s? (0.75 »| " i rad/s)°(0.75 ft) 
"IE -d i 


The x and y components yield Eqs. 1 and 2 above. 


w = 3 rad/s = 
7, = 4 rad/s? 
(c) *Realize that the path’s radius of curvature p is not equal to the radius of the spool 
since the spool is not rotating about point G. Furthermore, p is not defined as the distance 


Fig. 16-29 from A (IC) to B, since the location of the JC depends only on the velocity of a point and 
not the geometry of its path. 


16.7 RELATIVE-MOTION ANALYSIS: ACCELERATION 379 


EXAMPLE aee LE 


The collar C in Fig. 16-30a moves downward with an acceleration of 
1 m/s”. At the instant shown, it has a speed of 2 m/s which gives 
links CB and AB an angular velocity w4g = wcg = 10 rad/s. (See 
Example 16.8.) Determine the angular accelerations of CB and AB 
at this instant. 











Uc = 2 m/s 


ac = 1m/s* À 
^H ee =10 rad/s 


. | D" 
NN i 0.2 m 
10 rad/s 3-3 


SOLUTION (VECTOR ANALYSIS) 

Kinematic Diagram. The kinematic diagrams of both links AB and 
CB are shown in Fig. 16-305. To solve, we will apply the appropriate 
kinematic equation to each link. 








Acceleration Equation. dues idi " 
Link AB (rotation about a fixed axis): 
ag = Gap X Fg — GAgfg 
ap = (ask) X (—0.2j) — (10) (-0.2j) 
aj = 02o,ji + 20j 





Note that aj has n and t components since it moves along a circular path. 
Link BC (general plane motion): Using the result for ag and applying (b) 
Eq. 16-18, we have Fig. 16-30 
ay = ac + AcE X rgjc — GCcgEpjc 
0.2o45i + 20j = —1j + (acgk) X (0.2i — 0.2j) — (10)(0:2i — 0.2j) 
0.2æ4gi + 20j = —1j + 0.2acgj + 0.2acpi — 20i + 20j 


Thus, 
02045 = 0.2acp — 20 
20 = -1 + 02a + 20 
Solving, 
acs = 5rad/s? 5 Ans. 
aag = —95 rad/s? = 95 rad/s? 2 Ans. 
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EXAMPLE | 16.17 


The crankshaft AB turns with a clockwise angular acceleration of 
20 rad/s”, Fig. 16-31a. Determine the acceleration of the piston at the 

C instant AB is in the position shown. At this instant w4, = 10 rad/s and 
wgc = 2.43 rad/s. (See Example 16.12.) 








0.75 ft [56 SOLUTION (VECTOR ANALYSIS) 


- ogc = 243rad/s Kinematic Diagram. The kinematic diagrams for both AB and BC 
are shown in Fig. 16-315. Here ac is vertical since C moves along a 
straight-line path. 


wap = 10 rad/s 
aag = 20 rad/s? 





2 Acceleration Equation. Expressing each of the position vectors in 
o2sft ye Cartesian vector form 


rg = {—0.25 sin 45° + 0.25 cos 45°j} ft = (—0.177i + 0.177j} ft 
(a) rcg = {0.75 sin 13.6°% + 0.75 cos 13.675] ft = (0.177i + 0.729j J ft 
Crankshaft AB (rotation about a fixed axis): 
ag = Gg X Fg — wags 
= (—20k) X (—0.177i + 0.177j) — (10)(—0.177i + 0.177j) 
= (2121i — 14.14j) ft/s? 





ac Connecting Rod BC (general plane motion): Using the result for aj 
and noting that ac is in the vertical direction, we have 


ac = ag + @gc X rcjg — OBE CR 
acj = 21.21i — 14.14j + (agck) X (0.177i + 0.729j) — (2.43) 0.1771 + 0.729j) 
L13.6° ad = 2121i — 14.14j + 0.177agcj — 0.729agci — 1.041 — 4.30j 
~|- «pc 


_—| ogc = 2.43 rad/s 0 = 20.17 — 0.729agc 
ac = 0.177agc — 18.45 







wag = 10 rad/s Solving yields 
= 2 
| an= RO tads agc = 27.7 rad/s? $ 


X 
ac = —13.5 ft/s? Ans. 


0.25 cos 45° ft 











(b) 


NOTE: Since the piston is moving upward, the negative sign for ac 
Fig. 16-31 indicates that the piston is decelerating, i.e.,ac = {—13.5j} ft/s”. This 
causes the speed of the piston to decrease until AB becomes vertical, 
at which time the piston is momentarily at rest. 
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E] PRELIMINARY PROBLEM 





P16-3. Set up the relative acceleration equation between 
points A and B. The angular velocity is given. 




















B 
3m 
CE 
45° 9 w = 2.12 rad/s 
A 
— 
3 
x 0.5 m ‘| 
2m/s A 


w = 1.15 rad/s <a 
(a) ^ 
e 4 rad/s 
B 30° 8 rad/s” 
220 2m 








No slipping 


(b) 









w = 4 rad/s 
a=2 rad/s” 


(c) (f) 


Prob. P16-3 


382 CHAPTER 16 


[5] FUNDAMENTAL PROBLEMS 


PLANAR KINEMATICS OF A RIGID BODY 





F16-19. At the instant shown, end A of the rod has the 
velocity and acceleration shown. Determine the angular 
acceleration of the rod and acceleration of end B of the rod. 














a4 =5m/s* 
[ji = 6 m/s 
EM - 
5m 
4m 
B 
Prob. F16-19 


F16-20. The gear rolls on the fixed rack with an angular 
velocity of œ = 12rad/s and angular acceleration of 
a = 6 rad/s. Determine the acceleration of point A. 





Prob. F16-20 


F16-21. The gear rolls on the fixed rack B. At the instant 
shown, the center O of the gear moves with a velocity of 
vo = 6m/s and acceleration of ag = 3 m/s’. Determine 
the angular acceleration of the gear and acceleration of 
point A at this instant. 





Prob. F16-21 


F16-22. At the instant shown, cable AB has a velocity of 
3 m/s and acceleration of 1.5 m/s’, while the gear rack has a 
velocity of 1.5 m/s and acceleration of 0.75 m/s”. Determine 
the angular acceleration of the gear at this instant. 


ag = 1.5 m/s" 





Prob. F16—22 


F16-23. At the instant shown, the wheel rotates with an 
angular velocity ofw = 12 rad/s and an angular acceleration 
of a = 6rad/s?. Determine the angular acceleration of 
link BC at the instant shown. 








a = 6 rad/s? 
w = 12 rad/s 


Prob. F16—23 


F16-24. At the instant shown, wheel A rotates with an 
angular velocity of œ = 6 rad/s and an angular acceleration 
of a = 3rad/s?. Determine the angular acceleration of 
link BC and the acceleration of piston C. 





30° 





9 = 6 rad/s 


a = 3 rad/s? 


Prob. F16-24 


B PROBLEMS 
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16-103. BarAB hasthe angular motions shown. Determine 
the velocity and acceleration of the slider block C at this 
instant. 


B 
7 
0.5 m “7 
0g = 4 rad/s 9 
ap = 6 rad/s? A 
Ih A aso 





Prob. 16-103 


*16-104. Ata given instant the bottom A of the ladder has 
an acceleration a, = 4 ft/s” and velocity v4 = 6 ft/s, both 
acting to the left. Determine the acceleration of the top of 
the ladder, B, and the ladder’s angular acceleration at this 
same instant. 


16-105. At a given instant the top B of the ladder has an 
acceleration ag = 2 ft/s” and a velocity of vg = 4 ft/s, both 
acting downward. Determine the acceleration of 
the bottom A of the ladder, and the ladder’s angular 
acceleration at this instant. 








Probs. 16-104/105 


16-106. Member AB has the angular motions shown. 
Determine the velocity and acceleration of the slider block 
C at this instant. 






| |i) 4 rad/s 


oy 5 rad/s? 
A Y 


0.5m 








Prob. 16-106 


16-107. At a given instant the roller A on the bar has the 
velocity and acceleration shown. Determine the velocity 
and acceleration of the roller B, and the bar's angular 
velocity and angular acceleration at this instant. 





Prob. 16-107 
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*16-108. The rod is confined to move along the path due 
to the pins at its ends. At the instant shown, point A has the 
motion shown. Determine the velocity and acceleration of 
point B at this instant. 


—— 4 — 6 ft/s 
-———— üA-— 3 ft/s 


S) S] 


t— 


Prob. 16-108 





16-109. Member AB has the angular motions shown. 
Determine the angular velocity and angular acceleration of 
members CB and DC. 


200 mm 





100 mm 





w4g = 2 rad/s 
ajg = 4 rad/s? 






Prob. 16-109 
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16-110. The slider block has the motion shown. Determine 
the angular velocity and angular acceleration of the wheel 
at this instant. 





——À- 
Ug — 4 m/s 
ag —2m/s 


Prob. 16-110 


16-111. Ata given instant the slider block A is moving to 
the right with the motion shown. Determine the angular 
acceleration of link AB and the acceleration of point B at 
this instant. 





Prob. 16-111 


*16-112. Determine the angular acceleration of link CD 
if link AB has the angular velocity and angular acceleration 


shown. 











Prob. 16-112 


16-113. The reel of rope has the angular motion shown. 
Determine the velocity and acceleration of point A at the 
instant shown. 


16-114. The reel of rope has the angular motion shown. 
Determine the velocity and acceleration of point B at the 
instant shown. 






a = 8 rad/s? 
w = 3 rad/s 


Probs. 16-113/114 
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16-115. A cord is wrapped around the inner spool of the 
gear. If it is pulled with a constant velocity v, determine the 
velocities and accelerations of points A and B. The gear 
rolls on the fixed gear rack. 








Prob. 16-115 


*16-116. The disk has an angular acceleration a = 8 rad/s” 
and angular velocity w = 3 rad/s at the instant shown. If it 
does not slip at A, determine the acceleration of point B. 


w = 3 rad/s 
a = 8rad/s2 
aaa 





A 


Prob. 16-116 
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16-117. The disk has an angular acceleration a = 8 rad/s” 
and angular velocity w = 3 rad/s at the instant shown. If it 
does not slip at A, determine the acceleration of point C. 


€ = 3 rad/s 
a = 8 rad/s? 
Aor 





Prob. 16-117 


16-118. A single pulley having both an inner and outer rim 
is pin connected to the block at A. As cord CF unwinds 
from the inner rim of the pulley with the motion shown, 
cord DE unwinds from the outer rim. Determine the 
angular acceleration of the pulley and the acceleration of 
the block at the instant shown. 





Prob. 16-118 
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16-119. The wheel rolls without slipping such that at the 
instant shown it has an angular velocity w and angular 
acceleration œ. Determine the velocity and acceleration of 
point B on the rod at this instant. 





Prob. 16-119 


*16-120. The collar is moving downward with the motion 
shown. Determine the angular velocity and angular 
acceleration of the gear at the instant shown as it rolls along 
the fixed gear rack. 





Prob. 16-120 
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16-121. The tied crank and gear mechanism gives rocking 16-123. If member AB has the angular motion shown, 
motion to crank AC, necessary for the operation of a determine the velocity and acceleration of point C at the 
printing press. If link DE has the angular motion shown, instant shown. 


determine the respective angular velocities of gear F and 
crank AC at this instant, and the angular acceleration of 
crank AC. 





Prob. 16-121 


16-122. If member AB has the angular motion shown, Prob. 16-123 
determine the angular velocity and angular acceleration of 
member CD at the instant shown. 


*16-124. The disk rolls without slipping such that it has an 
angular acceleration of a = 4 rad/s? and angular velocity of 
w= 2rad/s at the instant shown. Determine the 
acceleration of points A and B on the link and the link's 
angular acceleration at this instant. Assume point A lies on 
the periphery of the disk, 150 mm from C. 


-— — 300 mm 


w = 2 rad/s 
a = 4 rad/s? 












= . i 


Prob. 16-122 Prob. 16-124 
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16-125. The ends of the bar AB are confined to move 16-127. The slider block moves with a velocity of 
along the paths shown. At a given instant, A has a velocity Up = 5 ft/s and an acceleration of ag = 3 ft/s’. Determine 
of v, =4ft/s and an acceleration of a, = 7 ft/s’. the angular acceleration of rod AB at the instant shown. 
Determine the angular velocity and angular acceleration 

of AB at this instant. 








2 ft 
uf vg = 5 ft/s 
vA = 4 ft/s ap = 3 ft/s? 


üA = f ft/s 








B 





Prob. 16-125 
Prob. 16-127 


16-126. The mechanism produces intermittent motion of 
link AB. If the sprocket S is turning with an angular 
acceleration as = 2 rad/s? and has an angular velocity 
ws = 6 rad/s at the instant shown, determine the angular 
velocity and angular acceleration of link AB at this instant. 
The sprocket S is mounted on a shaft which is separate from 
a collinear shaft attached to AB at A. The pin at C is 
attached to one of the chain links such that it moves 
vertically downward. 


*16-128. The slider block moves with a velocity of 
Up = 5 ft/s and an acceleration of ag = 3 ft/s’. Determine 
the acceleration of A at the instant shown. 






@s — 6 maj 


ag = 2 rad/s? 








Prob. 16-126 Prob. 16-128 
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16.8 Relative-Motion Analysis using 
Rotating Axes 


In the previous sections the relative-motion analysis for velocity and 
acceleration was described using a translating coordinate system. This 
type of analysis is useful for determining the motion of points on the 
same rigid body, or the motion of points located on several pin-connected 
bodies. In some problems, however, rigid bodies (mechanisms) are 
constructed such that sliding will occur at their connections. The 
kinematic analysis for such cases is best performed if the motion is 
analyzed using a coordinate system which both translates and rotates. 
Furthermore, this frame of reference is useful for analyzing the motions 
of two points on a mechanism which are not located in the same body 
and for specifying the kinematics of particle motion when the particle 
moves along a rotating path. 

In the following analysis two equations will be developed which relate 
the velocity and acceleration of two points, one of which is the origin of a 
moving frame of reference subjected to both a translation and a rotation 
in the plane.* 


Position. Consider the two points A and B shown in Fig. 16-32a. 
Their location is specified by the position vectors r4 and rg, which are 
measured with respect to the fixed X, Y, Z coordinate system. As shown 
in the figure, the “base point" A represents the origin of the x, y, z 
coordinate system, which is assumed to be both translating and rotating 
with respect to the X, Y, Z system. The position of B with respect to A is 
specified by the relative-position vector rgj4. The components of this 
vector may be expressed either in terms of unit vectors along the X, Y 
axes, i.e., I and J, or by unit vectors along the x, y axes, i.e., i and j. For 
the development which follows, rg;j, will be measured with respect to 
the moving x, y frame of reference. Thus, if B has coordinates (xg, yg), 
Fig. 16-32a, then 


Tg/4 — Xp + ypj 


Using vector addition, the three position vectors in Fig. 16-32a are 
related by the equation 





rg = r4 + Ona (16-21) 


At the instant considered, point A has a velocity v4 and an acceleration 
a4, while the angular velocity and angular acceleration of the x, y axes 
are Q (omega) and Q = dQ /dt, respectively. 


*The more general, three-dimensional motion of the points is developed in Sec. 20.4. 








Fig. 16-32 
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Velocity. The velocity of point B is determined by taking the time 
derivative of Eq. 16-21, which yields 











arp, 
=v, + 16-22 
VB — VA dt ( ) 
The last term in this equation is evaluated as follows: 
arpa d, . 
2-4 4408 + ysj) 
dx , di | dyg, dj 
= + + + 
dat Pdt dt Pat 
dxg dyg ) di 4) 
={—i+—j} + — + yg 16-23 
n dX Ha ET 


The two terms in the first set of parentheses represent the components 
of velocity of point B as measured by an observer attached to the 
moving x, y, z coordinate system. These terms will be denoted by vector 
(Vgj4);,. In the second set of parentheses the instantaneous time rate 
of change of the unit vectors i and j is measured by an observer located 
in the fixed X, Y, Z coordinate system. These changes, di and dj, are due 
only to the rotation dé of the x, y, z axes, causing i to become i’ = i + di 
and j to become j' = j + dj, Fig. 16-325. As shown, the magnitudes of 
both di and dj equal 1 d9, since i = i’ = j = j' = 1. The direction of di 
is defined by +j, since di is tangent to the path described by the 
arrowhead of i in the limit as At— dt. Likewise, dj acts in the —i 
direction, Fig. 16-32b. Hence, 


di do dj dé 
— = —(j) = Qj = A __ Qi 
dt dt b J dt a i) E 








Viewing the axes in three dimensions, Fig. 16-32c, and noting that 


(b) Q = Qk, we can express the above derivatives in terms of the cross 
product as 
| 
di dj 
——40xXi ——0xj 16-24 
ik dt "dt : ( ) 
> 
k Á Substituting these results into Eq. 16-23 and using the distributive 
fi property of the vector cross product, we obtain 
? J 
(c) dYp/A 





Fig. 16-32 (cont.) dE (VgjA)gz + Q X xpi + yap) = (pj; + Q X rg (16-25) 
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Hence, Eq. 16-22 becomes 


| Vea VA + QM xX TB/A AF (VnjA yz (16-26) 





where 


vg = velocity of B, measured from the X, Y, Z reference 


velocity of the origin A of the x, y, z reference, measured 
from the X, Y, Z reference 


VA 


(Vp/a)xyz = velocity of “B with respect to A,” as measured by an 
Observer attached to the rotating x, y, z reference 


Q = angular velocity of the x, y, z reference, measured from the 
X, Y, Z reference 


rg/, = position of B with respect to A 


Comparing Eq. 16-26 with Eq. 16-16 (vg = v4 + Q X rja), which is 
valid for a translating frame of reference, it can be seen that the only 
difference between these two equations is represented by the 
term (vpj4)s.. 

When applying Eq. 16—26 it is often useful to understand what each of 
the terms represents. In order of appearance, they are as follows: 


ps velocity of B o: of B observed 
v 
d from the X, Y, Z frame 
(equals) 
ee velocity of the 
VA origin of x, y, z frame 
(plus) motion of x, y, z frame 
observed from the 
ax ae velocity effect caused X, Y, Z frame 
r 
B/A by rotation of x, y, z frame 
(plus) 
ME Ben of B | ee of B observed 
V/A) xyz i 
BAR with respect to A from the x, y, z frame 
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Acceleration. The acceleration of B, observed from the X, Y, Z 
coordinate system, may be expressed in terms of its motion measured 
with respect to the rotating system of coordinates by taking the time 
derivative of Eq. 16-26. 











d d Q dr d(VpjA) sy: 
Vp dv, " d X rg + ax B/A + B/A)xyz 
dt dt dt dt 
; dY pA d(Vp/A)uyz 
= +Q x +Q x + : 16-27 
ag — 84 TB/A dt dt ( ) 


Here È = dQ /dt is the angular acceleration of the x, y, z coordinate 
system. Since Q is always perpendicular to the plane of motion, then 0 
measures only the change in magnitude of Q. The derivative drg,,/dt is 
defined by Eq. 16-25, so that 


dYp/A 
dt 


Finding the time derivative of (vgj4),. = (vgj4)d + (vgj),j. 





=QOx (Va/a)xyz + QO xX (Q X Tp/A) (16-28) 


AV BIA) xyz d(VpjA) . d(0pA), . 
i+ j 


dt dt dt 


The two terms in the first set of brackets represent the components of 
acceleration of point B as measured by an observer attached to the 
rotating coordinate system. These terms will be denoted by (ag/4),)-- The 
terms in the second set of brackets can be simplified using Eqs. 16-24. 





di dj 
+ Wsad + Wsad 


d(VpjA) sy 
dt 
Substituting this and Eq. 16-28 into Eq. 16-27 and rearranging terms, 


= (ag/A)xyz + OX (Va/a)xyz 





ap = a4 + Ô X rg, + OQ X (Q X rpa) + 20 X (Vg), t (agaz 





(16-29) 
where 
ag = acceleration of B, measured from the X, Y, Z 
reference 
a, = acceleration of the origin A of the x, y, z reference, 


measured from the X, Y, Z reference 


(Ag/a)xyz> (VB/A)xyz = acceleration and velocity of B with respect to A, as 
measured by an observer attached to the rotating x, 
y.z reference 
©, Q = angular acceleration and angular velocity of the 
x, y, z reference, measured from the X, Y, Z reference 


Yg/4 = position of B with respect to A 
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If Eq. 16-29 is compared with Eq. 16-18, written in the form 
ag =a, + Ê x rga + Q X (Q X rga), which is valid for a translating 
frame of reference, it can be seen that the difference between these two 
equations is represented by the terms 20 X (vgj4),, and (ag/4),.. In 
particular, 2Q X (v54),,. is called the Coriolis acceleration, named after 
the French engineer G. C. Coriolis, who was the first to determine it. This 
term represents the difference in the acceleration of B as measured from 
nonrotating and rotating x, y, z axes. As indicated by the vector cross 
product, the Coriolis acceleration will always be perpendicular to both Q 
and (vg/4),.. It is an important component of the acceleration which must 
be considered whenever rotating reference frames are used. This often 
occurs, for example, when studying the accelerations and forces which act 
on rockets, long-range projectiles, or other bodies having motions whose 
measurements are significantly affected by the rotation of the earth. 

The following interpretation of the terms in Eq. 16-29 may be useful 
when applying this equation to the solution of problems. 


. motion of B observed 
ap absolute acceleration of B 
from the X, Y, Z frame 
(equals) 
dean acceleration of the 
a 
= origin of x, y, z frame 
(plus) 
motion of 
angular acceleration effect X, y, z frame 
Q x Yp/A caused by rotation of x, y, z observed from 
frame the X, Y, Z frame 
(plus) 
angular velocity effect caused 
Q x (Q X reja) = Mae 
y rotation of x, y, z frame 
(plus) 
combined effect of B moving 
2 X (Vaya)ayz relative to x, y, z coordinates interacting motion 


and rotation of x, y, z frame 


(plus) 


— of B a of B observed 


3p/A)sy 
(apjA) yz respect to A 


from the x, y, z frame 
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Procedure for Analysis 


Equations 16-26 and 16-29 can be applied to the solution of problems 
involving the planar motion of particles or rigid bodies using the 
following procedure. 


Coordinate Axes. 


e Choose an appropriate location for the origin and proper 
orientation of the axes for both fixed X, Y, Z and moving x, y, z 
reference frames. 


Most often solutions are easily obtained if at the instant considered: 


1. the origins are coincident 
2. the corresponding axes are collinear 
3. the corresponding axes are parallel 


The moving frame should be selected fixed to the body or device 
along which the relative motion occurs. 


Kinematic Equations. 


e After defining the origin A of the moving reference and specifying 
the moving point B, Eqs. 16-26 and 16-29 should be written in 
symbolic form 
= Ve X aa T Wane 
=a, + Q x TBA +Q x (Q x Yp/A) ar POX ox (VB/a)xyz qr (apjA) yz 


The Cartesian components of all these vectors may be expressed 
along either the X, Y, Z axes or the x, y, z axes. The choice is 
arbitrary provided a consistent set of unit vectors is used. 


Motion of the moving reference is expressed by v4, a4, Q, and 
Q; and motion of B with respect to the moving reference is 
expressed by rg/4, (Vgj4);., and (Ag/A)xyz- 





The rotation of the dumping bin of the 
truck about point C is operated by the 
extension of the hydraulic cylinder AB. 
To determine the rotation of the bin 
due to this extension, we can use the 
equations of relative motion and fix 
the x, y axes to the cylinder so that the 
relative motion of the cylinder's 
extension occurs along the y axis. 
(O R.C. Hibbeler) 
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EXAMPLE baeas O 


At the instant 0 = 60°, the rod in Fig. 16-33 has an angular velocity of 
3 rad/s and an angular acceleration of 2 rad/s’. At this same instant, 
collar C travels outward along the rod such that when x — 0.2 m the 
velocity is 2 m/s and the acceleration is 3 m/s?, both measured relative 
to the rod. Determine the Coriolis acceleration and the velocity and 
acceleration of the collar at this instant. 


SOLUTION 


Coordinate Axes. The origin of both coordinate systems is located 
at point O, Fig. 16-33. Since motion of the collar is reported relative to 
the rod, the moving x, y, z frame of reference is attached to the rod. 


Kinematic Equations. 











Vc = Vo + Q X roo + (Vcjo) (1) 
ac = ag+ Ô x rcot Q X (Q X rcjo) +20 X (vcj9)s; + (acjo)y: 
(2) 
It will be simpler to express the data in terms of i, j, k component Fig. 16-33 
vectors rather than I, J, K components. Hence, 
Motion of Motion of C with respect 

moving reference to moving reference 

Vo — 0 Tc/o = {0.2i} m 

ao — 0 (Ycjo)sy: = {2i} m/s 

Q = {-3k} rad/s (acjo)s; = {3i} m/s? 


Q = {-2k} rad/s? 

The Coriolis acceleration is defined as 

acor = 2Q X (Ycjo)ye = 2(-3k) X Qi) = {-12j} m/s Ans. 
This vector is shown dashed in Fig. 16-33. If desired, it may be resolved 
into I, J components acting along the X and Y axes, respectively. 

The velocity and acceleration of the collar are determined by 
substituting the data into Eqs. 1 and 2 and evaluating the cross products, 
which yields 
Vc = Vo + Q X rcjo + (Vcjo) 

= 0 + (—3k) X (02i) + 2i 

= {2i — 0.6j] m/s Ans. 
ac = ag + Ô x rcjo + Q X (Q X rcjo) + 20 X (vcjo)s. + (acjo)- 
0 + (—2k) X (0.2i) + (—3k) X [(—3k) X (02i)] + 2(-3k) X Qi) + 3i 
= 0 — 04j — 1.80i — 12j + 3i 
= [120i — 12.4j } m/s? Ans. 
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EXAMPLE Paese LE 


Rod AB, shown in Fig. 16-34, rotates clockwise such that it has an 
angular velocity w4g = 3 rad/s and angular acceleration 45 = 4 rad/s” 
when 0 = 45°. Determine the angular motion of rod DE at this instant. 
The collar at C is pin connected to AB and slides over rod DE. 


X.* SOLUTION 

Coordinate Axes. The origin of both the fixed and moving frames 
; of reference is located at D, Fig. 16-34. Furthermore, the x, y, z reference 
aag = 4 rad/s is attached to and rotates with rod DE so that the relative motion of 
BM the collar is easy to follow. 





wap = 3 rad/s 





Kinematic Equations. 








Vc — Vp + Q X rep + (Vcjp): (1) 
Fig. 16-34 _ 
ac = ap t Q x Tc/p +Q xx (Q x Tc/p) + 20 X (Voyp) xyz T (Ac/p) xyz 
(2) 
All vectors will be expressed in terms of i, j, k components. 
Motion of Motion of C with respect 
moving reference to moving reference 
Vp = 0 rcp = (04ij m 
ap — 0 (Voyp) xyz = (Ucyp) xyz 
Q = —opgk (Ac/D) xyz = (4c/pD) sya 
a = —apgk 


Motion of C: Since the collar moves along a circular path of radius 
AC, its velocity and acceleration can be determined using Eqs. 16-9 
and 16-14. 
Vc = wag X rcj4 = (73k) X (04i + 0.4j) = (12i — 12jj m/s 
ac = Gag X Fej, T OAgEC/A 
= (—4k) X (0.4i + 0.4j) — (3(0.4i + 0.4j) = (—2i — 52j] m/s? 
Substituting the data into Eqs. 1 and 2, we have 
Vc = Vp + Q X rop + (Vejp)xyz 
1.21 — 1.2j = 0 + (—@pzk) X (0.41)  (vc;p). d 
1.21 — 1.2j =0- 0.4wpgj + (UcyD) xyz 


(Vc/D) xyz = 12 m/s 
wpg = 3rad/s 2 Ans. 





ac — ap + QM xX Tc/p +Q x (Q x rcp) + 20 x (Vol) xyz T (acp); 
—2i — 52j = 0 + (—apgk) X (0.41) + (—3k) x [(—3k) X (0.40] 
+ 2(-3k) X (12i) + (acjp), 
-2i — 52j = -04apsj — 3.61 — 72j + (aci), 
(acjp)g; = 1.6 m/s 
Gpg = —5rad/s? = 5 rad/s? $ Ans. 
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EXAMPLE [96020 


Planes A and B fly at the same elevation and have the motions shown 
in Fig. 16-35. Determine the velocity and acceleration of A as 
measured by the pilot of B. 


SOLUTION 


Coordinate Axes. Since the relative motion of A with respect to 
the pilot in B is being sought, the x, y, z axes are attached to plane B, 
Fig. 16-35. At the instant considered, the origin B coincides with the 
origin of the fixed X, Y, Z frame. 


Kinematic Equations. 
VA = VB T Q x TA/B T (VA/B)xyz (1) 


: y, Y 
a, — ap +Q x TA/B +Q x (Q x TA/p) + 20 x (VA/B)xyz + (a4/B)xyz 













Motion of Moving Reference: Tema 

vg = {600j} km/h [iom 

2 2 e 
vi (600) : 

aj. == — 900 km/h 

ag = (ag), + (ag), = (900i — 100j} km/h 50 km/h? 

Q= 22 SO km/h o m) 0 = (-15k rad/h 

clum rad/ = . rad/ 
; 100 km/h? 


Motion of A with Respect to Moving Reference: 


TA/B 7 {—4i} km (Va/Blayz 7 ? (aaya) = ? 
Substituting the data into Eqs.1 and 2,realizing that v, = {700j}km/h 
and a, = {50j} km/h’, we have 

Va = Vg + Q X rap + (Vajp)xyz 
700j = 600j + (—1.5k) X (—4i) + (v4). 
(vajp»o; = {94j} km/h Ans. 
ay = ag Q X rag + Q X (Q X rap) + 20 X (Vae) + (Gap): 
50j = (900i — 100j) + (0.25k) x (—4i) 

+ (-L5k) X [C7 1.5k) X (—4i)] + 2(-1.5k) X (94j) + (a4/B)xyz 
(aas): = (—1191i + 151j} km/h? Ans. 
NOTE: The solution of this problem should be compared with that of 
Example 12.26, where it is seen that (Ugya)y: 7^ (v4jp),, and 
(agja) 75 (Aa/B)xyz- 
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T [PROBLEMS 


16-129. At the instant shown, ball B is rolling along the slot 
in the disk with a velocity of 600 mm/s and an acceleration of 
150 mm/s”, both measured relative to the disk and directed 
away from O. If at the same instant the disk has the angular 
velocity and angular acceleration shown, determine the 
velocity and acceleration of the ball at this instant. 


z 
| w = 6 rad/s 
a = 3 rad/s? 









Prob. 16-129 


16-130. The crane’s telescopic boom rotates with the 
angular velocity and angular acceleration shown. At the 
same instant, the boom is extending with a constant speed 
of 0.5 ft/s, measured relative to the boom. Determine the 
magnitudes of the velocity and acceleration of point B at 
this instant. 







a | 
[ud gd —] 





Prob. 16-130 


16-131. While the swing bridge is closing with a constant 
rotation of 0.5 rad/s, a man runs along the roadway at a 
constant speed of 5 ft/s relative to the roadway. Determine 
his velocity and acceleration at the instant d — 15 ft. 








Prob. 16-131 


*16-132. While the swing bridge is closing with a constant 
rotation of 0.5 rad/s, a man runs along the roadway such 
that when d — 10 ft he is running outward from the center 
at 5 ft/s with an acceleration of 2 ft/s’, both measured 
relative to the roadway. Determine his velocity and 
acceleration at this instant. 








Prob. 16-132 
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16-133. Water leaves the impeller of the centrifugal pump 
with a velocity of 25 m/s and acceleration of 30 m/s?, both 
measured relative to the impeller along the blade line AB. 
Determine the velocity and acceleration of a water particle at 
A as it leaves the impeller at the instant shown. The impeller 
rotates with a constant angular velocity of o = 15 rad/s. 








Prob. 16-133 


16-134. Block A, which is attached to a cord, moves along 
the slot of a horizontal forked rod. At the instant shown, the 
cord is pulled down through the hole at O with an 
acceleration of 4 m/s? and its velocity is 2 m/s. Determine 
the acceleration of the block at this instant. The rod rotates 
about O with a constant angular velocity w = 4 rad/s. 





Prob. 16-134 


16-135. Rod AB rotates counterclockwise with a constant 
angular velocity œ = 3 rad/s. Determine the velocity of 
point C located on the double collar when 0 = 30°. The 
collar consists of two pin-connected slider blocks which are 
constrained to move along the circular path and the rod AB. 


*16-136. Rod AB rotates counterclockwise with a constant 
angular velocity w = 3 rad/s. Determine the velocity and 
acceleration of point C located on the double collar when 
0 = 45°. The collar consists of two pin-connected slider 
blocks which are constrained to move along the circular 
path and the rod AB. 





Probs. 16-135/136 


16-137. Particles B and A move along the parabolic and 
circular paths, respectively. If B has a velocity of 7 m/s in 
the direction shown and its speed is increasing at 4 m/s?, 
while A has a velocity of 8 m/s in the direction shown and 
its speed is decreasing at 6 m/s?, determine the relative 
velocity and relative acceleration of B with respect to A. 





y 

y-x 
B 

x 
| vg — 7 m/s 
2m 
va =8m/s 
A 
1m 





Prob. 16-137 
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16-138. Collar B moves to the left with a speed of 5 m/s, 
which is increasing at a constant rate of 1.5 m/s?, relative to 
the hoop, while the hoop rotates with the angular velocity 
and angular acceleration shown. Determine the magnitudes 
of the velocity and acceleration of the collar at this instant. 









w = 6rad/s 
a = 3 rad/s? 


-— ^k 





450 mm 








—<—= 


Prob. 16-138 


16-139. Block D of the mechanism is confined to move 
within the slot of member CB. If link AD is rotating at a 
constant rate of o4» = 4 rad/s, determine the angular velocity 
and angular acceleration of member CB at the instant shown. 





Prob. 16-139 


*16-140. At the instant shown rod AB has an angular 
velocity «45 = 4rad/s and an angular acceleration 
aag = 2 rad/s?. Determine the angular velocity and angular 
acceleration of rod CD at this instant. The collar at C is pin 
connected to CD and slides freely along AB. 


wag = 4 rad/s 
A Ske = 2 rad/s? 
60° M 


Prob. 16-140 
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16-141. The collar C is pinned to rod CD while it slides on 
rod AB. If rod AB has an angular velocity of 2 rad/s 
and an angular acceleration of 8 rad/s’, both acting 
counterclockwise, determine the angular velocity and the 
angular acceleration of rod CD at the instant shown. 


eg = 2 rad/s 
A a4, = 8 rad/s? 





Prob. 16-141 


16-142. At the instant shown, the robotic arm AB is 
rotating counterclockwise atw = 5 rad/s and has an angular 
acceleration œ = 2 rad/s”. Simultaneously, the grip BC is 
rotating counterclockwise at o" = 6 rad/sanda' = 2 rad/s”, 
both measured relative to a fixed reference. Determine the 
velocity and acceleration of the object held at the grip C. 








Prob. 16-142 


16-143. Peg B on the gear slides freely along the slot in 
link AB. If the gear's center O moves with the velocity and 
acceleration shown, determine the angular velocity and 
angular acceleration of the link at this instant. 








Prob. 16-143 
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*16-144. The cars on the amusement-park ride rotate around 
the axle at A with a constant angular velocity «4; = 2 rad/s, 
measured relative to the frame AB. At the same time the frame 
rotates around the main axle support at B with a constant 
angular velocity «y = 1 rad/s. Determine the velocity and 
acceleration of the passenger at C at the instant shown. 


16-147. If the slider block C is fixed to the disk that has a 
constant counterclockwise angular velocity of 4 rad/s, 
determine the angular velocity and angular acceleration of 
the slotted arm AB at the instant shown. 





Prob. 16-144 


16-145. Aridein an amusement park consists of a rotating 
arm AB having a constant angular velocity w4g = 2 rad/s 
point A and a car mounted at the end of the arm which has 
a constant angular velocity w’ = (-0.5k] rad/s, measured 
relative to the arm. At the instant shown, determine the 
velocity and acceleration of the passenger at C. 


16-146. A ride in an amusement park consists of a rotating 
arm AB that has an angular acceleration of a4g = 1 rad/s” 
when wag = 2 rad/s at the instant shown. Also at this instant 
the car mounted at the end of the arm has an angular 
acceleration of a = {—0.6k} rad/s? and angular velocity of w’ 

= {-0.5k} rad/s, measured relative to the arm. Determine 


the velocity and acceleration of the passenger C at this instant. 


w' = 0.5 rad/s 


B 





10 ft 


Probs. 16—145/146 


Prob. 16-147 


*16-148. At the instant shown, car A travels with a speed 
of 25 m/s, which is decreasing at a constant rate of 2 m/s?, 
while car C travels with a speed of 15 m/s, which is increasing 
at a constant rate of 3 m/s. Determine the velocity and 
acceleration of car A with respect to car C. 





Prob. 16-148 
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16-149. At the instant shown, car B travels with a speed of 
15 m/s, which is increasing at a constant rate of 2 m/s?, 
while car C travels with a speed of 15 m/s, which is increasing 
at a constant rate of 3 m/s*. Determine the velocity and 
acceleration of car B with respect to car C. 





Prob. 16-149 


16-150. The two-link mechanism serves to amplify angular 
motion. Link AB has a pin at B which is confined to move 
within the slot of link CD. If at the instant shown, AB (input) 
has an angular velocity of wag = 2.5 rad/s, determine the 
angular velocity of CD (output) at this instant. 


16-151. The disk rotates with the angular motion shown. 
Determine the angular velocity and angular acceleration of 
the slotted link AC at this instant. The peg at B is fixed to 
the disk. 





w=6 rad/s\ 
a = 10 rad/s C 


Prob. 16-151 


*16-152. The Geneva mechanism is used in a packaging 
system to convert constant angular motion into intermittent 
angular motion. The star wheel A makes one sixth of a 
revolution for each full revolution of the driving wheel B 
and the attached guide C. To do this, pin P, which is attached 
to B, slides into one of the radial slots of A, thereby turning 
wheel A, and then exits the slot. If B has a constant angular 
velocity of wg = 4 rad/s, determine w, and a, of wheel A 
at the instant shown. 





Prob. 16-150 


Prob. 16-152 
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E CONCEPTUAL PROBLEMS 


C16-1. An electric motor turns the tire at A at a constant 
angular velocity, and friction then causes the tire to roll 
without slipping on the inside rim of the Ferris wheel. Using 
appropriate numerical values, determine the magnitude of 
the velocity and acceleration of passengers in one of the 
baskets. Do passengers in the other baskets experience this 
same motion? Explain. 





Prob. C16-1 (© R.C. Hibbeler) 
C16-2. The crank AB turns counterclockwise at a 
constant rate w causing the connecting arm CD and 
rocking beam DE to move. Draw a sketch showing the 
location of the /C for the connecting arm when 
0 = 0°, 90°, 180°, and 270°. Also, how was the curvature of 
the head at E determined, and why is it curved in this way? 








C16-3. The bi-fold hangar door is opened by cables that 
move upward at a constant speed of 0.5 m/s. Determine the 
angular velocity of BC and the angular velocity of AB 
when 0 = 45°. Panel BC is pinned at C and has a height 
which is the same as the height of BA. Use appropriate 
numerical values to explain your result. 





Prob. C16-3 (O R.C. Hibbeler) 


C16-4. Ifthe tires do not slip on the pavement, determine 
the points on the tire that have a maximum and minimum 
speed and the points that have a maximum and minimum 
acceleration. Use appropriate numerical values for the car's 
speed and tire size to explain your result. 





Prob. C16-2 (O R.C. Hibbeler) 


Prob. C16-4 (O R.C. Hibbeler) 


404 CHAPTER 16 PLANAR KINEMATICS OF A RIGID BODY 


CHAPTER REVIEW 


Rigid-Body Planar Motion 


A rigid body undergoes three types of planar motion: 
translation, rotation about a fixed axis, and general plane 
motion. 





Translation 


When a body has rectilinear translation, all the particles of 
the body travel along parallel straight-line paths. If the paths 
have the same radius of curvature, then curvilinear translation 
occurs. Provided we know the motion of one of the particles, 
then the motion of all of the others is also known. 








Path of curvilinear translation 





Rotation about a Fixed Axis 


For this type of motion, all of the particles move along 
circular paths. Here, all line segments in the body undergo 
the same angular displacement, angular velocity, and 
angular acceleration. 


Once the angular motion of the body is known, then the 
velocity of any particle a distance r from the axis can be 
obtained. 


The acceleration of any particle has two components. The 
tangential component accounts for the change in the 
magnitude of the velocity, and the normal component 
accounts for the change in the velocity’s direction. 


General Plane Motion 


When a body undergoes general plane motion, it 
simultaneously translates and rotates. There are several 
methods for analyzing this motion. 


Absolute Motion Analysis 

If the motion of a point on a body or the angular motion of a 
line is known, then it may be possible to relate this motion to 
that of another point or line using an absolute motion 
analysis. To do so, linear position coordinates s or angular 
position coordinates @ are established (measured from a 
fixed point or line). These position coordinates are then 
related using the geometry of the body. The time derivative 
of this equation gives the relationship between the velocities 
and/or the angular velocities. A second time derivative 
relates the accelerations and/or the angular accelerations. 





Rotation about a fixed axis 


w = d0/dt w = o + act 


a = dw/dt 0 = 09 + wot + Sat 





a dð = w do w = w + 2a0 — 0o) 


Constant a, 


General plane motion 





Relative-Motion using Translating Axes 

General plane motion can also be analyzed using 
a relative-motion analysis between two points A 
and B located on the body. This method considers 
the motion in parts: first a translation of the 
selected base point A, then a relative “rotation” of 
the body about point A, which is measured from a 
translating axis. Since the relative motion is 
viewed as circular motion about the base point, 
point B will have a velocity vg), that is tangent to 
the circle. It also has two components of 
acceleration, (a/4); and (a5/4),.. It is also important 
to realize that a4 and ag will have tangential and 
normal components if these points move along 
curved paths. 
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p æ X Ygj, — @ TB/A 





Instantaneous Center of Zero Velocity 
If the base point A is selected as having zero 
velocity, then the relative velocity equation 
becomes vg = @ X rgj4. In this case, motion 
appears as if the body rotates about an 
instantaneous axis passing through A. 


The instantaneous center of rotation (JC) can be 
established provided the directions of the 
velocities of any two points on the body are 
known, or the velocity of a point and the angular 
velocity are known. Since a radial line r will always 
be perpendicular to each velocity, then the IC is at 
the point of intersection of these two radial lines. 
Its measured location is determined from the 
geometry of the body. Once it is established, then 
the velocity of any point P on the body can be 
determined from v = wr, where r extends from 
the /C to point P. 





Relative Motion using Rotating Axes 

Problems that involve connected members that 
slide relative to one another or points not 
located on the same body can be analyzed 
using a relative-motion analysis referenced 
from a rotating frame. This gives rise to the 
term 20) X (Vg/4)xy, that is called the Coriolis 
acceleration. 





— vat Q X rp d 





F (Vp /A rye 





aA T Ò x YpjA T Q x (Ox Tp/A) + 20x (VB/A)xyz ts (ap/a)ayz 
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ES REVIEW PROBLEMS 


R16-1. The hoisting gear A has an initial angular velocity R16-3. The board rests on the surface of two drums. At 
of 60 rad/s and a constant deceleration of 1 rad/s?. the instant shown, it has an acceleration of 0.5 m/s? to the 
Determine the velocity and deceleration of the block which right, while at the same instant points on the outer rim of 
is being hoisted by the hub on gear B when t = 3s. each drum have an acceleration with a magnitude of 3 m/s?. 


If the board does not slip on the drums, determine its speed 
due to the motion. 


a — 0.5 m/s? 




















250 mm 250 mm 





ut Ren 


Prob. R16-1 Prob. R16-3 
R16-2. Starting at (w4) = 3 rad/s, when 0 = 0, s = 0, 
pulley A is given an angular acceleration a = (0.60) rad/s”, 
where 0 is in radians. Determine the speed of block B when 
ithasrisen s — 0.5 m. The pulley has an inner hub D which 
is fixed to C and turns with it. 

R16-4. If bar AB has an angular velocity wag = 6 rad/s, 
determine the velocity of the slider block C at the instant 
shown. 


wag = 6 rad/s 





Prob. R16-2 Prob. R16-4 


R16-5. The center of the pulley is being lifted vertically 
with an acceleration of 4 m/s? at the instant it has a velocity 
of 2 m/s. If the cable does not slip on the pulley’s surface, 
determine the accelerations of the cylinder B and point C 
on the pulley. 


a4=4m/s* 





Prob. R16-5 


R16-6. At the instant shown, link AB has an angular 
velocity w4g = 2 rad/s and an angular acceleration ayg = 
6 rad/s?. Determine the acceleration of the pin at C and the 
angular acceleration of link CB at this instant, when 0 = 60°. 


|}-——300 mm ——4 





wag = 2 rad/s i 
aag = 6 rad/s? Á 
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R16-7. The disk is moving to the left such that it has an 
angular acceleration a = 8 rad/s? and angular velocity 
w = 3 rad/s at the instant shown. If it does not slip at A, 
determine the acceleration of point B. 


w = 3 rad/s 


| Ps d = 8 rad/s? 


P 
i 





Prob. R16-7 


R16-8. At the given instant member AB has the angular 
motions shown. Determine the velocity and acceleration of 
the slider block C at this instant. 








Prob. R16-8 


Chapter 








(© Surasaki/Fotolia) 


Tractors and other heavy equipment can be subjected to severe loadings due 
to dynamic loadings as they accelerate. In this chapter we will show how to 
determine these loadings for planar motion. 





Planar Kinetics of a 
Rigid Body: Force 
and Acceleration 





17.1 Mass Moment of Inertia 


Since a body has a definite size and shape, an applied nonconcurrent force 
system can cause the body to both translate and rotate. The translational 
aspects of the motion were studied in Chapter 13 and are governed by the 
equation F = ma. It will be shown in the next section that the rotational 
aspects, caused by a moment M, are governed by an equation of the form 
M = Ia. The symbol / in this equation is termed the mass moment of 
inertia. By comparison, the moment of inertia is a measure of the resistance 
of a body to angular acceleration (M — Ia) in the same way that mass is 
a measure of the body's resistance to acceleration (F — ma). 
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Fig. 17-1 


PLANAR KINETICS OF A RIGID BODY: FORCE AND ACCELERATION 


The flywheel on the engine of this tractor has a large moment of inertia 
about its axis of rotation. Once it is set into motion, it will be difficult to 
stop, and this in turn will prevent the engine from stalling and instead will 
allow it to maintain a constant power. 





(© R.C. Hibbeler) 


We define the moment of inertia as the integral of the *second moment" 
about an axis of all the elements of mass dm which compose the body.* 
For example, the body's moment of inertia about the z axis in Fig. 17-1 is 


pz i Or (17-1) 














Here the “moment arm” ris the perpendicular distance from the z axis to 
the arbitrary element dm. Since the formulation involves r, the value of 7 
is different for each axis about which it is computed. In the study of planar 
kinetics, the axis chosen for analysis generally passes through the body's 
mass center G and is always perpendicular to the plane of motion. The 
moment of inertia about this axis will be denoted as Ig. Since r is squared 
in Eq. 17-1, the mass moment of inertia is always a positive quantity. 
Common units used for its measurement are kg * m? or slug: ft. 

If the body consists of material having a variable density, p = p (x,y,z), 
the elemental mass dm of the body can be expressed in terms of its 
density and volume as dm — p dV. Substituting dm into Eq. 17-1, the 
body's moment of inertia is then computed using volume elements for 
integration; i.e., 


f= ri rpdV (17-2) 
V 


* Another property of the body, which measures the symmetry of the body's mass with 
respect to a coordinate system, is the product of inertia. This property applies to the three- 
dimensional motion of a body and will be discussed in Chapter 21. 


17.1 


In the special case of p being a constant, this term may be factored out of 
the integral, and the integration is then purely a function of geometry, 


I= pf? dV (17-3) 
V 


When the volume element chosen for integration has infinitesimal 
dimensions in all three directions, Fig. 17-2a, the moment of inertia of the 
body must be determined using "triple integration." The integration 
process can, however, be simplified to a single integration provided the 
chosen volume element has a differential size or thickness in only one 
direction. Shell or disk elements are often used for this purpose. 


Procedure for Analysis 


To obtain the moment of inertia by integration, we will consider 
only symmetric bodies having volumes which are generated by 
revolving a curve about an axis. An example of such a body is shown 
in Fig. 17-2a. Two types of differential elements can be chosen. 


Shell Element. 


e Ifashell element having a height z, radius r = y, and thickness dy 
is chosen for integration, Fig. 17-2b, then the volume is 
dV = (2rry)(z)dy. 


This element may be used in Eq. 17-2 or 17-3 for determining the 
moment of inertia 7, of the body about the z axis, since the entire 
element, due to its “thinness,” lies at the same perpendicular 
distance r — y from the z axis (see Example 17.1). 


Disk Element. 


e If a disk element having a radius y and a thickness dz is chosen 
for integration, Fig. 17-2c, then the volume is dV = (ary”)dz. 


e This element is finite in the radial direction, and consequently its 
parts do not all lie at the same radial distance r from the z axis. As 
a result, Eq. 17-2 or 17-3 cannot be used to determine 7, directly. 
Instead, to perform the integration it is first necessary to 
determine the moment of inertia of the element about the z axis 
and then integrate this result (see Example 17.2). 





Mass MOMENT OF INERTIA 














Fig. 17-2 
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Determine the moment of inertia of the cylinder shown in Fig. 17-3a 
about the z axis. The density of the material, p, is constant. 











(a) (b) 
Fig. 17-3 


SOLUTION 
Shell Element. This problem can be solved using the shell element in 
Fig. 173b and a single integration. The volume of the element is 
dV = (QaryY(h) dr, so that its mass is dm = pdV = p(2arhr dr). Since the 
entire element lies at the same distance r from the z axis, the moment 
of inertia of the element is 

dl, = r'dm = p2rhr dr 


Integrating over the entire region of the cylinder yields 


R 
T 
L= [ean = pana f rdr= PERI 
m 0 


The mass of the cylinder is 


R 
m= [an = pana | rdr = prhR? 
m 0 


so that 


L = —mR? Ans. 


17.1 


If the density of the material is 5 slug/ft, determine the moment of 
inertia of the solid in Fig. 17-4a about the y axis. 








x 





Fig. 17-4 


SOLUTION 


Disk Element. The moment of inertia will be found using a disk 
element, as shown in Fig. 17-45. Here the element intersects the curve 
at the arbitrary point (x, y) and has a mass 


dm = p dV = p(mx?) dy 


Although all portions of the element are not located at the same 
distance from the y axis, it is still possible to determine the moment of 
inertia dl, of the element about the y axis. In the preceding example it 
was shown that the moment of inertia of a cylinder about its 
longitudinal axis is / = 4mR?, where m and R are the mass and radius 
of the cylinder. Since the height is not involved in this formula, the 
disk itself can be thought of as a cylinder. Thus, for the disk element in 
Fig. 17-4b, we have 


dl, = {dmx} = Mp(mx)) dy]? 


Substituting x = y’, p = 5 slug/ft, and integrating with respect to y, 
from y = Oto y = 1 ft, yields the moment of inertia for the entire solid. 


3 1 ft 1 ft 
m(5 slug /ft 5 
p= EO erm) J "S IM T yê dy = 0.873 slug fÊ Ans 
0 0 


y 
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Fig. 17-5 


Parallel-Axis Theorem. If the moment of inertia of the body 
about an axis passing through the body’s mass center is known, then the 
moment of inertia about any other parallel axis can be determined by 
using the parallel-axis theorem. This theorem can be derived by considering 
the body shown in Fig. 17-5. Here the z' axis passes through the mass 
center G, whereas the corresponding parallel z axis lies at a constant 
distance d away. Selecting the differential element of mass dm, which is 
located at point (x'y', and using the Pythagorean theorem, 
r = (d  x' + y", we can express the moment of inertia of the body 
about the z axis as 


r= [ean = fia + x? + y?] dm 


= fo + y?)dm + 2d fx’ dn + 4 [ m 


Since r? = x"? + y", the first integral represents Iç. The second 
integral equals zero, since the z' axis passes through the body's mass 
center, i.e., f x'dm — x'm — 0 since x' — 0. Finally, the third integral 


17.1 


represents the total mass m of the body. Hence, the moment of inertia 
about the z axis can be written as 








I= Ig + md? (17-4) 








Ig — moment of inertia about the z' axis passing through the mass 
center G 

— mass of the body 

d — perpendicular distance between the parallel z and z' axes 


3 
| 


Radius of Gyration. Occasionally, the moment of inertia of a body 
about a specified axis is reported in handbooks using the radius of 
gyration, k.'This is a geometrical property which has units of length. When 
it and the body's mass m are known, the body's moment of inertia is 
determined from the equation 





leme M E (17-5) 


n 











Note the similarity between the definition of k in this formula and r in the 
equation d] — r dm, which defines the moment of inertia of an elemental 
mass dm of the body about an axis. 


Composite Bodies. If a body consists of a number of simple 
shapes such as disks, spheres, and rods, the moment of inertia of the body 
about any axis can be determined by adding algebraically the moments 
of inertia of all the composite shapes computed about the axis. Algebraic 
addition is necessary since a composite part must be considered as a 
negative quantity if it has already been counted as a piece of another 
part—for example, a “hole” subtracted from a solid plate. The parallel- 
axis theorem is needed for the calculations if the center of mass of each 
composite part does not lie on the axis. For the calculation, then, 
I = X(Ig + md’). Here Ig for each of the composite parts is determined 
by integration, or for simple shapes, such as rods and disks, it can be 
found from a table, such as the one given on the inside back cover of 
this book. 
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If the plate shown in Fig. 17-6a has a density of 8000 kg/m? and a 
thickness of 10 mm, determine its moment of inertia about an axis 
directed perpendicular to the page and passing through point O. 





O Thickness 10 mm 


(a) (b) 
Fig. 17-6 


SOLUTION 

The plate consists of two composite parts, the 250-mm-radius disk 
minus a 125-mm-radius disk, Fig. 17-6b. The moment of inertia about O 
can be determined by computing the moment of inertia of each of 
these parts about O and then adding the results algebraically. The 
calculations are performed by using the parallel-axis theorem in 
conjunction with the data listed in the table on the inside back cover. 
Disk. The moment of inertia of a disk about the centroidal axis 
perpendicular to the plane of the disk is J; = }mr°. The mass center of 
the disk is located at a distance of 0.25 m from point O. Thus, 


paVa = 8000 kg/m? [7r(0.25 m)(0.01 m)] = 15.71 kg 


Udo = imar} + mad 


Maq 


1 

50571 kg)(0.25 m)? + (15.71 kg)(0.25 mf? 
= 1.473 kg: m? 

Hole. For the 125-mm-radius disk (hole), we have 


m, = pj,V;, = 8000 kg/m? [z(0.125 m)*(0.01 m)] = 3.927 kg 


jo = my; + md 


1 
50927 kg)(0.125 m)? + (3.927 kg)(0.25 m)? 


0.276 kg +m? 
The moment of inertia of the plate about point O is therefore 
lo = go — Uno 
= 1.473 kg: m? — 0.276 kg: m? 
1.20 kg: m? Ans. 


17.1 


The pendulum in Fig. 17-7 is suspended from the pin at O and consists 
of two thin rods. Rod OA weighs 10 Ib, and BC weighs 8 Ib. Determine 
the moment of inertia of the pendulum about an axis passing through 
(a) point O, and (b) the mass center G of the pendulum. 


SOLUTION 


Part (a). Using the table on the inside back cover, the moment of 
inertia of rod OA about an axis perpendicular to the page and passing 
through point O of the rod is Ig = tml’. Hence, 





Uo sm : P= ( = Je ft) = 0.414 slug: f 
m : Slug 
DUE. 3 \ 32.2 ft/s? 8 


This same value can be obtained using Ic = mÊ and the parallel-axis 
theorem. 


1 1 / 101b 10 Ib 
Toa)o = = mÊ + e= (een + (199 Ja wy 
(Io)o = gym + m4 = a nj)? * 302K" DD 


= 0.414 slug: ft? 
For rod BC we have 
1 1 8 Ib 8 Ib 
I = —mP + md? = ZEE 1.5 fo + eu 2 ftf 
Usclo = 45m + md = 2 gg o9 * isse m 
= 1.040 slug: ft? 


The moment of inertia of the pendulum about O is therefore 
Io = 0.414 + 1.040 = 1.454 = 1.45 slug: f? Ans. 


Part (b). The mass center G will be located relative to point O. 
Assuming this distance to be y, Fig. 17-7, and using the formula for 
determining the mass center, we have 

| Xym 100/322) 2(8/322) 
~ Em (10/322) + (8/322) 





= 1.444 ft 


<I 


The moment of inertia /; may be found in the same manner as Jp, 
which requires successive applications of the parallel-axis theorem to 
transfer the moments of inertia of rods OA and BC to G.A more direct 
solution, however, involves using the result for Jp, i.e., 


18 1b 


lo = Ig + md; 1.454 slug: f? = I, «( 
gre = E | (32.2 ft/s? 


Jase ft)” 


Ig = 0.288 slug: ft? Ans. 


Mass MOMENT OF INERTIA 











0.75 ft ' 0.75 ft 


Fig. 17-7 
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T TPROBLEMS 


17-1. Determine the moment of inertia /, for the slender 17-3. Determine the moment of inertia of the thin ring 
rod. The rod's density p and cross-sectional area A are about the z axis. The ring has a mass m. 
constant. Express the result in terms of the rod's total mass m. 














Prob. 17-3 
Prob. 17-1 
17-2. The solid cylinder has an outer radius R, height h, 
and is made from a material having a density that varies *17-4. The paraboloid is formed by revolving the shaded 
from its center as p = k + ar?, where k and a are constants. area around the x axis. Determine the radius of gyration k,. 
Determine the mass of the cylinder and its moment of The density of the material is p = 5 Mg/m. 


inertia about the z axis. 


y? = 50x 


b ec 


100 mm 














-—— 200mm ———+ 


Prob. 17-2 Prob. 17-4 





17-5. Determine the radius of gyration k, of the body. The 
specific weight of the material is y = 380 lb/ft’. 





si —— 3 


Prob. 17-5 


17-6. The sphere is formed by revolving the shaded area 
around the x axis. Determine the moment of inertia 7, and 
express the result in terms of the total mass m of the sphere. 
The material has a constant density p. 





Prob. 17-6 
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17-7. The frustum is formed by rotating the shaded area 
around the x axis. Determine the moment of inertia 7, and 
express the result in terms of the total mass m of the 
frustum. The frustum has a constant density p. 





Prob. 17-7 


*17-8. The hemisphere is formed by rotating the shaded 
area around the y axis. Determine the moment of inertia /, 
and express the result in terms of the total mass m of the 
hemisphere. The material has a constant density p. 





Prob. 17-8 
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17-9. Determine the moment of inertia of the 
homogeneous triangular prism with respect to the y axis. 
Express the result in terms of the mass m of the prism. Hint: 
For integration, use thin plate elements parallel to the 
x-y plane and having a thickness dz. 





Prob. 17-9 


17-10. The pendulum consists of a 4-kg circular plate and 
a 2-kg slender rod. Determine the radius of gyration of the 
pendulum about an axis perpendicular to the page and 
passing through point O. 


N 
B 









bedl 


Prob. 17-10 
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17-11. The assembly is made of the slender rods that have 
a mass per unit length of 3 kg/m. Determine the mass 
moment of inertia of the assembly about an axis 
perpendicular to the page and passing through point O. 





k 0.8 m < 





Prob. 17-11 


*17-12. Determine the moment of inertia of the solid 
steel assembly about the x axis. Steel has a specific weight of 
ys = 490 lb/ft’. 








Prob. 17-12 


17-13. The wheel consists of a thin ring having a mass of 
10 kg and four spokes made from slender rods and each 
having a mass of 2 kg. Determine the wheel’s moment of 
inertia about an axis perpendicular to the page and passing 
through point A. 








A 


Prob. 17-13 


17-14. If the large ring, small ring and each of the spokes 
weigh 100 Ib, 15 Ib, and 20 Ib, respectively, determine the 
mass moment of inertia of the wheel about an axis 
perpendicular to the page and passing through point A. 





Prob. 17-14 


17-15. Determine the moment of inertia about an axis 
perpendicular to the page and passing through the pin at O. 
The thin plate has a hole in its center. Its thickness is 50 mm, 
and the material has a density p = 50 kg/m?. 





Prob. 17-15 
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*17-16. Determine the mass moment of inertia of the thin 
plate about an axis perpendicular to the page and passing 
through point O. The material has a mass per unit area of 
20 kg/m’. 








Prob. 17-16 


17-17. Determine the location y of the center of mass G of 
the assembly and then calculate the moment of inertia about 
an axis perpendicular to the page and passing through G. 
The block has a mass of 3 kg and the semicylinder has a mass 
of 5 kg. 


17-18. Determine the moment of inertia of the assembly 
about an axis perpendicular to the page and passing through 
point O. The block has a mass of 3 kg, and the semicylinder 
has a mass of 5 kg. 





Probs. 17-17/18 
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17-19. Determine the moment of inertia of the wheel 
about an axis which is perpendicular to the page and passes 
through the center of mass G. The material has a specific 
weight y = 90 Ib/ft. 


*17-20. Determine the moment of inertia of the wheel 
about an axis which is perpendicular to the page and passes 
through point O. The material has a specific weight 
y = 901b/fe. 


0.25 ft 





1ft 


Probs. 17-19/20 


17-21. The pendulum consists of the 3-kg slender rod and 
the 5-kg thin plate. Determine the location y of the center 
of mass G of the pendulum; then calculate the moment of 
inertia of the pendulum about an axis perpendicular to the 
page and passing through G. 


i Oo 


<| 





—1__lelG 

















Y 


T " 
L—1m — 


Prob. 17-21 
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17-22. Determine the moment of inertia of the overhung 
crank about the x axis. The material is steel having a density 
of p = 7.85 Mg/m*. 














30 UM 
MES 
x 180 mm 
x’ 7 
30 mm 
30 mm = 
Prob. 17-22 


17-23. Determine the moment of inertia of the overhung 
crank about the x’ axis. The material is steel having a density 
of p = 7.85 Mg/m’. 


180 mm 








Prob. 17-23 


17.2 PLANAR KINETIC EQUATIONS OF MOTION 























17.2 Planar Kinetic Equations of Motion 


In the following analysis we will limit our study of planar kinetics to rigid 
bodies which, along with their loadings, are considered to be symmetrical 
with respect to a fixed reference plane.* Since the motion of the body can 
be viewed within the reference plane, all the forces (and couple moments) 
acting on the body can then be projected onto the plane. An example of 
an arbitrary body of this type is shown in Fig. 17-8a. Here the inertial 
frame of reference x, y, z has its origin coincident with the arbitrary point P 
in the body. By definition, these axes do not rotate and are either fixed or 
translate with constant velocity. 





Fig. 17-8 


Equation of Translational Motion. The external forces 
acting on the body in Fig. 17-8a represent the effect of gravitational, 
electrical, magnetic, or contact forces between adjacent bodies. Since 
this force system has been considered previously in Sec. 13.3 for the 
analysis of a system of particles, the resulting Eq. 13-6 can be used 
here, in which case 


XF = mag 


This equation is referred to as the translational equation of motion for the 
mass center of a rigid body. It states that the sum of all the external forces 
acting on the body is equal to the body's mass times the acceleration of its 
mass center G. 

For motion of the body in the x-y plane, the translational equation of 
motion may be written in the form of two independent scalar equations, 
namely, 


XF, = m(ag) 
LF, = m(ag)y 


*By doing this, the rotational equation of motion reduces to a rather simplified form. 
The more general case of body shape and loading is considered in Chapter 21. 
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Particle free-body diagram 


(b) 





Particle kinetic diagram 


(c) 





(d) 
Fig. 17-8 (cont.) 


Equation of Rotational Motion. We will now determine the 
effects caused by the moments of the external force system computed 
about an axis perpendicular to the plane of motion (the z axis) and 
passing through point P. As shown on the free-body diagram of the ith 
particle, Fig. 17-85, F; represents the resultant external force acting on the 
particle, and f; is the resultant of the internal forces caused by interactions 
with adjacent particles. If the particle has a mass m; and its acceleration is a;, 
then its kinetic diagram is shown in Fig. 17-8c. Summing moments about 
point P, we require 


rxF;trxf;-—r* ma; 
Or 
(Mp); = r X m;a; 


The moments about P can also be expressed in terms of the acceleration 
of point P, Fig. 17-8d. If the body has an angular acceleration «œ and angular 
velocity w, then using Eq. 16-18 we have 


(Mp); = mr x (ap +axr- wr) 
= mir X ap + r X (a X r) — œr x r)] 

The last term is zero, since r X r = 0. Expressing the vectors with 
Cartesian components and carrying out the cross-product operations 
yields 

(Maik = m,{ (xi + yj) X [(ap) + (ap),jl 

+ Qd + yj) X [ak X (xi + yp] } 
(Mp);k = m—y(ap), + x(ap)y + ax? + ay']k 
Ç (Mp); = m{—y(ap)x + x(ap)y + ar^] 


Letting m; — dm and integrating with respect to the entire mass m of the 
body, we obtain the resultant moment equation 


GEM, = f amp. + (|: aman, + ( | rane 


Here >> represents only the moment of the external forces acting on the 
body about point P. The resultant moment of the internal forces is zero, 
since for the entire body these forces occur in equal and opposite collinear 
pairs and thus the moment of each pair of forces about P cancels. The 
integrals in the first and second terms on the right are used to locate the 
body’s center of mass G with respect to P, since ym = f y dm and 
xm — f x dm, Fig. 17-8d. Also, the last integral represents the body's 
moment of inertia about the z axis, i.e., Ip = / r^dm. Thus, 


GEM, = —ym(ap), + xm(ap), + Ipa (17-6) 


17.2 PLANAR KINETIC EQUATIONS OF MOTION 


It is possible to reduce this equation to a simpler form if point P coincides 
with the mass center G for the body. If this is the case, then x = y = 0, 
and therefore* 








5 Mg = Iga (17-7) 








This rotational equation of motion states that the sum of the moments of 
all the external forces about the body's mass center G is equal to the 
product of the moment of inertia of the body about an axis passing through G 
and the body’s angular acceleration. 

Equation 17-6 can also be rewritten in terms of the x and y components 
of ag and the body's moment of inertia J. If point G is located at (x, y), 
Fig. 17-8d, then by the parallel-axis theorem, Ip = Ig + m( + y?). 
Substituting into Eq. 17-6 and rearranging terms, we get 


GEM, = ym[-(ap), + ya] + xm[(ap), + xa] + Ica (17-8) 


From the kinematic diagram of Fig. 17-8d, ap can be expressed in terms 
of ag as 


ag —apteXr- wr 
(ag). + (ac),j = (ap) + (ap),j + ak X (xi + »p ~ ow (xi + yj) 


Carrying out the cross product and equating the respective i and j 

components yields the two scalar equations 
(ag), = (ap), — Fa — Kw” 

(ac), = (ap), + xa — yor 


From these equations, [-(ap), + ya] = [—(ag), — Xo] and 
[(ap), + xa] = [(ag), + yo]. Substituting these results into Eq. 17-8 and 
simplifying gives 


GXM, = —ym(ag), + xm(ag), + Iça (17-9) 


This important result indicates that when moments of the external forces 
shown on the free-body diagram are summed about point P, Fig. 17-8e, 
they are equivalent to the sum of the “kinetic moments” of the components 
of mag about P plus the “kinetic moment” of Iga, Fig. 17-6f. In other 
words, when the “kinetic moments," X(J(,)p, are computed, Fig. 17-8f, 
the vectors m(ag), and m(ag), are treated as sliding vectors; that is, they 
can act at any point along their line of action. In a similar manner, /g« 
can be treated as a free vector and can therefore act at any point. It is 
important to keep in mind, however, that mag and Jgq@ are not the same 
as a force or a couple moment. Instead, they are caused by the external 
effects of forces and couple moments acting on the body. With this in 
mind we can therefore write Eq. 17-9 in a more general form as 


È Mp = X(AUG)p (17-10) 


*It also reduces to this same simple form {Mp = Ipa if point P is a fixed point (see 
Eq. 17-16) or the acceleration of point P is directed along the line PG. 





f 

















Free-body diagra 


(e) 


Kinetic diagram 


(f) 
Fig. 17-8 (cont.) 
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General Application of the Equations of Motion. To 
summarize this analysis, three independent scalar equations can be written 
to describe the general plane motion of a symmetrical rigid body. 





EF, = m(ag)x 
EF, = m(ag), 
EMg = Iga 
4 Free-body diagram NS EM,-— Xp (17-11) 
(e) When applying these equations, one should always draw a free-body 


diagram, Fig. 17-8e, in order to account for the terms involved in XF,, 
XF,, XMg;,or $Mp. In some problems it may also be helpful to draw the 
kinetic diagram for the body, Fig. 17-8f. This diagram graphically accounts 
for the terms m(ag),, m(ag)y, and Iga. It is especially convenient when 
used to determine the components of mag and the moment of these 
components in X(,;)p.* 


17.3 Equations of Motion: Translation 





When the rigid body in Fig. 17-9a undergoes a translation, all the particles 
of the body have the same acceleration. Furthermore, œ = 0, in which 


Kinetic diagram case the rotational equation of motion applied at point G reduces to a 


(f) simplified form, namely, XMg = 0. Application of this and the force 
equations of motion will now be discussed for each of the two types of 
Fig. 17-8 (cont.) translation. 


Rectilinear Translation. When a body is subjected to rectilinear 
translation, all the particles of the body (slab) travel along parallel straight- 
line paths. The free-body and kinetic diagrams are shown in Fig. 17-9b. 
Since /; o = 0, only mag is shown on the kinetic diagram. Hence, the 
equations of motion which apply in this case become 





XF, = m(ag), 
LF, = m(ag), (17-12) 
XMg —0 














(a) 
Fig. 17-9 whenever {Mp = >(Al;)p is applied. 


*For this reason, the kinetic diagram will be used in the solution of an example problem 


17.3 EQUATIONS OF MOTION: TRANSLATION 


A e 
3 "i 
i mag 


H 





(b) 


It is also possible to sum moments about other points on or off the body, 
in which case the moment of mag must be taken into account. For example, 
if point A is chosen, which lies at a perpendicular distance d from the line 
of action of mag, the following moment equation applies: 


G -XM, = EC), ; EM, = (mag)d 


Here the sum of moments of the external forces and couple moments 
about A (XM,, free-body diagram) equals the moment of mag about A 
(È (Mpa kinetic diagram). 


Curvilinear Translation. When a rigid body is subjected to curvilinear 
translation, all the particles of the body have the same accelerations as 
they travel along curved paths as noted in Sec.16.1. For analysis, it is often 
convenient to use an inertial coordinate system having an origin which 
coincides with the body’s mass center at the instant considered, and axes 
which are oriented in the normal and tangential directions to the path of 
motion, Fig. 17—9c. The three scalar equations of motion are then 





DF, = m(ag), 
SF, = mag); (17-13) 
È Mg =0 











If moments are summed about the arbitrary point B, Fig. 17-9c, then it 
is necessary to account for the moments, X(/)5, of the two components 
m(ag), and m(ag), about this point. From the kinetic diagram, h and e 
represent the perpendicular distances (or *moment arms") from B to the 
lines of action of the components. The required moment equation 
therefore becomes 


GEM, = XUL); EM; = e[m(ag)] — h[m(ag),] 





Fig. 17-9 
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The free-body and kinetic diagrams for 
this boat and trailer are drawn first in 
order to apply the equations of motion. 
Here the forces on the free-body diagram 
cause the effect shown on the kinetic 
diagram. If moments are summed about 
the mass center, G, then EMg = 0. 
However, if moments are summed about 
point B then C+ Mz = ma,(d). 
(© R.C. Hibbeler) 








Procedure for Analysis 


Kinetic problems involving rigid-body translation can be solved 
using the following procedure. 


Free-Body Diagram. 


Establish the x, y or n, t inertial coordinate system and draw the 
free-body diagram in order to account for all the external forces 
and couple moments that act on the body. 


The direction and sense of the acceleration of the body’s mass 
center ag should be established. 


Identify the unknowns in the problem. 


If it is decided that the rotational equation of motion 
XM, = X(/4t)p is to be used in the solution, then consider 
drawing the kinetic diagram, since it graphically accounts for the 
components m(ag),, m(ag), or m(ag),, m(ag), and is therefore 
convenient for “visualizing” the terms needed in the moment 
sum È (Mpp. 


Equations of Motion. 


Apply the three equations of motion in accordance with the 
established sign convention. 


To simplify the analysis, the moment equation XMg = 0 can be 
replaced by the more general equation {Mp = X(4t;)p, where 
point P is usually located at the intersection of the lines of action 
of as many unknown forces as possible. 


If the body is in contact with a rough surface and slipping occurs, 
use the friction equation F = u,N. Remember, F always acts on 
the body so as to oppose the motion of the body relative to the 
surface it contacts. 


Kinematics. 


Use kinematics to determine the velocity and position of the body. 
For rectilinear translation with variable acceleration 

dg = dvg/dt agdsg = vgdvg 

For rectilinear translation with constant acceleration 

vg = (vg)o + agt VG = (wah + 2aglsg — (sc)ol 

Sg = (Sao + Woot + zac? 

For curvilinear translation 

Gdn = vo/p 


(ag), = dvg/dt | (ag,dsg = vgdvg 





17.3 EQUATIONS OF MOTION: TRANSLATION 


The car shown in Fig. 17-10a has a mass of 2 Mg and a center of mass 
at G. Determine the acceleration if the rear “driving” wheels are always 
slipping, whereas the front wheels are free to rotate. Neglect the mass 
of the wheels. The coefficient of kinetic friction between the wheels and 
the road is jj, = 0.25. 


SOLUTION I 


Free-Body Diagram. As shown in Fig. 17-105, the rear-wheel 
frictional force Fz pushes the car forward, and since slipping occurs, 
Fg = 0.25Ng. The frictional forces acting on the front wheels are zero, 
since these wheels have negligible mass.* There are three unknowns in 
the problem, N4, Nz, and ag. Here we will sum moments about the mass 
center. The car (point G) accelerates to the left, i.e., in the negative x 
direction, Fig. 17-10b. 


Equations of Motion. 


+, YF, = mag); —0.25Ng = —(2000 kg)ag (1) 
+f XF, = m(ag)y; N, + Ng — 2000(9.81 N = 0 (2) 
G+ Mg = 0; -N4ü.25 m) — 0.25N4(0.3 m) + Ng(0.75 m) = 0 (3) 
Solving, 
ag = 1.59 m/s? — Ans. 
N, = 6.88 kN 
Ng = 12.7 kN 
SOLUTION II 


Free-Body and Kinetic Diagrams. If the “moment” equation is 
applied about point A, then the unknown N, will be eliminated from 
the equation. To *visualize" the moment of mag about A, we will include 
the kinetic diagram as part of the analysis, Fig. 17-10c. 


Equation of Motion. 


GEM, = SMa: N,(2 m) — [2000(9.81) N](1.25 m) = 
(2000 kg)ag(0.3 m) 


Solving this and Eq. 1 for ag leads to a simpler solution than that 
obtained from Eqs. 1 to 3. 


*With negligible wheel mass, Ja = 0 and the frictional force at A required to turn 
the wheel is zero. If the wheels’ mass were included, then the solution would be more 
involved, since a general-plane-motion analysis of the wheels would have to be 
considered (see Sec. 17.5). 


eR 
1.25m 0.75m 
(a) 
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2 (0.3 m 
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Fg = 025 Ng 











Ng 


Fig. 17-10 


2 0.3m 
gg 


Fg — 025 Ng 
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The motorcycle shown in Fig. 17-11a has a mass of 125 kg and a center 
of mass at G,, while the rider has a mass of 75 kg and a center of mass 
at G5. Determine the minimum coefficient of static friction between 
the wheels and the pavement in order for the rider to do a “wheely,” 
i.e., lift the front wheel off the ground as shown in the photo. What 
acceleration is necessary to do this? Neglect the mass of the wheels 
' and assume that the front wheel is free to roll. 











SOLUTION 


Free-Body and Kinetic Diagrams. In this problem we will consider 
both the motorcycle and the rider as a single system. It is possible first to 
determine the location of the center of mass for this “system” by using 
the equations x = Xxm/X£mandy = Xym/X£m.Here,however, we will 
consider the weight and mass of the motorcycle and rider separately as 
shown on the free-body and kinetic diagrams, Fig. 17-115. Both of these 
parts move with the same acceleration. We have assumed that the front 
wheel is about to leave the ground, so that the normal reaction N, ~ 0. 
The three unknowns in the problem are Ng, Fg, and ag. 





Fig. 17-11 Equations of Motion. 
5 XF, = mag) Fg = (75 kg + 125 kg)ag (1) 
-]XF, = mag); Ng — 735-75 N — 1226.25N = 0 
G -EXM, = X(AL)g; —(735.75 N)(0.4 m) — (1226.25 N)(0.8 m) = 
—(75 kg ag)(0.9 m) — (125 kg ag)(0.6 m) (2) 
Solving, 
ag = 895 m/s? > Ans. 
Ng = 1962N 
Fg — 1790N 


Thus the minimum coefficient of static friction is 


Fg 1790N 


(Hs) min = Ng = 1962 N 





= 0.912 Ans. 


17.3 EQUATIONS OF MOTION: TRANSLATION 





The 100-kg beam BD shown in Fig. 17-12a is supported by two rods 
having negligible mass. Determine the force developed in each rod if 
at the instant 0 = 30°, œ = 6 rad/s. 


SOLUTION 


Free-Body and Kinetic Diagrams. The beam moves with curvilinear 
translation since all points on the beam move along circular paths, 





each path having the same radius of 0.5 m, but different centers of 
curvature. Using normal and tangential coordinates, the free-body and 
kinetic diagrams for the beam are shown in Fig. 17-125. Because of the 
translation, G has the same motion as the pin at B, which is connected 
to both the rod and the beam. Note that the tangential component of 
acceleration acts downward to the left due to the clockwise direction 
of æ, Fig. 17-12c. Furthermore, the normal component of acceleration 
is always directed toward the center of curvature (toward point A 
for rod AB). Since the angular velocity of AB is 6rad/s when 
0 = 30°, then 


(ag), = er = (6 rad/s)2(0.5 m) = 18 m/s? 


The three unknowns are Tg, Tp, and (ag),. 














100 kg(ag), 
A g a 
w = 6rad/s 
CX 
= 0.5 m an 
100 ke(ac), i B 
(c) 
(b) 
Fig. 17-12 


Equations of Motion. 
+N $F, = m(ag) Tg + Tp — 981 cos 30°N = 100 kg(18 m/s?) (1) 
TÁXF, = m(ag)s 981 sin 30° = 100 kg(ag); (2) 
G+ XMg = 0; —(Tg cos 30°)(0.4 m) + (Tp cos 30°)(0.4 m) = 0 (3) 
Simultaneous solution of these three equations gives 
Tg = Tp = 1.32 kN Ans. 
(ag), = 4.905 m/s? 


NOTE: It is also possible to apply the equations of motion along horizontal 
and vertical x, y axes, but the solution becomes more involved. 
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Em PRELIMINARY PROBLEMS 





P17-1. Draw the free-body and kinetic diagrams of the 
object AB. 




















(d) 
































(c) (f) 
Prob. P17-1 


17.3 


P17-2. Draw the free-body and kinetic diagrams of the 
100-kg object. 


20N:m 

| 
[RJ 
= 


i = 


(a) 





60 N 


(b) 














Unstretched length of spring is 1 m. 
(c) 


Prob. P17-2 


EQUATIONS OF MOTION: TRANSLATION 











(f) 


(d) 


100N 


w = 4 rad/s 


w = 3 rad/s 


433 





434 CHAPTER 17 
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m FUNDAMENTAL PROBLEMS 


F17-1. The cart and its load have a total mass of 100 kg. 
Determine the acceleration of the cart and the normal reactions 
on the pair of wheels at A and B. Neglect the mass of the wheels. 




















Prob. F17-1 


F17-2. If the 80-kg cabinet is allowed to roll down the 
inclined plane, determine the acceleration of the cabinet 
and the normal reactions on the pair of rollers at A and B 
that have negligible mass. 





Prob. F17-2 
F17-3. The 20-Ib link AB is pinned to a moving frame at A 
and held in a vertical position by means of a string BC which 
can support a maximum tension of 101b. Determine the 
maximum acceleration of the frame without breaking the 
string. What are the corresponding components of reaction 
at the pin A? 


























Prob. F17-3 


F17-4. Determine the maximum acceleration of the truck 
without causing the assembly to move relative to the truck. 
Also what is the corresponding normal reaction on legs 
A and B? The 100-kg table has a mass center at G and the 
coefficient of static friction between the legs of the table 
and the bed of the truck is u, = 0.2. 


0.6 m, 0.9 m 






Prob. F17-4 


F17-5. At the instant shown both rods of negligible mass 
swing with a counterclockwise angular velocity of 
w = 5rad/s, while the 50-kg bar is subjected to the 100-N 
horizontal force. Determine the tension developed in the 
rods and the angular acceleration of the rods at this instant. 














Prob. F17-5 
F17-6. At the instant shown, link CD rotates with an 
angular velocity of œ = 6 rad/s. If it is subjected to a couple 
moment M = 450 N * m, determine the force developed in 
link AB, the horizontal and vertical component of reaction 
on pin D, and the angular acceleration of link CD at this 
instant. The block has a mass of 50 kg and center of mass at G. 
Neglect the mass of links AB and CD. 








M=450N-m Prob. F17-6 
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T TPROBLEMS 


*17-24. The door has a weight of 200 Ib and a center of 
gravity at G. Determine how far the door moves in 2 s, 
starting from rest, if a man pushes on it at C with a horizontal 
force F = 301b. Also, find the vertical reactions at the 
rollers A and B. 


17-25. The door has a weight of 200 Ib and a center of 
gravity at G. Determine the constant force F that must be 
applied to the door to push it open 12 ft to the right in 5 s, 
starting from rest. Also, find the vertical reactions at the 
rollers A and B. 























Probs. 17—24/25 


17-26. The jet aircraft has a total mass of 22 Mg and a 
center of mass at G. Initially at take-off the engines provide 
a thrust 27 = 4kN and T'-— L5kN. Determine the 
acceleration of the plane and the normal reactions on the 
nose wheel at A and each of the two wing wheels located at 
B. Neglect the mass of the wheels and, due to low velocity, 
neglect any lift caused by the wings. 





Prob. 17-26 


17-27. The sports car has a weight of 4500 Ib and center 
of gravity at G. If it starts from rest it causes the rear 
wheels to slip as it accelerates. Determine how long it 
takes for it to reach a speed of 10 ft/s. Also, what are the 
normal reactions at each of the four wheels on the road? 
The coefficients of static and kinetic friction at the road 
are u, = 0.5 and u; = 0.3, respectively. Neglect the mass 
of the wheels. 











Prob. 17-27 


*17-28. The assembly has a mass of 8 Mg and is hoisted 
using the boom and pulley system. If the winch at B draws in 
the cable with an acceleration of 2 m/s’, determine the 
compressive force in the hydraulic cylinder needed to support 
the boom. The boom has a mass of 2 Mg and mass center at G. 


17-29. The assembly has a mass of 4 Mg and is hoisted 
using the winch at B. Determine the greatest acceleration of 
the assembly so that the compressive force in the hydraulic 
cylinder supporting the boom does not exceed 180 kN. What 
is the tension in the supporting cable? The boom has a mass 
of 2 Mg and mass center at G. 

















Probs. 17-28/29 
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17-30. The uniform girder AB has a mass of 8 Mg. 
Determine the internal axial, shear, and bending-moment 
loadings at the center of the girder if a crane gives it an 
upward acceleration of 3 m/s”. 





Prob. 17-30 


17-31. A car having a weight of 4000 Ib begins to skid and 
turn with the brakes applied to all four wheels. If the 
coefficient of kinetic friction between the wheels and the 
road is ug = 0.8, determine the maximum critical height h 
of the center of gravity G such that the car does not 
overturn. Tipping will begin to occur after the car rotates 
90° from its original direction of motion and, as shown in 
the figure, undergoes translation while skidding. Hint: Draw 
a free-body diagram of the car viewed from the front. When 
tipping occurs, the normal reactions of the wheels on the 
right side (or passenger side) are zero. 





Prob. 17-31 
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*17-32. A force of P = 300 N is applied to the 60-kg cart. 
Determine the reactions at both the wheels at A and both 
the wheels at B. Also, what is the acceleration of the cart? 
The mass center of the cart is at G. 











Prob. 17-32 


17-33. Determine the largest force P that can be applied 
to the 60-kg cart, without causing one of the wheel reactions, 
either at A or at B,to be zero. Also, what is the acceleration 
of the cart? The mass center of the cart is at G. 








Prob. 17-33 


17-34. The trailer with its load has a mass of 150-kg and a 
center of mass at G. If it is subjected to a horizontal force of 
P = 600 N, determine the trailer's acceleration and the 
normal force on the pair of wheels at A and at B. The wheels 
are free to roll and have negligible mass. 








Prob. 17-34 


17-35. The desk has a weight of 75 Ib and a center of 
gravity at G. Determine its initial acceleration if a man 
pushes on it with a force F = 60 lb. The coefficient of kinetic 
friction at A and B is ug = 0.2. 


*17-36. The desk has a weight of 75 Ib and a center of 
gravity at G. Determine the initial acceleration of a desk 
when the man applies enough force F to overcome the static 
friction at A and B. Also, find the vertical reactions on each 
of the two legs at A and at B. The coefficients of static and 
kinetic friction at A and B are u, — 0.5 and m, = 0.2, 
respectively. 











Probs. 17-35/36 
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17-37. The 150-kg uniform crate rests on the 10-kg cart. 
Determine the maximum force P that can be applied to the 
handle without causing the crate to tip on the cart. Slipping 
does not occur. 






































Prob. 17-37 


17-38. The 150-kg uniform crate rests on the 10-kg cart. 
Determine the maximum force P that can be applied to the 
handle without causing the crate to slip or tip on the cart. 
The coefficient of static friction between the crate and cart 
is u, = 0.2. 


a 


<— 0.5 
= 


















































Prob. 17-38 
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17-39. The bar has a weight per length w and is supported 
by the smooth collar. If it is released from rest, determine 
the internal normal force, shear force, and bending moment 
in the bar as a function of x. 


Prob. 17-39 


*17-40. The smooth 180-lb pipe has a length of 20 ft and a 
negligible diameter. It is carried on a truck as shown. 
Determine the maximum acceleration which the truck can 
have without causing the normal reaction at A to be zero. 
Also determine the horizontal and vertical components of 
force which the truck exerts on the pipe at B. 


17-41. The smooth 180-Ib pipe has a length of 20 ft and a 
negligible diameter. It is carried on a truck as shown. If the 
truck accelerates at a — 5 ft/ s2, determine the normal 
reaction at A and the horizontal and vertical components of 
force which the truck exerts on the pipe at B. 











Probs. 17-40/41 
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17-42. The uniform crate has a mass of 50 kg and rests on 
the cart having an inclined surface. Determine the smallest 
acceleration that will cause the crate either to tip or slip 
relative to the cart. What is the magnitude of this 
acceleration? The coefficient of static friction between the 
crate and cart is u, = 0.5. 








Prob. 17-42 


17-43. Determine the acceleration of the 150-Ib cabinet 
and the normal reaction under the legs A and B if P = 35 |b. 
The coefficients of static and kinetic friction between the 
cabinet and the plane are j4,- 0.2 and py = 0.15, 
respectively. The cabinet's center of gravity is located at G. 


1 Te ft— 

















2 3.5 ft 
































Al 











Prob. 17-43 


*17-44. The uniform bar of mass m is pin connected to the 
collar, which slides along the smooth horizontal rod. If the 
collar is given a constant acceleration of a, determine 
the bar's inclination angle 6. Neglect the collar's mass. 








Prob. 17-44 


17-45. The drop gate at the end of the trailer has a mass 
of 1.25 Mg and mass center at G. If it is supported by the 
cable AB and hinge at C, determine the tension in the cable 
when the truck begins to accelerate at 5 m/s?. Also, what 
are the horizontal and vertical components of reaction at 
the hinge C? 


17-46. The drop gate at the end of the trailer has a mass of 
1.25 Mg and mass center at G. If it is supported by the 
cable AB and hinge at C, determine the maximum 
deceleration of the truck so that the gate does not begin to 
rotate forward. What are the horizontal and vertical 
components of reaction at the hinge C? 








Probs. 17—45/46 
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17-47. The snowmobile has a weight of 250 Ib, centered 
at G;, while the rider has a weight of 150 Ib, centered at G3. 
If the acceleration is a — 20 ft/ s?, determine the maximum 
height h of G, of the rider so that the snowmobile's front 
skid does not lift off the ground. Also, what are the traction 
(horizontal) force and normal reaction under the rear 
tracks at A? 


*17-48. The snowmobile has a weight of 250 lb, centered 
at G,, while the rider has a weight of 150 Ib, centered at G3. 
If h= 3ft, determine the snowmobiles maximum 
permissible acceleration a so that its front skid does not lift 
off the ground. Also, find the traction (horizontal) force and 
the normal reaction under the rear tracks at A. 


0.5 ft 





Probs. 17—47/48 


17-49. If the cart’s mass is 30 kg and it is subjected to 
a horizontal force of P — 90 N, determine the tension in 
cord AB and the horizontal and vertical components of 
reaction on end C of the uniform 15-kg rod BC. 


17-50. Ifthe cart's mass is 30 kg, determine the horizontal 
force P that should be applied to the cart so that the cord AB 
just becomes slack. The uniform rod BC has a mass 
of 15 kg. 











Probs. 17-49/50 
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17-51. The pipe has a mass of 800 kg and is being towed 
behind the truck. If the acceleration of the truck is 
a, = 0.5 m/s’, determine the angle 0 and the tension in the 
cable. The coefficient of kinetic friction between the pipe 
and the ground is uj = 0.1. 











Prob. 17-51 


*17-52. The pipe has a mass of 800 kg and is being towed 
behind a truck. If the angle 0 = 30°, determine the 
acceleration of the truck and the tension in the cable. 
The coefficient of kinetic friction between the pipe and the 
ground is uj = 0.1. 











Prob. 17-52 
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17-53. The crate C has a weight of 150 Ib and rests on the 
truck elevator for which the coefficient of static friction is 
Ms = 0.4. Determine the largest initial angular acceleration a, 
starting from rest, which the parallel links AB and DE 
can have without causing the crate to slip. No tipping occurs. 


























Prob. 17-53 


17-54. The crate C has a weight of 150 Ib and rests on the 
truck elevator. Determine the initial friction and normal 
force of the elevator on the crate if the parallel links are given 
an angular acceleration œ = 2 rad/s? starting from rest. 























Prob. 17-54 
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17-55. The 100-kg uniform crate C rests on the elevator *17-56. The two uniform 4-kg bars DC and EF are fixed 


floor where the coefficient of static friction is m, = 0.4. (welded) together at E. Determine the normal force Nz, 

Determine the largest initial angular acceleration a, starting shear force Vg, and moment Mg, which DC exerts on EF at 

from rest at 0 = 90°, without causing the crate to slip. No E if at the instant 0 = 60° BC has an angular velocity 

tipping occurs. w = 2rad/s and an angular acceleration œ = 4 rad/s? 
as shown. 





Prob. 17-55 





17.4 Equations of Motion: Rotation 
about a Fixed Axis 


Consider the rigid body (or slab) shown in Fig. 17-13a, which is 
constrained to rotate in the vertical plane about a fixed axis perpendicular 
to the page and passing through the pin at O. The angular velocity and 
angular acceleration are caused by the external force and couple 
moment system acting on the body. Because the body’s center of mass G 
moves around a circular path, the acceleration of this point is best 
represented by its tangential and normal components. The tangential 
component of acceleration has a magnitude of (ag), = arg and must act 
in a direction which is consistent with the body's angular acceleration a. 
The magnitude of the normal component of acceleration is (ag), = org. 
This component is always directed from point G to O, regardless of the 
rotational sense of w. 






a = 4 rad/s? 
w = 2 rad/s 


Prob. 17-56 





(a) 
Fig. 17-13 


442 CHAPTER 17 PLANAR KINETICS OF A RIGID BODY: FORCE AND ACCELERATION 


The free-body and kinetic diagrams for the body are shown in Fig. 17-13b. 
The two components m(ag), and m(ag),, shown on the kinetic diagram, 
are associated with the tangential and normal components of acceleration 
of the body's mass center. The /; « vector acts in the same direction as a 
and has a magnitude of Iga, where Ig is the body's moment of inertia 
calculated about an axis which is perpendicular to the page and passes 
through G. From the derivation given in Sec. 17.2, the equations of 
motion which apply to the body can be written in the form 





LF, = mag), = mW rG 
SF, = m(ag) = marg (17-14) 
$Me = Iga 











The moment equation can be replaced by a moment summation about 
any arbitrary point P on or off the body provided one accounts for the 
moments X(/(,)p produced by Iæ, m(ag),, and m(ag),, about the point. 


Moment Equation About Point O. Often it is convenient to 
sum moments about the pin at O in order to eliminate the unknown 
force Fo. From the kinetic diagram, Fig. 17-13b, this requires 


C+2Mo = X(/)og Mo = rgm(ag) + Ica (17-15) 


Note that the moment of m(ag), is not included here since the line of 
action of this vector passes through O. Substituting (ag), = rga, we may 
rewrite the above equation as G -- E Mg = Ug + mr@)a. From the parallel- 
axis theorem, Ig = Ig + md, and therefore the term in parentheses 
represents the moment of inertia of the body about the fixed axis of 
rotation passing through O.* Consequently, we can write the three 
equations of motion for the body as 





XF, = m(ag), = mo?rg 
XF,-— m(ag), = marg (17-16) 
=Mo = Ioa 











When using these equations, remember that “Joa” accounts for the 
“moment” of both m(ag), and Iga about point O, Fig. 17-135. In other 
words, >My = X(J/t;)o = Toa, as indicated by Eqs. 17-15 and 17-16. 





(b) 


*The result XMg = Iga can also be obtained directly from Eq. 17-6 by selecting 
Fig. 17-13 (cont.) point P to coincide with O, realizing that (ap), — (ap), — 0. 
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Procedure for Analysis 


Kinetic problems which involve the rotation of a body about a fixed 
axis can be solved using the following procedure. 


Free-Body Diagram. 


Establish the inertial n, t coordinate system and specify the 
direction and sense of the accelerations (ag), and (ag), and the 
angular acceleration @ of the body. Recall that (ag), must act in a 
direction which is in accordance with the rotational sense of a, 
whereas (ag), always acts toward the axis of rotation, point O. 


Draw the free-body diagram to account for all the external forces 
and couple moments that act on the body. 


Determine the moment of inertia Iç or Ig. 
Identify the unknowns in the problem. 


If it is decided that the rotational equation of motion 
EMp = X(U)pis to be used, i.e., P is a point other than G or O, 
then consider drawing the kinetic diagram in order to help 
“visualize” the “moments” developed by the components m(ag),, 
m(ag),, and Jg@ when writing the terms for the moment sum 
X(AU)p. 


Equations of Motion. 


Apply the three equations of motion in accordance with the 
established sign convention. 


If moments are summed about the body's mass center, G, then 
Mg = Ica, since (mag), and (mag), create no moment about G. 


If moments are summed about the pin support O on the axis of 
rotation, then (mag), creates no moment about O, and it can be 
shown that XM, = Ioa. 


Kinematics. 


Use kinematics if a complete solution cannot be obtained strictly 
from the equations of motion. 


If the angular acceleration is variable, use 


do d0 
a=— ad@=wdw qe = 
dt dt 
If the angular acceleration is constant, use 
= Oy ae CL 
n) Oo SP Wot qr lo 


wp + 2a.(0 — 69) 








The crank on the oil-pumping rig undergoes 
rotation about a fixed axis which is caused by 
a driving torque M of the motor. The loadings 
shown on the free-body diagram cause the 
effects shown on the kinetic diagram. If 
moments are summed about the mass 
center, G, then XMg = Iga. However, if 
moments are summed about point O, noting 
that (ag), = ad, then G+¥Mo = Igat 
m(ag)d + m(ag),(0) = Ug + ma = Ioa. 
(O R.C. Hibbeler) 
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0.5 ft 


de 


(a) 





(b) 
Fig. 17-14 


PLANAR KINETICS OF A RIGID BODY: FORCE AND ACCELERATION 


The unbalanced 50-Ib flywheel shown in Fig. 17-14a has a radius of 
gyration of kg = 0.6 ft about an axis passing through its mass center G. 
If it is released from rest, determine the horizontal and vertical 
components of reaction at the pin O. 


SOLUTION 


Free-Body and Kinetic Diagrams. Since G moves in a circular path, 
it will have both normal and tangential components of acceleration. 
Also, since a, which is caused by the flywheel’s weight, acts clockwise, 
the tangential component of acceleration must act downward. Why? 
Since w = 0, only m(ag), = marg and Iga are shown on the kinetic 
diagram in Fig. 17-145. Here, the moment of inertia about G is 


Ig = mk? = (50 1b/32.2 ft/s?)(0.6 ft? = 0.559 slug - f? 
The three unknowns are O,,, O,, and a. 


Equations of Motion. 


I XP = marg; O, = 0 Ans. 
50 Ib 

+} SF, = marg; —0, + 501b = (Arpo ft) (1) 

C -XMg = Iga; O,0.5 ft) = (0.5590 slug - ft?)a 


Solving, 
a = 26.4 rad/s? O, = 29.5 Ib Ans. 


Moments can also be summed about point O in order to eliminate O,, 
and O, and thereby obtain a direct solution for æ, Fig. 17-14b. This can 
be done in one of two ways. 


C+ Mo = X(G)o; 


50 Ib 
50 1b)(0.5 ft) = (0.5590 slug: fta + (e) 0.5 ft | 0.5 ft 
( X )-( slug: ft^)a 322 fs a( ) IC ) 
50 1b(0.5 ft) = 0.9472a (2) 


If Mg = loa is applied, then by the parallel-axis theorem the 
moment of inertia of the flywheel about O is 
50 2 j 
Io = Ig + mrb = 0.559 + 225 (0.5)? = 0.9472 slug: ft 
Hence, 
C-*XMg = Igo; (501b)(0.5 ft) = (0.9472 slug: ft?)a 


which is the same as Eq. 2. Solving for a and substituting into Eq. 1 
yields the answer for O, obtained previously. 


17.4 EQUATIONS OF MOTION: ROTATION ABOUT A FIXED AXIS 


At the instant shown in Fig. 17-15a, the 20-kg slender rod has an 
angular velocity of œ = 5 rad/s. Determine the angular acceleration 
and the horizontal and vertical components of reaction of the pin 
on the rod at this instant. 


fo 60N-m 


——— —ÉÉ—3 ) = 5 rad/s 
Em 
(a) 





SOLUTION 


Free-Body and Kinetic Diagrams. Fig. 17-15b. As shown on the 
kinetic diagram, point G moves around a circular path and so it has two 
components of acceleration. It is important that the tangential 
component a, = arg act downward since it must be in accordance with 
the rotational sense of a. The three unknowns are O,,, O,, and a. 


Equation of Motion. 


& SF, = marg; O, = (20 kg)(5 rad/s) (1.5 m) 


+L 5F, = marg; —0, + 20(9.81)N = (20 kg)(a)(1.5 m) 
C -XMg = Ica; 01.5 m) + 60N*m = [520 kg)G my Ja 
Solving 


O, = 750N O,= 1905N a = 5.90 rad/s? Ans. 
A more direct solution to this problem would be to sum moments 
about point O to eliminate O, and O, and obtain a direct solution for a. 
Here, 
C EM, = S(M,)o; 60 N*m + 20(9.81) N(1.5 m) = 
[4520 kg)(3 m)? ]a + [20 kg(a)(1.5 m)I(1.5 m) 
a = 5.90 rad/s” Ans. 


Also, since Ig = imf for a slender rod, we can apply 


C -XMg = loa; 60N*m + 209.81) N(1.5 m) = [100 kg)G my? Ja 
a = 5.90 rad/s” Ans. 


NOTE: By comparison, the last equation provides the simplest solution 
for a and does not require use of the kinetic diagram. 





-—1.5 m— 


Fig. 17-15 


60N-m 
à G 


20(9.81) N 
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60 (9.81) N 


Cl, 


H = 
— 
© 
Seg 
F R 
tad 


<— 
i“) 














o 


20 (9.81) N 
(b) 


60 (9.81) N 





























20(9.81) N (20 kg)a 
(c) 


Fig. 17-16 





i d 


The drum shown in Fig. 17-16a has a mass of 60 kg and a radius of 
gyration kg = 0.25 m. A cord of negligible mass is wrapped around 
the periphery of the drum and attached to a block having a mass of 20 kg. 
If the block is released, determine the drum’s angular acceleration. 


SOLUTION | 
Free-Body Diagram. Here we will consider the drum and block 
separately, Fig. 17-16b. Assuming the block accelerates downward at a, 
it creates a counterclockwise angular acceleration a of the drum. 
The moment of inertia of the drum is 

Ig = mk = (60 kg)(0.25 m? = 3.75 kg: n 
There are five unknowns, namely O,, O,, T, a, and a. 
Equations of Motion. Applying the translational equations of 
motion XF, = m(ag), and XF, = m(ag) to the drum is of no 
consequence to the solution, since these equations involve the 
unknowns O, and O,. Thus, for the drum and block, respectively, 
G --XMg = Ioa; T(0.4 m) = (3.75 kg - m))a (1) 
*]1XF,- m(ag,; —20(9.81)N + T = —Q0 kg)a (2) 
Kinematics. Since the point of contact A between the cord and 
drum has a tangential component of acceleration a, Fig. 17-16a, then 
Gta = ar; a = o(0.4 m) (3) 


Solving the above equations, 


T = 106N a = 452 m/s? 
a = 113 rad/s*5 Ans. 
SOLUTION II 


Free-Body and Kinetic Diagrams. The cable tension T can be 
eliminated from the analysis by considering the drum and block as a 
single system, Fig. 17-16c. The kinetic diagram is shown since moments 
will be summed about point O. 


Equations of Motion. Using Eq. 3 and applying the moment 
equation about O to eliminate the unknowns O, and O,, we have 
G -EMg = X(4G)o; [20(9.81) N] (0.4 m) = 
(3.75 kg-m2)a + [20 kg(o 0.4 m)](0.4 m) 
a = 113 rad/s” Ans. 


NOTE: If the block were removed and a force of 20(9.81) N were 
applied to the cord, show that o — 20.9 rad/s?. This value is larger 
since the block has an inertia, or resistance to acceleration. 


17.4 EQUATIONS OF MOTION: ROTATION ABOUT A FIXED AXIS 


The slender rod shown in Fig. 17-17a has a mass m and length / and is 
released from rest when 6 = 0°. Determine the horizontal and vertical 
components of force which the pin at A exerts on the rod at the instant 
9 = 90°. 


SOLUTION 


Free-Body and Kinetic Diagrams. The free-body diagram for the 

rod in the general position 0 is shown in Fig. 17-175. For convenience, 

the force components at A are shown acting in the n and f directions. 

Note that o acts clockwise and so (ag), acts in the +t direction. (a) 
The moment of inertia of the rod about point A is J, = 1mP. 





Equations of Motion. Moments will be summed about A in order 
to eliminate A, and A,. 


+N SF, = marg; A, — mg sin 0 = ma*(1/2) (1) 
TLF, = març; A, + mg cos 0 = ma(l/2) (2) 
C -XM, = La; mg cos 0(1/2) = (4mP)a (3) 


Kinematics. For a given angle 0 there are four unknowns in the 
above three equations: A,, A;, œw, and a. As shown by Eq. 3, a is not 
constant; rather, it depends on the position 6 of the rod. The necessary 
fourth equation is obtained using kinematics, where a and w can be 
related to 6 by the equation 


(C+) w dw = a dð (4) 





Note that the positive clockwise direction for this equation agrees ud ( L) 
with that of Eq. 3. This is important since we are seeking a simultaneous 
solution. 

In order to solve for w at 0 = 90°, eliminate a from Eqs. 3 and 4, 


G Iga 

n or NS 

which yields m ( 2 ) \ 
w dw = (1.5g/1) cos 0 dé 


Since w = Oat 0 = 0°, we have 


w 90° 
/ wdw = a5s/D | cos 0 dé Fig. 17-17 
0 0° 

w = 3g/l 
Substituting this value into Eq. 1 with 0 = 90° and solving Eqs. 1 to 3 
yields 

a=0 
A, = 0A, = 2.5 mg Ans. 


NOTE: If M, = X(/,), is used, one must account for the moments 
of I5; and m(ag), about A. 
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B FUNDAMENTAL PROBLEMS 


PLANAR KINETICS OF A RIGID BODY: FORCE AND ACCELERATION 





F17-7. The 100-kg wheel has a radius of gyration about its 
center O of kg = 500 mm. If the wheel starts from rest, 
determine its angular velocity int = 3s. 





Prob. F17-7 


F17-8. The 50-kg disk is subjected to the couple moment 
of M = (9 N-m, where ż is in seconds. Determine the 


E angular velocity of the disk when t = 4 s starting from rest. 
17 


aN M = (9t) N:xm 





Prob. F17-8 


F17-9. At the instant shown, the uniform 30-kg slender 
rod has a counterclockwise angular velocity of œ = 6 rad/s. 
Determine the tangential and normal components of 
reaction of pin O on the rod and the angular acceleration of 
the rod at this instant. 








O M = 60 N:m 


Prob. F17-9 


F17-10. At the instant shown, the 30-kg disk has a 
counterclockwise angular velocity of œ = 10 rad/s. 
Determine the tangential and normal components of 
reaction of the pin O on the disk and the angular 
acceleration of the disk at this instant. 





Prob. F17-10 
F17-11. The uniform slender rod has a mass of 15 kg. 
Determine the horizontal and vertical components of 
reaction at the pin O, and the angular acceleration of the 
rod just after the cord is cut. 


T 


P» 


iu. 


N 








0.3 m l 


Prob. F17-11 


F17-12. The uniform 30-kg slender rod is being pulled by 
the cord that passes over the small smooth peg at A. If the 
rod has a counterclockwise angular velocity of w = 6 rad/s 
at the instant shown, determine the tangential and normal 
components of reaction at the pin O and the angular 
acceleration of the rod. 


P = 300 N 


0.8 m 






w = 6 rad/s N 











= 0.6 m l 0.3 m — 
Prob. F17-12 
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[prostens EN 


17-57. The 10-kg wheel has a radius of gyrationk, = 200 mm. *17-60. The bent rod has a mass of 2 kg/m. If it is released 
If the wheel is subjected to a moment M = (5t) N* m, where t from rest in the position shown, determine its initial angular 
is in seconds, determine its angular velocity when t = 3s acceleration and the horizontal and vertical components of 
starting from rest. Also, compute the reactions which the fixed reaction at A. 


pin A exerts on the wheel during the motion. 





Prob. 17-57 





17-58. The uniform 24-kg plate is released from rest at the 
position shown. Determine its initial angular acceleration 
and the horizontal and vertical reactions at the pin A. 





Prob. 17-60 


17-61. Ifa horizontal force of P = 100 N is applied to the 
300-kg reel of cable, determine its initial angular 
acceleration. The reel rests on rollers at A and B and has a 
radius of gyration of ko = 0.6 m. 








Prob. 17-58 


17-59. 'The uniform slender rod has a mass rn. If it is 
released from rest when 0 = 0°, determine the magnitude 
of the reactive force exerted on it by pin B when 0 = 90°. 





Prob. 17-59 Prob. 17-61 
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17-62. The 10-lb bar is pinned at its center O and 
connected to a torsional spring. The spring has a stiffness 
k =5lb-ft/rad, so that the torque developed is 
M = (56) lb: ft, where 0 is in radians. If the bar is released 
from rest when it is vertical at 0 = 90°, determine its 
angular velocity at the instant 0 = 0°. 


17-63. The 10-lb bar is pinned at its center O and 
connected to a torsional spring. The spring has a stiffness 
k = 51b- ft/rad, so that the torque developed is 
M = (56) lb: ft, where 0 is in radians. If the bar is released 
from rest when it is vertical at 0 = 90°, determine its 
angular velocity at the instant 0 = 45°. 





Probs. 17—62/63 


*17-64. A cord is wrapped around the outer surface of the 
8-kg disk. If a force of F = (140°) N, where 9 is in radians, 
is applied to the cord, determine the disk's angular 
acceleration when it has turned 5 revolutions. The disk has 
an initial angular velocity of wọ = 1 rad/s. 





Prob. 17-64 
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17-65. Disk A has a weight of 5 Ib and disk B has a weight 
of 10 Ib. If no slipping occurs between them, determine the 
couple moment M which must be applied to disk A to give 
it an angular acceleration of 4 rad/s?. 





a = 4 rad/s? 


Prob. 17-65 


17-66. The kinetic diagram representing the general 
rotational motion of a rigid body about a fixed axis passing 
through O is shown in the figure. Show that Iæ may be 
eliminated by moving the vectors m(ag), and m(ag), to 
point P, located a distance rgp = k%/rog from the center of 
mass G of the body. Here kg represents the radius of 
gyration of the body about an axis passing through G. The 
point P is called the center of percussion of the body. 





Prob. 17-66 
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17-67. If the cord at B suddenly fails, determine the 
horizontal and vertical components of the initial reaction at 
the pin A, and the angular acceleration of the 120-kg beam. 
Treat the beam as a uniform slender rod. 





800 N 
B 
A 
l 2m we 2m - 
Prob. 17-67 


*17-68. The device acts as a pop-up barrier to prevent the 
passage of a vehicle. It consists of a 100-kg steel plate AC 
and a 200-kg counterweight solid concrete block located as 
shown. Determine the moment of inertia of the plate and 
block about the hinged axis through A. Neglect the mass of 
the supporting arms AB. Also, determine the initial angular 
acceleration of the assembly when it is released from rest at 
9 —45*. 


1 i 
= =. rn 





Prob. 17-68 


17-69. The 20-kg roll of paper has a radius of gyration 
k4 = 90 mm about an axis passing through point A. It is pin 
supported at both ends by two brackets AB. If the roll rests 
against a wall for which the coefficient of kinetic friction is 
HM, = 0.2 and a vertical force F= 30 N is applied to the end of 
the paper, determine the angular acceleration of the roll as 
the paper unrolls. 


17-70. The 20-kg roll of paper has a radius of gyration 
k4 = 90 mm about an axis passing through point A. It is pin 
supported at both ends by two brackets AB. If the roll rests 
against a wall for which the coefficient of kinetic friction is 
Uk = 0.2, determine the constant vertical force F that must 
be applied to the roll to pull off 1 m of paper in t = 3 s 
starting from rest. Neglect the mass of paper that is removed. 





300 








Probs. 17-69/70 


17-71. The reel of cable has a mass of 400 kg and a radius 
of gyration of k, = 0.75 m. Determine its angular velocity 
when f= 2 s, starting from rest, if the force P = (20/7 + 80) N, 
when t is in seconds. Neglect the mass of the unwound cable, 
and assume it is always at a radius of 0.5 m. 





Prob. 17-71 
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*17-72. The 30-kg disk is originally spinning at w = 125 rad/s. 
If it is placed on the ground, for which the coefficient of 
kinetic friction is uc = 0.5, determine the time required for 
the motion to stop. What are the horizontal and vertical 
components of force which the member AB exerts on the 
pin at A during this time? Neglect the mass of AB. 





0.5 < = 125 rad/s 


e 








Prob. 17-72 


17-73. Cable is unwound from a spool supported on small 
rollers at A and B by exerting a force T — 300 N on the 
cable. Compute the time needed to unravel 5 m of cable 
from the spool if the spool and cable have a total mass of 
600 kg and a radius of gyration of ko — 1.2 m. For the 
calculation, neglect the mass of the cable being unwound 
and the mass of the rollers at A and B. The rollers turn with 
no friction. 


30* 





Prob. 17-73 
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17-74. The 5-kg cylinder is initially at rest when it is placed 
in contact with the wall B and the rotor at A. If the rotor 
always maintains a constant clockwise angular velocity 
w = 6 rad/s, determine the initial angular acceleration of 
the cylinder. The coefficient of kinetic friction at the 
contacting surfaces B and C is uj = 0.2. 











Prob. 17-74 


17-75. The wheel has a mass of 25 kg and a radius of 
gyration kg = 0.15m. It is originally spinning at 
w = 40 rad/s. If it is placed on the ground, for which the 
coefficient of kinetic friction is uc — 0.5, determine the 
time required for the motion to stop. What are the horizontal 
and vertical components of reaction which the pin at A 
exerts on AB during this time? Neglect the mass of AB. 


— 04m EM 











Prob. 17-75 
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*17-76. The 20-kg roll of paper has a radius of gyration 
k, = 120 mm about an axis passing through point A. It is pin 
supported at both ends by two brackets AB. The roll rests 
on the floor, for which the coefficient of kinetic friction is 
HM, = 0.2. If a horizontal force F = 60 N is applied to the end 
of the paper, determine the initial angular acceleration of 
the roll as the paper unrolls. 





Prob. 17-76 


17-77. Disk D turns with a constant clockwise angular 
velocity of 30 rad/s. Disk E has a weight of 60 Ib and is initially 
at rest when it is brought into contact with D. Determine the 
time required for disk E to attain the same angular velocity as 
disk D. The coefficient of kinetic friction between the two 
disks is u% = 0.3. Neglect the weight of bar BC. 








S. = 30 rad/s 


Prob. 17-77 


17-78. Two cylinders A and B, having a weight of 101b and 
5 lb, respectively, are attached to the ends of a cord which 
passes over a 3-Ib pulley (disk). If the cylinders are released 
from rest, determine their speed in t = 0.5 s. The cord does 
not slip on the pulley. Neglect the mass of the cord. 
Suggestion: Analyze the "system" consisting of both the 
cylinders and the pulley. 





Prob. 17-78 


17-79. The two blocks A and B have a mass of 5 kg and 
10 kg, respectively. If the pulley can be treated as a disk of 
mass 3 kg and radius 0.15 m, determine the acceleration of 
block A. Neglect the mass of the cord and any slipping on 
the pulley. 


*17-80. The two blocks A and B have a mass m4 and mp, 
respectively, where mg > m4. If the pulley can be treated as 
a disk of mass M, determine the acceleration of block A. 
Neglect the mass of the cord and any slipping on the pulley. 





Probs. 17-79/80 
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17-81. Determine the angular acceleration of the 25-kg 
diving board and the horizontal and vertical components of 
reaction at the pin A the instant the man jumps off. Assume 
that the board is uniform and rigid, and that at the instant 
he jumps off the spring is compressed a maximum amount 
of 200 mm, w = 0, and the board is horizontal. Take 
k = TkN/m. 














Prob. 17-81 


17-82. The lightweight turbine consists of a rotor which is 
powered from a torque applied at its center. At the instant 
the rotor is horizontal it has an angular velocity of 15 rad/s 
and a clockwise angular acceleration of 8 rad/s”. Determine 
the internal normal force, shear force, and moment at a 
section through A. Assume the rotor is a 50-m-long slender 
rod, having a mass of 3 kg/m. 








Prob. 17-82 
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17-83. The two-bar assembly is released from rest in the 
position shown. Determine the initial bending moment at 
the fixed joint B. Each bar has a mass m and length /. 


Prob. 17-83 


*17-84. The armature (slender rod) AB has a mass of 
0.2 kg and can pivot about the pin at A. Movement is 
controlled by the electromagnet E, which exerts a horizontal 
attractive force on the armature at B of Fg = (0.2(10 °) 2) N, 
where / in meters is the gap between the armature and the 
magnet at any instant. If the armature lies in the horizontal 
plane, and is originally at rest, determine the speed of the 
contact at B the instant / — 0.01 m. Originally / — 0.02 m. 





Prob. 17-84 
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17-85. The bar has a weight per length of w. If it is rotating 
in the vertical plane at a constant rate w about point O, 
determine the internal normal force, shear force, and 
moment as a function of x and 80. 





Prob. 17-85 


17-86. The 4-kg slender rod is initially supported 
horizontally by a spring at B and pin at A. Determine the 
angular acceleration of the rod and the acceleration of the 
rod's mass center at the instant the 100-N force is applied. 


k = 20 N/m 





Prob. 17-86 


17-87. The 100-kg pendulum has a center of mass at G and 
a radius of gyration about G of kg =250 mm. Determine the 
horizontal and vertical components of reaction on the beam 
by the pin A and the normal reaction of the roller B at the 
instant 0 = 90° when the pendulum is rotating at 
w= 8 rad/s. Neglect the weight of the beam and the support. 


*17-88. The 100-kg pendulum has a center of mass at G 
and a radius of gyration about G of kg =250 mm. Determine 
the horizontal and vertical components of reaction on the 
beam by the pin A and the normal reaction of the roller B at 
the instant 6 = 0° when the pendulum is rotating at 
w=4 rad/s. Neglect the weight of the beam and the support. 








Probs. 17-87/88 


17-89. The “Catherine wheel” is a firework that consists of 
a coiled tube of powder which is pinned at its center. If the 
powder burns at a constant rate of 20 g/s such as that the 
exhaust gases always exert a force having a constant 
magnitude of 0.3 N, directed tangent to the wheel, determine 
the angular velocity of the wheel when 75% of the mass is 
burned off. Initially, the wheel is at rest and has a mass of 
100 g and a radius of r=75 mm. For the calculation, consider 
the wheel to always be a thin disk. 





Prob. 17-89 
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17.5 Equations of Motion: General 
Plane Motion 


The rigid body (or slab) shown in Fig. 17-18a is subjected to general plane 
motion caused by the externally applied force and couple-moment system. 
The free-body and kinetic diagrams for the body are shown in Fig. 17-185. 
If an x and y inertial coordinate system is established as shown, the three 
equations of motion are 














$F, = mag), 
LF, = m(ag)y (17-17) 
$ Mg = Iga 





(b) 
Fig. 17-18 
BN 
F 
Te 


Fig. 17-19 


In some problems it may be convenient to sum moments about a point P 
other than G in order to eliminate as many unknown forces as possible 
from the moment summation. When used in this more general case, the 
three equations of motion are 





LF = m(dg)x 
IR = m(ag)y (17-18) 
XM, = X(AU)p 











Here X(4t&)p represents the moment sum of Iæ and mag (or its 
components) about P as determined by the data on the kinetic diagram. 


Moment Equation About the IC. There is a particular type of 
problem that involves a uniform disk, or body of circular shape, that rolls 
on a rough surface without slipping, Fig. 17-19. If we sum the moments 
about the instantaneous center of zero velocity, then S(l,);¢ becomes 
Ica, so that 





XM; = la (17-19) 











This result compares with} Mọ = Iga, which is used for a body pinned at 
point O, Eq. 17-16. See Prob. 17-90. 
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(© R.C. Hibbeler) 


Procedure for Analysis 


Kinetic problems involving general plane motion of a rigid body can 
be solved using the following procedure. 


Free-Body Diagram. 


e Establish the x, y inertial coordinate system and draw the free- 
body diagram for the body. 
Specify the direction and sense of the acceleration of the mass 
center, ag, and the angular acceleration « of the body. 
Determine the moment of inertia Ig. 
Identify the unknowns in the problem. 
If it is decided that the rotational equation of motion 
EMp = X(4U)pis to be used, then consider drawing the kinetic 
diagram in order to help “visualize” the “moments” developed by 
the components m(ag),, m(ag)y, and /;& when writing the terms 
in the moment sum È (Mpp. 


Equations of Motion. 


e Apply the three equations of motion in accordance with the 
established sign convention. 
e When friction is present, there is the possibility for motion with 


no slipping or tipping. Each possibility for motion should be 
considered. 


Kinematics. 


* Use kinematics if a complete solution cannot be obtained strictly 
from the equations of motion. 

e If the body's motion is constrained due to its supports, additional 
equations may be obtained by using ag = a4 + agja, which 
relates the accelerations of any two points A and B on the body. 

e When a wheel, disk, cylinder, or ball rolls without slipping, then 
dC Or: 








As the soil compactor, or “sheep’s foot roller” 
moves forward, the roller has general plane 
motion. The forces shown on its free-body 
diagram cause the effects shown on the kinetic 
diagram. If moments are summed about the 
mass center, G, then XMg = Iga. However, if 
moments are summed about point A (the IC) 
then G -XM, = Iga + (mag)d = Iya. 
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Determine the angular acceleration of the spool in Fig. 17-20a. The 
spool has a mass of 8 kg and a radius of gyration of kg = 0.35 m. The 
cords of negligible mass are wrapped around its inner hub and 
outer rim. 


SOLUTION | 


Free-Body and Kinetic Diagrams. Fig. 17-20b. The 100-N force 
causes ag to act upward. Also, œ acts clockwise, since the spool winds 
around the cord at A. 

There are three unknowns 7, ag, and a. The moment of inertia of 
the spool about its mass center is 


Ig = mk2 = 8kg(0.35 m? = 0.980 kg: n? 





" Equations of Motion. 
*£]1XF,-— mag); T + 100N — 7848 N = (8 kglag (1) 
100N C-XMg = Ica; 100 N(0.2 m) — T(0.5 m) = (0.980 kg:m2)a_ — (2) 


Kinematics. A complete solution is obtained if kinematics is used to 
relate ag to a. In this case the spool “rolls without slipping” on the cord 
at A. Hence, we can use the results of Example 16.4 or 16.15 so that, 


(C 4) ag = ar; ag = a (0.5 m) (3) 
Solving Eqs. 1 to 3, we have 





a = 10.3 rad/s? Ans. 
ag = 5.16 m/s” 
T = 19.8N 


SOLUTION II 


|| Equations of Motion. We can eliminate the unknown T by summing 
moments about point A. From the free-body and kinetic diagrams 
Figs. 17-20b and 17-20c, we have 


C-XM,- XM); 100N(0.7m) — 78.48 N(0.5 m) 
= (0.980 kg - m?)a. + [(8 kg)ag](0.5 m) 
Using Eq. (3), 
a = 10.3 rad/s” Ans. 


SOLUTION III 

Equations of Motion. The simplest way to solve this problem is to 
realize that point A is the /C for the spool. Then Eq. 17-19 applies. 
C-XM,- La; (100N)(0.7 m) — (78.48 N)(0.5 m) 

Fig. 17-20 = [0.980 kg m? + (8 kg)(0.5 m)"Ja 
a = 10.3 rad/s” 
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The 50-lb wheel shown in Fig. 17-21 has a radius of gyration 
kg = 0.70 ft. If a 35-Ib- ft couple moment is applied to the wheel, 
determine the acceleration of its mass center G. The coefficients of 
static and kinetic friction between the wheel and the plane at A are 
bes = 0.3 and ug = 0.25, respectively. 


M = 35 lb-ft 





SOLUTION 
Free-Body and Kinetic Diagrams. By inspection of Fig. 17-215, it (a) 
is seen that the couple moment causes the wheel to have a clockwise 
angular acceleration of a. As a result, the acceleration of the mass 
center, ac, is directed to the right. The moment of inertia is 

50 Ib 
32.2 ft/s 


The unknowns are N,, F4, ag, and a. 


501b 





Iç m z (0.70 ft)? = 0.7609 slug - ft? 


Equations of Motion. 





43 YF, = mag) Fy = (s ee (1) 
*TXF,- m(ag)y; N4 — 501b = 0 (2) f 
C+ iMG = Ica; 35 Ib- ft — 1.25 ft(F4) = (0.7609 slug: ft)a (3) ben 
A fourth equation is needed for a complete solution. 
Kinematics (No Slipping). Ifthis assumption is made, then ni 
(C+) ag = (1.25 ft)a (4) 
Solving Eqs. 1 to 4, (b) 
N, = 50.0 lb F, = 21.3 lb Fig. 17-21 


a = 11.0 rad/s? ag = 13.7 ft/s? 
This solution requires that no slipping occurs, Le. Fy = Ny. 
However, since 21.3 Ib > 0.3(50 Ib) = 15 Ib, the wheel slips as it rolls. 
(Slipping). Equation 4 is not valid, and so F4 = juN4, or 
F, = 0.25N4 (5) 
Solving Eqs. 1 to 3 and 5 yields 
N, = 50.0 Ib F, = 12.5 lb 
a = 25.5 rad/s* 
ag = 8.05 ft/s? > Ans. 
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981 N` 


400 N 





(100 kg)ag 


(b) 
Fig. 17-22 


The uniform slender pole shown in Fig. 17-22a has a mass of 100 kg. If 
the coefficients of static and kinetic friction between the end of the 
pole and the surface are pw, = 0.3, and py, = 0.25, respectively, 
determine the pole's angular acceleration at the instant the 400-N 
horizontal force is applied. The pole is originally at rest. 


SOLUTION 


Free-Body and Kinetic Diagrams. Figure 17225. The path of motion 
of the mass center G will be along an unknown curved path having a 
radius of curvature p, which is initially on a vertical line. However, 
there is no normal or y component of acceleration since the pole is 
originally at rest, i.e., v; = 0, so that (ag), = vz/p = 0. We will assume 
the mass center accelerates to the right and that the pole has a clockwise 
angular acceleration of a. The unknowns are N,, F4, ag, and a. 


Equation of Motion. 

5 5F, = mag); 400N - Fy = (100kg)ag (1) 
+ TIF, = m(agy; Ni — 981N = 0 (2) 
C -XMg = Ica; FA(1.5 m) — (400 N)(I m) = [55(100 kg)(3 mla (3) 
A fourth equation is needed for a complete solution. 


Kinematics (No Slipping). With this assumption, point A acts as a 
“pivot” so that a is clockwise, then ag is directed to the right. 


dg = arag; ag = 1.5m)a (4) 
Solving Eqs. 1 to 4 yields 
N, =981N Fy = 300N 
ag = 1m/s? a = 0.667 rad/s” 


The assumption of no slipping requires F4 = u,N4,. However, 
300 N > 0.3(981 N) = 294 N and so the pole slips at A. 


(Slipping). For this case Eq. 4 does not apply. Instead the frictional 
equation F4 = uN, must be used. Hence, 


F, = 0.25N, (5) 
Solving Eqs. 1 to 3 and 5 simultaneously yields 
N, =981N Fy =245N ag = 1.55 m/s? 
a = —0.428 rad/s? = 0.428 rad/s” 5 Ans. 
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The uniform 50-kg bar in Fig. 17—23a is held in the equilibrium position 
by cords AC and BD. Determine the tension in BD and the angular 
acceleration of the bar immediately after AC is cut. 


SOLUTION 


Free-Body and Kinetic Diagrams. Fig. 17-23b. There are four 
unknowns, Tp, (ac), (ag), and a. 


Equations of Motion. 


EF = midi 0 = 50 kg (ag), 

(ag), = 0 
+f XF, = m(ag)y; Tg — 50(9.81)N = —50 kg (ag), (1) 
G-EXMg-Igo; T}(1.5 m) = Ez kg)(3 m |a (2) 


Kinematics. Since the bar is at rest just after the cable is cut, then its 
angular velocity and the velocity of point B at this instant are equal to 
zero. Thus (ag), = vz/pgp = 0. Therefore, ag only has a tangential 
component, which is directed along the x axis, Fig. 17-23c. Applying 
the relative acceleration equation to points G and B, 


ag = ag + a X rg — OT Gp 


agi + (ak) X (—1.5i) — 0 


—(ag)j 


-(agj = agi — 1.5aj 
Equating the i and j components of both sides of this equation, 
0 = ag 
(ag), = 1.5a (3) 
Solving Eqs. (1) through (3) yields 
o = 4.905 rad/s? Ans. 


Tg = 123N Ans. 
(ag), — 7.36 m/s? 











(a) 


50(9.81) N 


Fig. 17-23 
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Ld FUNDAMENTAL PROBLEMS 


F17-13. The uniform 60-kg slender bar is initially at rest 


on a smooth horizontal plane when the forces are applied. 


Determine the acceleration of the bar's mass center and the 
angular acceleration of the bar at this instant. 





20N m 
| du 1 175m I : 7 


Prob. F17-13 


F17-14. The 100-kg cylinder rolls without slipping on the 
horizontal plane. Determine the acceleration of its mass 
center and its angular acceleration. 





Prob. F17-14 


F17-15. The 20-kg wheel has a radius of gyration about its 
center O of kg = 300 mm. When the wheel is subjected to 
the couple moment, it slips as it rolls. Determine the angular 
acceleration of the wheel and the acceleration of the wheel's 
center O. The coefficient of kinetic friction between the 
wheel and the plane is uy, = 0.5. 


M = 100 N:m 
S lin 


Prob. F17-15 


0.4m 





F17-16. The 20-kg sphere rolls down the inclined plane 
without slipping. Determine the angular acceleration of the 
sphere and the acceleration of its mass center. 


30° 


| 


Prob. F17-16 





F17-17. The 200-kg spool has a radius of gyration about its 
mass center of kg = 300 mm. If the couple moment is 
applied to the spool and the coefficient of kinetic friction 
between the spool and the ground is ug = 0.2, determine 
the angular acceleration of the spool, the acceleration of G 
and the tension in the cable. 








Prob. F17-17 


F17-18. The 12-kg slender rod is pinned to a small roller A 
that slides freely along the slot. If the rod is released from rest 
at 0 = 0°, determine the angular acceleration of the rod and 
the acceleration of the roller immediately after the release. 





Prob. F17-18 
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E PROBLEMS 





17-90. If the disk in Fig. 17-19 rolls without slipping, show 
that when moments are summed about the instantaneous 
center of zero velocity, IC, it is possible to use the moment 
equation XM;c = Ic a, where Ic represents the moment of 
inertia of the disk calculated about the instantaneous axis of 
zero velocity. 


17-91. The 20-kg punching bag has a radius of gyration 
about its center of mass G of kg = 0.4 m. If it is initially at 
rest and is subjected to a horizontal force F = 30N, 
determine the initial angular acceleration of the bag and the 
tension in the supporting cable AB. 








Prob. 17-91 


*17-92. The uniform 150-Ib beam is initially at rest when 
the forces are applied to the cables. Determine the 
magnitude of the acceleration of the mass center and the 
angular acceleration of the beam at this instant. 


F4 = 100 Ib 








na 


Prob. 17-92 


17-93. The slender 12-kg bar has a clockwise angular 
velocity of w = 2 rad/s when it is in the position shown. 
Determine its angular acceleration and the normal reactions 
of the smooth surface A and B at this instant. 











Prob. 17-93 


17-94. The tire has a weight of 30 Ib and a radius of 
gyration of kg = 0.6ft. If the coefficients of static and 
kinetic friction between the tire and the plane are u, = 0.2 
and u; = 0.15, determine the tire's angular acceleration as 
it rolls down the incline. Set 0 = 12°. 


17-95. The tire has a weight of 30 Ib and a radius of 
gyration of kg = 0.6ft. If the coefficients of static and 
kinetic friction between the tire and the plane are u, = 0.2 
and u = 0.15, determine the maximum angle 0 of the 
inclined plane so that the tire rolls without slipping. 


1.25 ft 





Probs. 17—94/95 
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*17-96. The spool has a mass of 100 kg and a radius of 
gyration of kg = 0.3m. If the coefficients of static and 
kinetic friction at A are u; = 0.2 and pz, = 0.15, respectively, 
determine the angular acceleration of the spool if P = 50 N. 


17-97. Solve Prob. 17-96 if the cord and force P = 50N 
are directed vertically upwards. 


17-98. The spool has a mass of 100 kg and a radius of 
gyration kg — 0.3 m. If the coefficients of static and kinetic 
friction at A are u, — 0.2 and y, = 0.15, respectively, 
determine the angular acceleration. of the spool if 
P — 600 N. 






250 mm[- 





Probs. 17—96/97/98 


17-99, The 12-kg uniform bar is supported by a roller at A. 
If a horizontal force of F — 80 N is applied to the roller, 
determine the acceleration of the center of the roller at the 
instant the force is applied. Neglect the weight and the size 
of the roller. 














Prob. 17-99 
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*17-100. A force of F= 10 N is applied to the 10-kg ring as 
shown. If slipping does not occur, determine the ring's initial 
angular acceleration, and the acceleration of its mass center, G. 
Neglect the thickness of the ring. 


17-101. If the coefficient of static friction at C is u, = 0.3, 
determine the largest force F that can be applied to the 5-kg 
ring, without causing it to slip. Neglect the thickness of 
the ring. 








Probs. 17-100/101 


17-102. The 25-lb slender rod has a length of 6 ft. Using a 
collar of negligible mass, its end A is confined to move along 
the smooth circular bar of radius 3 V2 ft. End B rests on the 
floor, for which the coefficient of kinetic friction is ug = 0.4. 
If the bar is released from rest when 0 = 30°, determine the 
angular acceleration of the bar at this instant. 


6 ft 


2 
V4 


Prob. 17-102 








17.5 


17-103. The 15-Ib circular plate is suspended from a pin 
at A. If the pin is connected to a track which is given an 
acceleration a4 = 5 ft/s?, determine the horizontal and 
vertical components of reaction at A and the angular 
acceleration of the plate. The plate is originally at rest. 





Prob. 17-103 


*17-104. If P — 30 Ib, determine the angular acceleration 
of the 50-Ib roller. Assume the roller to be a uniform 
cylinder and that no slipping occurs. 


17-105. If the coefficient of static friction between 
the 50-Ib roller and the ground is u, = 0.25, determine the 
maximum force P that can be applied to the handle, so that 
roller rolls on the ground without slipping. Also, find the 
angular acceleration of the roller. Assume the roller to be a 
uniform cylinder. 





Probs. 17-104/105 
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17-106. The uniform bar of mass m and length L is 
balanced in the vertical position when the horizontal force 
P is applied to the roller at A. Determine the bar's initial 
angular acceleration and the acceleration of its top point B. 


17-107. Solve Prob. 17-106 if the roller is removed and the 
coefficient of kinetic friction at the ground is jug. 





Probs. 17-106/107 


*17-108. The semicircular disk having a mass of 10 kg is 
rotating at w = 4rad/s at the instant 0 = 60°. If the 
coefficient of static friction at A is u, = 0.5, determine if 
the disk slips at this instant. 





Prob. 17-108 


17-109. The 500-kg concrete culvert has a mean radius of 
0.5 m. If the truck has an acceleration of 3m/s?, determine 
the culvert's angular acceleration. Assume that the culvert 
does not slip on the truck bed, and neglect its thickness. 


-———4m $ 3 m/s? 





Prob. 17-109 
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17-110. The 15-lb disk rests on the 5-Ib plate. A cord is 
wrapped around the periphery of the disk and attached to 
the wall at B. If a torque M = 40 Ib - ft is applied to the disk, 
determine the angular acceleration of the disk and the time 
needed for the end C of the plate to travel 3 ft and strike the 
wall. Assume the disk does not slip on the plate and the 
plate rests on the surface at D having a coefficient of kinetic 
friction of u; = 0.2. Neglect the mass of the cord. 





JT IL—3ft— 
Prob. 17-110 


17-111. The semicircular disk having a mass of 10 kg is 
rotating at w = 4rad/s at the instant 0 = 60°. If the 
coefficient of static friction at A is u, = 0.5, determine if 
the disk slips at this instant. 








Prob. 17-111 


*17-112. The circular concrete culvert rolls with an angular 
velocity of w = 0.5 rad/s when the man is at the position 
shown. At this instant the center of gravity of the culvert and 
the man is located at point G, and the radius of gyration 
about G is kg = 3.5 ft. Determine the angular acceleration 
of the culvert. The combined weight of the culvert and the 
man is 500 lb. Assume that the culvert rolls without slipping, 
and the man does not move within the culvert. 








Prob. 17-112 
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17-113. The uniform disk of mass m is rotating with an 
angular velocity of wa when it is placed on the floor. 
Determine the initial angular acceleration of the disk and 
the acceleration of its mass center. The coefficient of kinetic 
friction between the disk and the floor is ux. 


17-114. The uniform disk of mass m is rotating with an 
angular velocity of wa when it is placed on the floor. 
Determine the time before it starts to roll without slipping. 
What is the angular velocity of the disk at this instant? 
The coefficient of kinetic friction between the disk and the 
floor is Lx. 


X 








Probs. 17-113/114 


17-115. A cord is wrapped around each of the two 10-kg 
disks. If they are released from rest determine the angular 
acceleration of each disk and the tension in the cord C. 
Neglect the mass of the cord. 








Prob. 17-115 


17.5 EQUATIONS OF MOTION: GENERAL PLANE MOTION 467 


*17-116. The disk of mass m and radius r rolls without 
slipping on the circular path. Determine the normal force 
which the path exerts on the disk and the disk's angular 
acceleration if at the instant shown the disk has an angular 
velocity of c. 








Prob. 17-116 


17-117. Theuniform beam has a weight W. If itis originally 
at rest while being supported at A and B by cables, 
determine the tension in cable A if cable B suddenly fails. 
Assume the beam is a slender rod. 








Prob. 17-117 


17-118. The 500-Ib beam is supported at A and B when it 
is subjected to a force of 1000 Ib as shown. If the pin support 
at A suddenly fails, determine the beam's initial angular 
acceleration and the force of the roller support on the beam. 
For the calculation, assume that the beam is a slender rod so 
that its thickness can be neglected. 


1000 Ib 











i A 
- 8 ft 4—2 ft—- 


Prob. 17-118 


17-119. The solid ball of radius r and mass m rolls without 
slipping down the 60° trough. Determine its angular 
acceleration. 





Prob. 17-119 


*17-120. By pressing down with the finger at B, a thin ring 
having a mass 77 is given an initial velocity v, and a backspin a 
when the finger is released. If the coefficient of kinetic 
friction between the table and the ring is ug, determine the 
distance the ring travels forward before backspinning stops. 





Prob. 17-120 


468 CHAPTER 17 


PLANAR KINETICS OF A RIGID BODY: FORCE AND ACCELERATION 


a CONCEPTUAL PROBLEMS 


C17-1. The truck is used to pull the heavy container. To be 
most effective at providing traction to the rear wheels at A, 
is it best to keep the container where it is or place it at the 
front of the trailer? Use appropriate numerical values to 
explain your answer. 





Prob. C17-1 (© R.C. Hibbeler) 


C17-2. The tractor is about to tow the plane to the right. Is 
it possible for the driver to cause the front wheel of the 
plane to lift off the ground as he accelerates the tractor? 
Draw the free-body and kinetic diagrams and explain 
algebraically (letters) if and how this might be possible. 


C17-3. How can you tell the driver is accelerating this 
SUV? To explain your answer, draw the free-body and 
kinetic diagrams. Here power is supplied to the rear wheels. 
Would the photo look the same if power were supplied to 
the front wheels? Will the accelerations be the same? Use 
appropriate numerical values to explain your answers. 





Prob. C17-3 (O R.C. Hibbeler) 


C17-4. Here is something you should not try at home, at 
least not without wearing a helmet! Draw the free-body and 
kinetic diagrams and show what the rider must do to 
maintain this position. Use appropriate numerical values to 
explain your answer. 





Prob. C17-2 (© R.C. Hibbeler) 


Prob. C17-4 (O R.C. Hibbeler) 


CHAPTER REVIEW 


Moment of Inertia 


The moment of inertia is a measure of the 
resistance of a body to a change in its 
angular velocity. It is defined by 
[= f dm and will be different for each 
axis about which it is computed. 


Many bodies are composed of simple 
shapes. If this is the case, then tabular 
values of J can be used, such as the ones 
given on the inside back cover of this 
book. To obtain the moment of inertia of a 
composite body about any specified axis, 
the moment of inertia of each part is 
determined about the axis and the results 
are added together. Doing this often 
requires use of the parallel-axis theorem. 


Planar Equations of Motion 


The equations of motion define the 
translational, and rotational motion of a 
rigid body. In order to account for all of 
the terms in these equations, a free-body 





diagram should always accompany their | 


application, and for some problems, it may 
also be convenient to draw the kinetic 
diagram which shows mag and Iga. 


I= Ig + md? 
EF, EE m(ag), 
EF, = m(ag)y 
È Mg =0 


Rectilinear translation 





XF, = m(ag), = more 
EF, = m(ag), = marg 
XMg = Iga or Mg = loa 
Rotation About a Fixed Axis 
EF, = m(ag, 

LF, = m(ag), 
=Mg = Iga or XMp = X(Atj)p 


General Plane Motion 
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"dm 





LF, = m(ag), 
EF, = m(ag) 
EMg =0 


Curvilinear translation 
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| | REVIEW PROBLEMS 


R17-1. The handcart has a mass of 200 kg and center of 
mass at G. Determine the normal reactions at each of the 
wheels at A and B if a force P = 50 N is applied to 
the handle. Neglect the mass and rolling resistance of 
the wheels. 

















hd 


Prob. R17-1 


R17-2. The two 3-lb rods EF and HI are fixed (welded) to 
the link AC at E. Determine the internal axial force F,, 
shear force E,, and moment Mg, which the bar AC exerts on 
FE at E if at the instant 6 = 30° link AB has an angular 
velocity w = 5 rad/s and an angular acceleration 
a = 8 rad/s? as shown. 






a = 8 rad/s? 
w = 5 rad/s 





Prob. R17-2 


R17-3. The car has a mass of 1.50 Mg and a mass center 
at G. Determine the maximum acceleration it can have if 
power is supplied only to the rear wheels. Neglect the mass 
of the wheels in the calculation, and assume that the wheels 
that do not receive power are free to roll. Also, assume that 
slipping of the powered wheels occurs, where the coefficient 
of kinetic friction is u; = 0.3. 








Prob. R17-3 


R17-4. A 20-kg roll of paper, originally at rest, is pin- 
supported at its ends to bracket AB. The roll rest against a 
wall for which the coefficient of kinetic friction at C is 
Mc 7 0.3. If a force of 40 N is applied uniformly to the end of 
the sheet, determine the initial angular acceleration of the 
roll and the tension in the bracket as the paper unwraps. 
For the calculation, treat the roll as a cylinder. 








Prob. R17-4 


R17-5. At the instant shown, two forces act on the 30-Ib 
slender rod which is pinned at O. Determine the magnitude 
of force F and the initial angular acceleration of the rod so 
that the horizontal reaction which the pin exerts on the rod 
is 5 lb directed to the right. 








Prob. R17-5 


R17-6. The pendulum consists of a 30-lb sphere and a 
10-Ib slender rod. Compute the reaction at the pin O just 
after the cord AB is cut. 








2 ft 


Prob. R17-6 
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R17-7. The spool and wire wrapped around its core have a 
mass of 20 kg and a centroidal radius of gyration 
kg — 250 mm. if the coefficient of kinetic friction at the 
ground is wg = 0.1, determine the angular acceleration of 
the spool when the 30-N - m couple moment is applied. 

















Prob. R17-7 


R17-8. Determine the backspin w which should be given 
to the 20-lb ball so that when its center is given an initial 
horizontal velocity vg = 20 ft/s it stops spinning and 
translating at the same instant. The coefficient of kinetic 
friction is 4 = 0.3. 





A 


Prob. R17-8 


Chapter 18 


Nt 





(O Arinahabich/Fotolia) 


Roller coasters must be able to coast over loops and through turns, and have 
enough energy to do so safely. Accurate calculation of this energy must 
account for the size of the car as it moves along the track. 





Planar Kinetics 
of a Rigid Body: 
Work and Energy 





18.1 Kinetic Energy 


In this chapter we will apply work and energy methods to solve planar 
motion problems involving force, velocity, and displacement. But first it 
will be necessary to develop a means of obtaining the body's kinetic 
energy when the body is subjected to translation, rotation about a fixed 
axis, or general plane motion. 

To do this we will consider the rigid body shown in Fig. 18-1, which is 
represented here by a slab moving in the inertial x-y reference plane. An 
arbitrary ith particle of the body, having a mass dm, is located a distance r 
from the arbitrary point P If at the instant shown the particle has a 
velocity v;, then the particle's kinetic energy is T; = + dm v7. 





Fig. 18-1 
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The kinetic energy of the entire body is determined by writing similar 
expressions for each particle of the body and integrating the results, i.e., 


1 
r= [ndi 
2 m 


This equation may also be expressed in terms of the velocity of point P. 
If the body has an angular velocity w, then from Fig. 18-1 we have 


Vj — Vp + Vi/P 
= (vp)d + (Up)yj + ok X Gi + yj) 
= [(Up), — wy]i + [(vp), + wx]j 





Fig. 18-1 (repeated) 


The square of the magnitude of v; is thus 


Vit Vi = vj = [Wp — wy]? + [(vp), + ex] 
(op — 2(vp)wy + wy? + (vp)? + 2Xop) ox + wx? 
vp — Avp),wy + Avp)yox + wr 


Substituting this into the equation of kinetic energy yields 


T= (fam) = enrol E an) + cpol f> dm) + ro fr dm) 


The first integral on the right represents the entire mass m of the body. Since 
ym = f y dm and xm = f x dm, the second and third integrals locate the 
body’s center of mass G with respect to P. The last integral represents the 
body's moment of inertia Jp, computed about the z axis passing through 
point P. Thus, 


T= imv; — (vp) oym + (vp)oxm + 5 Ipw* (18-1) 


As a special case, if point P coincides with the mass center G of the 
body, then y = x = 0, and therefore 


T = imb lg»? (182) 


Both terms on the right side are always positive, since vg and w are 
squared. The first term represents the translational kinetic energy, 
referenced from the mass center, and the second term represents the 
body's rotational kinetic energy about the mass center. 


Translation. When a rigid body of mass m is subjected to either 
rectilinear or curvilinear translation, Fig. 18-2, the kinetic energy due to 
rotation is zero, since œ = 0. The kinetic energy of the body is therefore 


Rotation about a Fixed Axis. When a rigid body rotates about 
a fixed axis passing through point O, Fig. 18-3, the body has both 
translational and rotational kinetic energy so that 





T = imh + llgo? (18-4) 








The body's kinetic energy may also be formulated for this case by noting 
that vg = rgo, so that T = 1g + mrz)o/. By the parallel-axis theorem, 
the terms inside the parentheses represent the moment of inertia Io of the 
body about an axis perpendicular to the plane of motion and passing 
through point O. Hence,* 





T = ipo? (18-5) 











From the derivation, this equation will give the same result as Eq. 18-4, 
since it accounts for both the translational and rotational kinetic energies 
of the body. 


General Plane Motion. When a rigid body is subjected to general 
plane motion, Fig. 18-4, it has an angular velocity œ and its mass center 
has a velocity vg. Therefore, the kinetic energy is 





T = imvà lg»? (18-6) 











This equation can also be expressed in terms of the body's motion about 
its instantaneous center of zero velocity i.e., 





T = Hic? (18-7) 











where Ic is the moment of inertia of the body about its instantaneous 
center. The proof is similar to that of Eq. 18-5. (See Prob. 18-1.) 


*The similarity between this derivation and that of XMo = Iga, should be noted. Also the 
same result can be obtained directly from Eq. 18-1 by selecting point P at O, realizing that 
Vo = 0. 


18.1 KINETIC ENERGY 





Translation 


Fig. 18-2 





Rotation About a Fixed Axis 


Fig. 18-3 


Y 





General Plane Motion 


Fig. 18-4 
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The total kinetic energy of this soil 
compactor consists of the kinetic energy 
of the body or frame of the machine due 
to its translation, and the translational and 
rotational kinetic energies of the roller 
and the wheels due to their general plane 
motion. Here we exclude the additional 
kinetic energy developed by the moving 
parts of the engine and drive train. 
(© R.C. Hibbeler) 





Fig. 18-6 


System of Bodies. Because energy is a scalar quantity, the total 
kinetic energy for a system of connected rigid bodies is the sum of the 
kinetic energies of all its moving parts. Depending on the type of motion, 
the kinetic energy of each body is found by applying Eq. 18-2 or the 
alternative forms mentioned above. 











18.2 The Work of a Force 


Several types of forces are often encountered in planar kinetics problems 
involving a rigid body. The work of each of these forces has been presented 
in Sec. 14.1 and is listed below as a summary. 


Work of a Variable Force. If an external force F acts on a body, 
the work done by the force when the body moves along the path s, 
Fig. 18-5, is 





Ur= [rear= f Fcosods (18-8) 











Here 0 is the angle between the “tails” of the force and the differential 
displacement. The integration must account for the variation of the force’s 
direction and magnitude. 





Fig. 18-5 


Work of a Constant Force. If an external force F, acts on a 
body, Fig. 18-6, and maintains a constant magnitude F, and constant 
direction 6, while the body undergoes a translation s, then the above 
equation can be integrated, so that the work becomes 





Up — U7, cos 0)s (18-9) 











Work of a Weight. The weight of a body does work only when the 
body’s center of mass G undergoes a vertical displacement Ay. If this 
displacement is upward, Fig. 18—7 the work is negative, since the weight is 
opposite to the displacement. 





Uy = -W Ay (18-10) 











Likewise, if the displacement is downward (—Ay) the work becomes 
positive. In both cases the elevation change is considered to be small so 
that W, which is caused by gravitation, is constant. 


Work of a Spring Force. Ifa linear elastic spring is attached to a 
body, the spring force F, — ks acting on the body does work when the 
spring either stretches or compresses from s, to a farther position s;. In 
both cases the work will be negative since the displacement of the body is 
in the opposite direction to the force, Fig. 18-8. The work is 





yee (18-11) 











where | s>| > [si]. 


Forces That Do No Work. There are some external forces that 
do no work when the body is displaced. These forces act either at fixed 
points on the body, or they have a direction perpendicular to their 
displacement. Examples include the reactions at a pin support about 
which a body rotates, the normal reaction acting on a body that moves 
along a fixed surface, and the weight of a body when the center of 
gravity of the body moves in a horizontal plane, Fig. 18-9. A frictional 
force F, acting on a round body as it rolls without slipping over a rough 
surface also does no work.* This is because, during any instant of time 
dt, F; acts at a point on the body which has zero velocity (instantaneous 
center, /C) and so the work done by the force on the point is zero. In 
other words, the point is not displaced in the direction of the force 
during this instant. Since F; contacts successive points for only an 
instant, the work of F; will be zero. 


*The work done by a frictional force when the body slips is discussed in Sec. 14.3. 


18.2 THE WORK OF A FORCE 





Unstretched 
position of 
spring, s = 0 








Fig. 18-7 





+ sy >| 
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Fig. 18-8 





Fig. 18-9 
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18.3 The Work of a Couple Moment 


Consider the body in Fig. 18-10a, which is subjected to a couple moment 
M = Fr. If the body undergoes a differential displacement, then the 
work done by the couple forces can be found by considering the 
displacement as the sum of a separate translation plus rotation. When 
the body translates, the work of each force is produced only by the 
component of displacement along the line of action of the forces ds,, 
Fig. 18-105. Clearly the “positive” work of one force cancels the 
“negative” work of the other. When the body undergoes a differential 
rotation d0 about the arbitrary point O, Fig. 18-10c, then each force 
undergoes a displacement ds; = (r/2) d0 in the direction of the force. 
Hence, the total work done is 





dU, — (Zao) + (Zao) = (Fr) d 
= M dà 


Translation 


(b) 


The work is positive when M and 40 have the same sense of direction and 
negative if these vectors are in the opposite sense. 

When the body rotates in the plane through a finite angle 0 measured 
in radians, from 6, to 05, the work of a couple moment is therefore 





05 
U,— | Mde (18-12) 
0, 











Rotation 


(c) 
Fig. 18-10 


If the couple moment M has a constant magnitude, then 





Uy = M(8; — 01) (18-13) 
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EXAMPLE [18.1 


The bar shown in Fig. 18-11a has a mass of 10 kg and is subjected to a 
couple moment of M = 50 NN: m and a force of P = 80 N, which is 
always applied perpendicular to the end of the bar. Also, the spring 
has an unstretched length of 0.5 m and remains in the vertical position 
due to the roller guide at B. Determine the total work done by all the 
forces acting on the bar when it has rotated downward from 0 — 0? to 
0 = 90°. 


SOLUTION 
First the free-body diagram of the bar is drawn in order to account for 
all the forces that act on it, Fig. 18-115. 


Weight W. Since the weight 10(9.81)N — 98.1 N is displaced 
downward 1.5 m, the work is 


Uy — 98.1 N(1.5 m) — 147.2J 
Why is the work positive? 


Couple Moment M. The couple moment rotates through an angle 
of 0 = 7/2 rad. Hence, 


Uy = 50N: m(7/2) = 78.5 J 
Spring Force F. When0 = 0°thespringisstretched (0.75 m — 0.5 m) 


= 0.25 m, and when 0 = 90°, the stretch is (2 m + 0.75 m) — 0.5 m = 
2.25 m. Thus, 


U, = —|180 N/m)(2.25 my — 130 N/m)(0.25 m] = —75.07 


By inspection the spring does negative work on the bar since F, acts in 
the opposite direction to displacement. This checks with the result. 


Force P. Asthe bar moves downward, the force is displaced through 
a distance of (7/2)(3 m) — 4.712 m. The work is positive. Why? 


Up = 80N(4.712 m) = 377.0 J 


Pin Reactions. Forces A, and A, do no work since they are not 
displaced. 


Total Work. The work of all the forces when the bar is displaced is 
thus 


UMA ete 18 S OREL.» 5] Ans. 


>k = 30 N/m 


P= 80N 
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The counterweight on this bascule bridge 
does positive work as the bridge is lifted and 
thereby cancels the negative work done by 
the weight of the bridge. (© R.C. Hibbeler) 





18.4 Principle of Work and Energy 


By applying the principle of work and energy developed in Sec. 14.2 to 
each of the particles of a rigid body and adding the results algebraically, 
since energy is a scalar, the principle of work and energy for a rigid body 
becomes 





Ti ae Shia = T5 (18-14) 











This equation states that the body's initial translational and rotational 
kinetic energy, plus the work done by all the external forces and couple 
moments acting on the body as the body moves from its initial to its final 
position, is equal to the body's final translational and rotational kinetic 
energy. Note that the work of the body's internal forces does not have to 
be considered. These forces occur in equal but opposite collinear pairs, so 
that when the body moves, the work of one force cancels that of its 
counterpart. Furthermore, since the body is rigid, no relative movement 
between these forces occurs, so that no internal work is done. 

When several rigid bodies are pin connected, connected by inextensible 
cables, or in mesh with one another, Eq. 18-14 can be applied to the entire 
system of connected bodies. In all these cases the internal forces, which 
hold the various members together, do no work and hence are eliminated 
from the analysis. 





The work of the torque or moment developed by the 
driving gears on the motors is transformed into kinetic 
energy of rotation of the drum. (O R.C. Hibbeler) 


18.4 PRINCIPLE OF WORK AND ENERGY 


Procedure for Analysis 


The principle of work and energy is used to solve kinetic problems 
that involve velocity, force, and displacement, since these terms are 
involved in the formulation. For application, it is suggested that the 
following procedure be used. 


Kinetic Energy (Kinematic Diagrams). 


e The kinetic energy of a body is made up of two parts. Kinetic 
energy of translation is referenced to the velocity of the mass 
center, T = +mv7, and kinetic energy of rotation is determined 
using the moment of inertia of the body about the mass center, 
T = ligo). In the special case of rotation about a fixed axis (or 
rotation about the /C), these two kinetic energies are combined 
and can be expressed as T = +Igw*, where To is the moment of 
inertia about the axis of rotation. 

Kinematic diagrams for velocity may be useful for determining 
vg and o or for establishing a relationship between vg and w.* 

Work (Free-Body Diagram). 

e Draw a free-body diagram of the body when it is located at an 
intermediate point along the path in order to account for all the 
forces and couple moments which do work on the body as it 
moves along the path. 

A force does work when it moves through a displacement in the 
direction of the force. 

Forces that are functions of displacement must be integrated to 
obtain the work. Graphically, the work is equal to the area under 
the force-displacement curve. 

The work of a weight is the product of its magnitude and the 
vertical displacement, Uy = Wy. It is positive when the weight 
moves downwards. 

The work of a spring is of the form U, = +ks*, where k is the 
spring stiffness and s is the stretch or compression of the spring. 
The work of a couple is the product of the couple moment and 
the angle in radians through which it rotates, Uy, = MO. 

Since algebraic addition of the work terms is required, it is important 
that the proper sign of each term be specified. Specifically, work is 
positive when the force (couple moment) is in the same direction as 
its displacement (rotation); otherwise, it is negative. 


Principle of Work and Energy. 


e Apply the principle of work and energy, Tj; + XU,.? = T». Since 
this is a scalar equation, it can be used to solve for only one 
unknown when it is applied to a single rigid body. 


*A brief review of Secs. 16.5 to 16.7 may prove helpful when solving problems, since 
computations for kinetic energy require a kinematic analysis of velocity. 
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EXAMPLE [18.2 


The 30-kg disk shown in Fig. 18-12a is pin supported at its center. 
Determine the angle through which it must rotate to attain an angular 
velocity of 2 rad/s starting from rest. It is acted upon by a constant 
couple moment M = 5 N- m. The spring is orginally unstretched and 
its cord wraps around the rim of the disk. 


SOLUTION 


Kinetic Energy. Since the disk rotates about a fixed axis, and it is 
initially at rest, then 


Tı =0 

Ty = ligo) = 4[$(30 kg)(0.2 my ]Q rad/s)? = 1.23 
Work (Free-Body Diagram). As shown in Fig. 18-125, the pin 
reactions O, and O, and the weight (294.3 N) do no work, since they 
are not displaced. The couple moment, having a constant magnitude, 


does positive work Uy = M0 as the disk rotates through a clockwise 
angle of @ rad, and the spring does negative work U, = —5 ks’. 


Principle of Work and Energy. 
in) + (xui5) = (5j 
(n) + {mo - ie] = (0) 


{0} + fs N: m) — 5 (10 N/m8Q2 mr} = ost 


= 026 +38 = 12 —0 
Solving this quadratic equation for the smallest positive root, 


d o 
0 — 0.2423 rad — 0.2423 ra 30 ) = 13.9° 
m rad 
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The wheel shown in Fig. 18-13a weighs 40 lb and has a radius of 
gyration kg = 0.6 ft about its mass center G. If it is subjected to a 
clockwise couple moment of 151b: ft and rolls from rest without 
slipping, determine its angular velocity after its center G moves 0.5 ft. 
The spring has a stiffness k = 101b/ft and is initially unstretched 
when the couple moment is applied. 


SOLUTION 


Kinetic Energy (Kinematic Diagram). Since the wheel is initially 
at rest, 


T,=0 


The kinematic diagram of the wheel when it is in the final position is 
shown in Fig. 18-135. The final kinetic energy is determined from 


Bro 
Ty = 5Ijco» 


1f 401b ( 40 Ib 


—|———— (0.6 ft? + | ———— ost? 3 
21322 nsi 6 fo zm ) un 


T, = 0.6211 %3 


Work (Free-Body Diagram). As shown in Fig. 18-13c, only the 
spring force F, and the couple moment do work. The normal force 
does not move along its line of action and the frictional force does no 
work, since the wheel does not slip as it rolls. 

The work of F, is found using U, = —3ks?. Here the work is negative 
since F, is in the opposite direction to displacement. Since the wheel 
does not slip when the center G moves 0.5 ft, then the wheel rotates 
0 = sg/rgjc = 0.5 ft/0.8 ft = 0.625 rad, Fig. 18-13b. Hence, the 
spring stretches s = Or, = (0.625 rad)(1.6 ft) = 1 ft. 


ajc 
Principle of Work and Energy. 
{T1} (xuia4) = inj 
Un) + {Mo - 358] = {Th} 
{0} + fis Ib - ft(0.625 rad) — ; 10 w/a | = {0.6211 o ft- Ib} 


€» = 2.65 rad/s 2 Ans. 





k = 10 lb/ft 


(c) 
Fig. 18-13 
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(© R.C. Hibbeler) 


The 700-kg pipe is equally suspended from the two tines of the fork 
lift shown in the photo. It is undergoing a swinging motion such that 
when 0 = 30° it is momentarily at rest. Determine the normal and 
frictional forces acting on each tine which are needed to support the 
pipe at the instant 0 = 0°. Measurements of the pipe and the 
suspender are shown in Fig. 18-14a. Neglect the mass of the suspender 
and the thickness of the pipe. 


O 
Sei 
e 
0.4m 


0.15 m 


(a) 
Fig. 18-14 


SOLUTION 

We must use the equations of motion to find the forces on the tines 
since these forces do no work. Before doing this, however, we will 
apply the principle of work and energy to determine the angular 
velocity of the pipe when 0 = 0°. 


Kinetic Energy (Kinematic Diagram). Since the pipe is originally 
at rest, then 

The final kinetic energy may be computed with reference to either the 
fixed point O or the center of mass G. For the calculation we will 


consider the pipe to be a thin ring so that Iç = mr’. If point G is 
considered, we have 


T> = im(vg? + igo? 
= 4(700 kg)[(0.4 m)w,]* + 3[700 kg(0.15 m)?]o 
= 63.8750 


If point O is considered then the parallel-axis theorem must be used 
to determine /5. Hence, 


T, = loge? = i700 kg(0.15 m)? + 700 kg(0.4 my?]o3 
= 63.8750 
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Work (Free-Body Diagram). Fig. 18-145. The normal and frictional 
forces on the tines do no work since they do not move as the pipe 
swings. The weight does positive work since the weight moves downward 
through a vertical distance Ay = 0.4 m — 0.4 cos 30° m = 0.05359 m. 


Principle of Work and Energy. 
Cah ee Urea Os. 
{0} + {700(9.81) N(0.05359 m)} = {63.8753 } 
€» = 2.400 rad/s 


Equations of Motion. Referring to the free-body and kinetic 
diagrams shown in Fig. 18-14c, and using the result for œw, we have 


ESF, = mage Fe ~ (7100 koja), 
+1 3F, = m(ag, Nr — 7009.81) N = (700 kg)(2.400 rad/s)?(0.4 m) 
C+XMp = loa; 0 = [(700 kg)(0.15 m)? + (700 kg)(0.4 m)?]a 


Since (ag), = (0.4 m)a, then 
a=0, (ag); =0 
Fr =0 
Nr = 8.480 kN 


There are two tines used to support the load, therefore 
F', = 0 Ans. 
8.480 kN 
Nr = 5 = 4.24 kN Ans. 


NOTE: Due to the swinging motion the tines are subjected to a greater 
normal force than would be the case if the load were static, in which 
case Ny = 700(9.81) N/2 = 3.43 KN. 


700 (9.81) N 
(c) 
Fig. 18-14 
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(b) 
NA Ni 
04m ^^ 
ox 
KI A 
p En a 
04m « 
A (0.4 cos 45°) m 
^ BIN 


1 


50N 


B 
- (0.8 sin 45?) m — 
Ng 


(c) 
Fig. 18-15 
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The 10-kg rod shown in Fig. 18-15a is constrained so that its ends 
move along the grooved slots. The rod is initially at rest when 0 = 0°. 
If the slider block at B is acted upon by a horizontal force P = 50 N, 
determine the angular velocity of the rod at the instant 0 = 45°. 
Neglect friction and the mass of blocks A and B. 


SOLUTION 
Why can the principle of work and energy be used to solve this problem? 


Kinetic Energy (Kinematic Diagrams). Two kinematic diagrams of 
the rod, when it is in the initial position 1 and final position 2, are 
shown in Fig. 18-155. When the rod is in position 1, T; = 0 since 
(Vg); = €, = 0. In position 2 the angular velocity is œ and the 
velocity of the mass center is (v;);. Hence, the kinetic energy is 


T» = Im(vg)? + E 
5(10 kg)(vg)3 + 4 7510 kg)(0.8 m? ] o 
5(vg) + 0.2667(a)” 


The two unknowns (v6), and w, can be related from the instantaneous 
center of zero velocity for the rod. Fig. 18-155. It is seen that as A 
moves downward with a velocity (va), B moves horizontally to the 
left with a velocity (vg);, Knowing these directions, the JC is located as 
shown in the figure. Hence, 


(weh = FG/Ic®2 = (0.4 tan 45° m)o» 
zx 0.40, 
Therefore, 
T, = 0.805 + 0.266705 = 1.06675 


Of course, we can also determine this result using T) = Ico}. 


Work (Free-Body Diagram). Fig. 18-15c. The normal forces Ny 
and N; do no work as the rod is displaced. Why? The 98.1-N weight is 
displaced a vertical distance of Ay = (0.4 — 0.4 cos 45°) m; whereas 
the 50-N force moves a horizontal distance of s = (0.8 sin 45°) m. 
Both of these forces do positive work. Why? 


Principle of Work and Energy. 
{Ti} + {2U 2} = inj 
{Ti} + {WAy + Ps} = (nj 
(0) + {98.1 N(0.4 m — 0.4 cos 45? m) + 50 N(0.8 sin 45° m) } 
= {1.0667w3 J} 


Solving for c» gives 
€» = 6.11 rad/s 2 Ans. 
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E] PRELIMINARY PROBLEM 


P18-1. Determine the kinetic energy of the 100-kg object. 


ox. 2 rad/s 
2 x. 30° 
100 kg 


3m 





(a) 
(d) 








Ow “2 rad/s 100 kg 
(b) 


2 rad/s 


100 kg 


























No slipping 


(c) (f) 
Prob. P18-1 
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EN FUNDAMENTAL PROBLEMS 


F18-1. The 80-kg wheel has a radius of gyration about its 
mass center O of kọ = 400 mm. Determine its angular 
velocity after it has rotated 20 revolutions starting from rest. 


0.6 m 






P=SON 





Prob. F18-1 


F18-2. The uniform 50-Ib slender rod is subjected to a 
couple moment of M — 100 Ib - ft. If the rod is at rest when 
0 = 0°, determine its angular velocity when 0 = 90°. 


Prob. F18-2 


F18-3. The uniform 50-kg slender rod is at rest in the 
position shown when P — 600 N is applied. Determine the 
angular velocity of the rod when the rod reaches the vertical 
position. 


M —100 lb-ft 











A 
A^ a 
5m 
4m 
P=600N 
— Y = 
B 


Prob. F18-3 


F18-4. The 50-kg wheel is subjected to a force of 50 N. If 
the wheel starts from rest and rolls without slipping, determine 
its angular velocity after it has rotated 10 revolutions. 
The radius of gyration of the wheel about its mass center G 
is kg — 0.3m. 








Prob. F18-4 


F18-5. Ifthe uniform 30-kg slender rod starts from rest at 
the position shown, determine its angular velocity after it 
has rotated 4 revolutions. The forces remain perpendicular 
to the rod. 








Prob. F18-5 


F18-6. The 20-kg wheel has a radius of gyration about its 
center G of kg = 300 mm. When it is subjected to a couple 
moment of M = 50 N : m, it rolls without slipping. Determine 
the angular velocity of the wheel after its mass center G has 
traveled through a distance of s; — 20 m, starting from rest. 


0.4m 


M = 50N:m 


Prob. F18-6 


18-1. Ata given instant the body of mass m has an angular 
velocity w and its mass center has a velocity vg. Show that 
its kinetic energy can be represented as T = lIco?, where 
Ij is the moment of inertia of the body determined about 
the instantaneous axis of zero velocity, located a distance 
rgjıc from the mass center as shown. 





Prob. 18-1 


18-2. The wheel is made from a 5-kg thin ring and two 
2-kg slender rods. If the torsional spring attached to the 
wheel’s center has a stiffness k = 2 N+ m/rad, and the wheel 
is rotated until the torque M = 25 N: m is developed, 
determine the maximum angular velocity of the wheel if it 
is released from rest. 


18-3. The wheel is made from a 5-kg thin ring and two 
2-kg slender rods. If the torsional spring attached to the 
wheel’s center has a stiffness k = 2 N* m/rad, so that the 
torque on the center of the wheel is M = (20) N* m, where 
0 is in radians, determine the maximum angular velocity of 
the wheel if it is rotated two revolutions and then released 
from rest. 





Probs. 18-2/3 
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*18-4. A force of P — 60 N is applied to the cable, which 
causes the 200-kg reel to turn since it is resting on the two 
rollers A and B of the dispenser. Determine the angular 
velocity of the reel after it has made two revolutions starting 
from rest. Neglect the mass of the rollers and the mass of 
the cable. Assume the radius of gyration of the reel about 
its center axis remains constant at ko — 0.6 m. 

















Prob. 18-4 


18-5. A force of P — 20 N is applied to the cable, which 
causes the 175-kg reel to turn since it is resting on the two 
rollers A and B of the dispenser. Determine the angular 
velocity of the reel after it has made two revolutions starting 
from rest. Neglect the mass of the rollers and the mass of 
the cable. The radius of gyration of the reel about its center 
axis is kg = 0.42 m. 


18-6. A force of P=20 N is applied to the cable, which causes 
the 175-kg reel to turn without slipping on the two rollers A 
and B of the dispenser. Determine the angular velocity of the 
reel after it has made two revolutions starting from rest. Neglect 
the mass of the cable. Each roller can be considered as an 18-kg 
cylinder, having a radius of 0.1 m. The radius of gyration of the 
reel about its center axis is kg = 0.42 m. 














^ [400 mm | 


Probs. 18-5/6 
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18-7. The double pulley consists of two parts that are 
attached to one another. It has a weight of 50 Ib and a 
centroidal radius of gyration of ko = 0.6 ft and is turning 
with an angular velocity of 20 rad/s clockwise. Determine 
the kinetic energy of the system. Assume that neither cable 
slips on the pulley. 


*18-8. The double pulley consists of two parts that are 
attached to one another. It has a weight of 50 Ib and a 
centroidal radius of gyration of kọ = 0.6 ft and is turning 
with an angular velocity of 20 rad/s clockwise. Determine 
the angular velocity of the pulley at the instant the 20-Ib 
weight moves 2 ft downward. 


w = 20 rad/s 





Probs. 18-7/8 


18-9. The disk, which has a mass of 20 kg, is subjected to 
the couple moment of M = (20 + 4) N-m, where @ is in 
radians. If it starts from rest, determine its angular velocity 


when it has made two revolutions. 





Prob. 18-9 
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18-10. The spool has a mass of 40 kg and a radius of 
gyration of ko = 0.3 m. If the 10-kg block is released from 
rest, determine the distance the block must fall in order for 
the spool to have an angular velocity w = 15 rad/s. Also, 
what is the tension in the cord while the block is in motion? 
Neglect the mass of the cord. 





Prob. 18-10 


18-11. The force of T — 20 N is applied to the cord of 
negligible mass. Determine the angular velocity of the 20-kg 
wheel when it has rotated 4 revolutions starting from rest. 
The wheel has a radius of gyration of ko = 0.3 m. 





T=20N 


Prob. 18-11 


*18-12. Determine the velocity of the 50-kg cylinder after 
it has descended a distance of 2 m. Initially, the system is at 
rest. The reel has a mass of 25 kg and a radius of gyration 
about its center of mass A of k4 = 125 mm. 





Prob. 18-12 


18-13. The 10-kg uniform slender rod is suspended at rest 
when the force of F= 150 N is applied to its end. Determine 
the angular velocity of the rod when it has rotated 90° 
clockwise from the position shown. The force is always 
perpendicular to the rod. 


18-14. The 10-kg uniform slender rod is suspended at rest 
when the force of F= 150 N is applied to its end. Determine 
the angular velocity of the rod when it has rotated 180° 
clockwise from the position shown. The force is always 
perpendicular to the rod. 








|< 





F 


Probs. 18-13/14 
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18-15. The pendulum consists of a 10-kg uniform disk and 
a 3-kg uniform slender rod. If it is released from rest in the 
position shown, determine its angular velocity when it rotates 
clockwise 90°. 







xz 


=30N-m 





- 2m - 





Prob. 18-15 


*18-16. A motor supplies a constant torque M = 6 kN +m 
to the winding drum that operates the elevator. If the 
elevator has a mass of 900 kg, the counterweight C has a 
mass of 200 kg, and the winding drum has a mass of 600 kg 
and radius of gyration about its axis of k — 0.6 m, determine 
the speed of the elevator after it rises 5 m starting from rest. 
Neglect the mass of the pulleys. 





























Prob. 18-16 
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18-17. The center O of the thin ring of mass m is given an 
angular velocity of wọ. If the ring rolls without slipping, 
determine its angular velocity after it has traveled a distance 
of s down the plane. Neglect its thickness. 





Prob. 18-17 


18-18. The wheel has a mass of 100 kg and a radius 
of gyration of kg = 0.2 m. A motor supplies a torque 
M = (400 + 900) N- m, where 6 is in radians, about the drive 
shaft at O. Determine the speed of the loading car, which 
has a mass of 300 kg, after it travels s — 4 m. Initially the car 
is at rest when s = 0 and 0 = 0°. Neglect the mass of the 
attached cable and the mass of the car's wheels. 





Prob. 18-18 


PLANAR KINETICS OF A RIGID BODY: WORK AND ENERGY 


18-19. The rotary screen S is used to wash limestone. 
When empty it has a mass of 800 kg and a radius of gyration 
of kg = 1.75 m. Rotation is achieved by applying a torque of 
M = 280 N: m about the drive wheel at A. If no slipping 
occurs at A and the supporting wheel at B is free to roll, 
determine the angular velocity of the screen after it has 
rotated 5 revolutions. Neglect the mass of A and B. 








Prob. 18-19 


*18-20. If P — 200 N and the 15-kg uniform slender rod 
starts from rest at 0 = 0°, determine the rod’s angular 
velocity at the instant just before 0 = 45°. 


600 mm 





43 9 P=200N 





Prob. 18-20 


18-21. A yo-yo has a weight of 0.3 Ib and a radius of 
gyration of kg = 0.06 ft. If it is released from rest, determine 
how far it must descend in order to attain an angular 
velocity w = 70 rad/s. Neglect the mass of the string and 
assume that the string is wound around the central peg such 
that the mean radius at which it unravels is r = 0.02 ft. 





Prob. 18-21 


18-22. Ifthe 50-lb bucket, C, is released from rest, determine 
its velocity after it has fallen a distance of 10 ft. The windlass A 
can be considered as a 30-Ib cylinder, while the spokes are 
slender rods, each having a weight of 2 Ib. Neglect the 
pulley's weight. 





Prob. 18-22 
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18-23. The coefficient of kinetic friction between the 100-Ib 
disk and the surface of the conveyor belt is u4 = 0.2. If the 
conveyor belt is moving with a speed of vc = 6 ft/s when 
the disk is placed in contact with it, determine the number 
of revolutions the disk makes before it reaches a constant 
angular velocity. 








Prob. 18-23 


*18—24. The 30-kg disk is originally at rest, and the spring 
is unstretched. A couple moment of M = 80 N- m is then 
applied to the disk as shown. Determine its angular velocity 
when its mass center G has moved 0.5 m along the plane. 
The disk rolls without slipping. 


18-25. The 30-kg disk is originally at rest, and the spring is 
unstretched. A couple moment M = 80 N- m is then applied 
to the disk as shown. Determine how far the center of mass 
of the disk travels along the plane before it momentarily 
stops. The disk rolls without slipping. 





Probs. 18—-24/25 
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18-26. Two wheels of negligible weight are mounted at 
corners A and B of the rectangular 75-lb plate. If the plate is 
released from rest at 0 = 90°, determine its angular 
velocity at the instant just before 0 = 0°. 











Prob. 18-26 


18-27. The link AB is subjected to a couple moment of 
M = 40 N-m. If the ring gear C is fixed, determine the 
angular velocity of the 15-kg inner gear when the link has 
made two revolutions starting from rest. Neglect the mass 
of the link and assume the inner gear is a disk. Motion 
occurs in the vertical plane. 





Prob. 18-27 
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*18-28. The 10-kg rod AB is pin connected at A and 
subjected to a couple moment of M = 15 N- m. If the rod is 
released from rest when the spring is unstretched at 0 — 30^, 
determine the rod's angular velocity at the instant 0 = 60°. 
As the rod rotates, the spring always remains horizontal, 
because of the roller support at C. 





Prob. 18-28 


18-29. The 10-Ib sphere starts from rest at 0 = 0° and rolls 
without slipping down the cylindrical surface which has a 
radius of 10 ft. Determine the speed of the sphere's center 
of mass at the instant 0 = 45°. 


O n 0.5 ft 





Prob. 18-29 


18-30. Motor M exerts a constant force of P = 750 N on 
the rope. If the 100-kg post is at rest when 0 = 0°, 
determine the angular velocity of the post at the instant 
0 — 60*. Neglect the mass of the pulley and its size, and 
consider the post as a slender rod. 

















Prob. 18-30 


18-31. The linkage consists of two 6-kg rods AB and CD 
and a 20-kg bar BD. When 0 = 0°, rod AB is rotating with an 
angular velocity w = 2 rad/s. If rod CD is subjected to a 
couple moment of M = 30 N: m, determine wag at the 
instant 0 = 90°. 


*18—32. The linkage consists of two 6-kg rods AB and CD 
and a 20-kg bar BD. When 0 = 0°, rod AB is rotating with an 
angular velocity w = 2 rad/s. If rod CD is subjected to a 
couple moment M = 30 N-m, determine o at the instant 
9 —45*. 











Probs. 18-31/32 
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18-33. The two 2-kg gears A and B are attached to the 
ends of a 3-kg slender bar. The gears roll within the fixed 
ring gear C, which lies in the horizontal plane. If a 10-N- m 
torque is applied to the center of the bar as shown, 
determine the number of revolutions the bar must rotate 
starting from rest in order for it to have an angular velocity 
of wag = 20 rad/s. For the calculation, assume the gears 
can be approximated by thin disks. What is the result if the 
gears lie in the vertical plane? 





Prob. 18-33 


18-34. The linkage consists of two 8-lb rods AB and CD 
and a 10-Ib bar AD. When 0 = 0^, rod AB is rotating with an 
angular velocity wag = 2 rad/s. If rod CD is subjected to a 
couple moment M = 15 Ib : ft and bar AD is subjected to a 
horizontal force P = 20 Ib as shown, determine «4g at the 
instant 0 = 90°. 


18-35. The linkage consists of two 8-lb rods AB and CD 
and a 10-Ib bar AD. When 0 — 0^, rod AB is rotating with an 
angular velocity w4g = 2 rad/s. If rod CD is subjected to a 
couple moment M = 15 Ib - ft and bar AD is subjected to a 
horizontal force P = 20 Ib as shown, determine «4g at the 
instant 0 = 45°. 











uim YC, 





Probs. 18-34/35 
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Ww 
tyg 


Datum 





w | 
YG 


Gravitational potential energy 


Fig. 18-16 








Unstretched 
position of 


spring, s = 0 s 





Elastic potential energy 


Fig. 18-17 


18.5 Conservation of Energy 


When a force system acting on a rigid body consists only of 
conservative forces, the conservation of energy theorem can be used 
to solve a problem that otherwise would be solved using the principle 
of work and energy. This theorem is often easier to apply since the 
work of a conservative force is independent of the path and depends 
only on the initial and final positions of the body. It was shown in 
Sec. 14.5 that the work of a conservative force can be expressed as 
the difference in the body's potential energy measured from an 
arbitrarily selected reference or datum. 


Gravitational Potential Energy. Since the total weight of a 
body can be considered concentrated at its center of gravity, the 
gravitational potential energy of the body is determined by knowing the 
height of the body's center of gravity above or below a horizontal datum. 





V, = Wye (18-15) 











Here the potential energy is positive when yg is positive upward, since the 
weight has the ability to do positive work when the body moves back to 
the datum, Fig. 18-16. Likewise, if Gis located below the datum (—yg), the 
gravitational potential energy is negative, since the weight does negative 
work when the body returns to the datum. 


Elastic Potential Energy. The force developed by an elastic 
spring is also a conservative force. The elastic potential energy which a 
spring imparts to an attached body when the spring is stretched or 
compressed from an initial undeformed position (s = 0) to a final 
position s, Fig. 18-17 is 


In the deformed position, the spring force acting on the body always has 
the ability for doing positive work when the spring returns back to its 
original undeformed position (see Sec. 14.5). 
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Conservation of Energy. In general, if a body is subjected to 
both gravitational and elastic forces, the total potential energy can be 
expressed as a potential function represented as the algebraic sum 





V=V,+ V, (18-17) 











Here measurement of V depends upon the location of the body with 
respect to the selected datum. 

Realizing that the work of conservative forces can be written as a 
difference in their potential energies, i.e., ({U1_2)cons = Vi — V2, Eq. 14-16, 
we can rewrite the principle of work and energy for a rigid body as 


T + Vi + (X U1 —2)noncons zz T) F V? (18-18) 


Here (}U_2)noncons represents the work of the nonconservative forces such 
as friction. If this term is zero, then 





Ti dE Vi = T ar Va (18-19) 











This equation is referred to as the conservation of mechanical energy. It 
states that the sum of the potential and kinetic energies of the body 
remains constant when the body moves from one position to another. It 
also applies to a system of smooth, pin-connected rigid bodies, bodies 
connected by inextensible cords, and bodies in mesh with other bodies. In 
all these cases the forces acting at the points of contact are eliminated 
from the analysis, since they occur in equal but opposite collinear pairs 
and each pair of forces moves through an equal distance when the system 
undergoes a displacement. 

It is important to remember that only problems involving conservative 
force systems can be solved by using Eq. 18-19. As stated in Sec. 14.5, 
friction or other drag-resistant forces, which depend on velocity or 
acceleration, are nonconservative. The work of such forces is transformed 
into thermal energy used to heat up the surfaces of contact, and 
consequently this energy is dissipated into the surroundings and may not 
be recovered. Therefore, problems involving frictional forces can be 
solved by using either the principle of work and energy written in the 
form of Eq. 18-18, if it applies, or the equations of motion. 





The torsional springs located at the top 
of the garage door wind up as the door 
is lowered. When the door is raised, the 
potential energy stored in the springs is 
then transferred into gravitational 
potential energy of the door’s weight, 
thereby making it easy to open. 
(© R.C. Hibbeler) 
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Procedure for Analysis 


The conservation of energy equation is used to solve problems 
involving velocity, displacement, and conservative force systems. For 
application it is suggested that the following procedure be used. 


Potential Energy. 


e Draw two diagrams showing the body located at its initial and 
final positions along the path. 


e If the center of gravity, G, is subjected to a vertical displacement, 
establish a fixed horizontal datum from which to measure the 
body's gravitational potential energy V,. 


e Data pertaining to the elevation yg of the body's center of gravity 
from the datum and the extension or compression of any 
connecting springs can be determined from the problem geometry 
and listed on the two diagrams. 


e The potential energy is determined from V = V, + V,. Here 
V, — Wyg, which can be positive or negative, and V, — tks’, 
which is always positive. 


Kinetic Energy. 


e The kinetic energy of the body consists of two parts, namely 
translational kinetic energy, T = 5mvz, and rotational kinetic 
energy, T = Hoo. 


e Kinematic diagrams for velocity may be useful for establishing a 
relationship between vg and o. 


Conservation of Energy. 
e Apply the conservation of energy equation T; + Vi = T; + V5. 
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The 10-kg rod AB shown in Fig. 18-18a is confined so that its ends 
move in the horizontal and vertical slots. The spring has a stiffness of 
k = 800 N/m and is unstretched when 6 = 0°. Determine the angular 
velocity of AB when 0 = 0°, if the rod is released from rest when 
0 = 30°. Neglect the mass of the slider blocks. 


SOLUTION 


Potential Energy. The two diagrams of the rod, when it is located at 
its initial and final positions, are shown in Fig. 18-185. The datum, used 
to measure the gravitational potential energy, is placed in line with the 
rod when 8 = 0°. 

When the rod is in position 1, the center of gravity G is located 
below the datum so its gravitational potential energy is negative. 
Furthermore, (positive) elastic potential energy is stored in the spring, 
since it is stretched a distance of s, = (0.4 sin 30°) m. Thus, 





Datum 


V, = —Wy, + ks} 


= —(98.1 N)(0.2 sin 30° m) + 4(800 N/m)(0.4 sin 30° m)? = 6.19 J s, = (04 sin 30°) m 


When the rod is in position 2, the potential energy of the rod is zero, 
since the center of gravity G is located at the datum, and the spring is 
unstretched, s, = 0. Thus, 





Vv, =0 
Kinetic Energy. The rod is released from rest from position 1, thus 
(vg); = €, = 0, and so 

T, =0 
In position 2, the angular velocity is œ, and the rod’s mass center has 
a velocity of (vg). Thus, 


= 2 1 2 
T» = 5m(vg)5 + 51505 


= 410 kg)(vg)3 + 5| 35(10 kg)(0.4 m? Jos 





Using kinematics, (Vg) can be related to œw, as shown in Fig. 18-18c. At 
the instant considered, the instantaneous center of zero velocity (/C) for 
the rod is at point A; hence, (v5); = (rgjjc)o» = (0.2 m)o». Substituting 


into the above expression and simplifying (or using 5/;cw3), we get o oA 
T, = 0.266702 m a an 
| B 
Conservation of Energy. | iu | 
{+ 0.2 m-* 
Dno o 5I] | 
{0} + (6197) = (0266793) + {0} (c) 


€» = 4.82 rad/s 5 Ans. Fig. 18-18 
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(c) 
Fig. 18-19 
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The wheel shown in Fig. 18-19a has a weight of 30 Ib and a radius of 
gyration of kg = 0.6 ft. It is attached to a spring which has a stiffness 
k = 21b/ft and an unstretched length of 1 ft. If the disk is released 
from rest in the position shown and rolls without slipping, determine 
its angular velocity at the instant G moves 3 ft to the left. 


SOLUTION 


Potential Energy. Two diagrams of the wheel, when it at the initial 
and final positions, are shown in Fig. 18-19b. A gravitational datum is 
not needed here since the weight is not displaced vertically. From the 
problem geometry the spring isstretched s, = (V3? + 4? - 1) = 4ft 
in the initial position, and spring s; = (4 — 1) = 3 ft in the final 
position. Hence, the positive spring potential energy is 





16 ft + Ib 
9 ft» Ib 


= 4(2 Ib/ft)(4 ft? 


Vy = dks] 
iks? = X2 Ib/ft)(3 ft) 


V; 


Kinetic Energy. The disk is released from rest and so (vo); = 0, 
€, = 0. Therefore, 


T,=0 


Since the instantaneous center of zero velocity is at the ground, Fig. 18-19c, 
we have 


T. € 2 
= = (05 
2 2 1C972 


1 30 Ib 30 Ib 
= =| | L—- osn? « (—25.) 0.75 1) | 
aer: 322 ft/s? ( 7 
= 0.429705 


Conservation of Energy. 
{Ti} + {Vit = {To} + {Vo} 
(0) + {16 ft-lb} = {0.429703} + {9 ft-lb} 
€» = 4.04 rad/s 5 Ans. 
NOTE: If the principle of work and energy were used to solve this 
problem, then the work of the spring would have to be determined 


by considering both the change in magnitude and direction of the 
spring force. 


The 10-kg homogeneous disk shown in Fig. 18-20a is attached to a 
uniform 5-kg rod AB. If the assembly is released from rest when 
0 = 60°, determine the angular velocity of the rod when 6 = 0°. 
Assume that the disk rolls without slipping. Neglect friction along the 
guide and the mass of the collar at B. 


SOLUTION 


Potential Energy. Two diagrams for the rod and disk, when they 
are located at their initial and final positions, are shown in Fig. 18-20b. 
For convenience the datum passes through point A. 

When the system is in position 1, only the rod's weight has positive 
potential energy. Thus, 


V; = Wy, = (49.05 N)(0.3 sin 60? m) = 12.74 J 


When the system is in position 2, both the weight of the rod and the 
weight of the disk have zero potential energy. Why? Thus, 


Va =0 
Kinetic Energy. Since the entire system is at rest at the initial position, 
Ti —0 


In the final position the rod has an angular velocity (œ,) and its mass 
center has a velocity (vg), Fig. 18-20c. Since the rod is fully extended 
in this position, the disk is momentarily at rest, so (wy). = 0 and 
(v4) = 0. For the rod (vg). can be related to (w,), from the 
instantaneous center of zero velocity, which is located at point A, 
Fig. 18-20c. Hence, (vo); = reyic(@,)2 or (v5); = 0.3(@,)2. Thus, 


1 2,1 are. 2, l 2 
T, = zo) uc zol) + 5 (v4 a: 5 laa) 


2 2 
= 0.3(@,)3 


(5 kg)[(0.3 mohi + Are kgX0.6 m oj +0+0 


Conservation of Energy. 
{Ti} + {Vit} = {n} + {Vo} 
{0} + {12.743} = (03(9 3) + {0} 
(œ) = 6.52 rad/s 2 Ans. 


NOTE: We can also determine the final kinetic energy of the rod using 
T, = Hyco}. 





CONSERVATION OF ENERGY 





yı = (0.3 sin 60°) m 


1/981N 49.05 N 


Fig. 18-20 
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m FUNDAMENTAL PROBLEMS 


F18-7. If the 30-kg disk is released from rest when 0 = 0°, F18-10. The 30-kg rod is released from rest when 0 = 0°. 
determine its angular velocity when 0 = 90°. Determine the angular velocity of the rod when 0 = 90°. 
The spring is unstretched when 0 = 0°. 








I 2m 1 
| 








Prob. F18-7 





F18-8. The 50-kg reel has a radius of gyration about its 


center O of ko = 300mm. If it is released from rest, aii F18-10 
determine its angular velocity when its center O has traveled F18-11. The 30-kg rod is released from rest when 0 = 45°. 
6 m down the smooth inclined plane. Determine the angular velocity of the rod when 0 = 0°. The 


spring is unstretched when 0 — 45*. 





k = 300 N/m 
Prob. F18-11 
Prob. F18-8 F18-12. The 20-kg rod is released from rest when 0 = 0°. 
Determine its angular velocity when 0 = 90°. The spring 
F18-9. The 60-kg rod OA is released from rest when has an unstretched length of 0.5 m. 
0 = 0°. Determine its angular velocity when 0 = 45°. The le 2m 1 


spring remains vertical during the motion and is unstretched 
when 0 = 0°. 


















> k = 150 N/m 





Prob. F18-9 Prob. F18-12 


*18-36. The assembly consists of a 3-kg pulley A and 
10-kg pulley B. If a 2-kg block is suspended from the cord, 
determine the block’s speed after it descends 0.5 m starting 
from rest. Neglect the mass of the cord and treat the pulleys 
as thin disks. No slipping occurs. 


18-37. The assembly consists of a 3-kg pulley A and 
10-kg pulley B. If a 2-kg block is suspended from the cord, 
determine the distance the block must descend, starting 
from rest, in order to cause B to have an angular velocity of 
6 rad/s. Neglect the mass of the cord and treat the pulleys as 
thin disks. No slipping occurs. 





Probs. 18-36/37 


18-38. The spool has a mass of 50 kg and a radius of 
gyration of kg = 0.280 m. If the 20-kg block A is released 
from rest, determine the distance the block must fall in 
order for the spool to have an angular velocity w = 5 rad/s. 
Also, what is the tension in the cord while the block is in 
motion? Neglect the mass of the cord. 


18-39. The spool has a mass of 50 kg and a radius of gyration 
of ko = 0.280 m. If the 20-kg block A is released from rest, 
determine the velocity of the block when it descends 0.5 m. 





Probs. 18-38/39 
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*18-40. An automobile tire has a mass of 7 kg and radius 
of gyration of kg = 0.3 m. If it is released from rest at A on 
the incline, determine its angular velocity when it reaches 
the horizontal plane. The tire rolls without slipping. 


G 
0.4 m 
A 


5m 
30° | 
0.4m] 








Prob. 18-40 


18-41. The spool has a mass of 20 kg and a radius of 
gyration of ko = 160 mm. If the 15-kg block A is released 
from rest, determine the distance the block must fall in 
order for the spool to have an angular velocity w = 8 rad/s. 
Also, what is the tension in the cord while the block is in 
motion? Neglect the mass of the cord. 


18-42. The spool has a mass of 20 kg and a radius of 
gyration of ko = 160 mm. If the 15-kg block A is released 
from rest, determine the velocity of the block when it 
descends 600 mm. 





Probs. 18-41/42 
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18-43. A uniform ladder having a weight of 30 Ib is released 
from rest when it is in the vertical position. If it is allowed to 
fall freely, determine the angle 0 at which the bottom end A 
starts to slide to the right of A. For the calculation, assume the 
ladder to be a slender rod and neglect friction at A. 








Prob. 18-43 


*18-44. Determine the speed of the 50-kg cylinder after it 
has descended a distance of 2 m, starting from rest. Gear A 
has a mass of 10 kg and a radius of gyration of 125 mm 
about its center of mass. Gear B and drum C have a 
combined mass of 30 kg and a radius of gyration about their 
center of mass of 150 mm. 





Prob. 18-44 
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18-45. The 12-kg slender rod is attached to a spring, which 
has an unstretched length of 2 m. If the rod is released from 
rest when 0 = 30°, determine its angular velocity at the 
instant 0 = 90°. 


2m + 














Prob. 18-45 


18-46. The 12-kg slender rod is attached to a spring, which 
has an unstretched length of 2 m. If the rod is released from 
rest when 0 = 30°, determine the angular velocity of the rod 
the instant the spring becomes unstretched. 


2m >! 














Prob. 18-46 


18-47. The 40-kg wheel has a radius of gyration about its 
center of gravity G of kg = 250 mm. If it rolls without 
slipping, determine its angular velocity when it has rotated 
clockwise 90° from the position shown. The spring AB has a 
stiffness k = 100 N/m and an unstretched length of 500 mm. 


The wheel is released from rest. 
1500 mm 
= 100 N/m 4 


NA 


















Prob. 18-47 


*18-48. The assembly consists of two 10-kg bars which are 
pin connected. If the bars are released from rest when 0 = 60°, 
determine their angular velocities at the instant 0 = 0°. The 
5-kg disk at C has a radius of 0.5 m and rolls without 
slipping. 


18-49. The assembly consists of two 10-kg bars which are 
pin connected. If the bars are released from rest when 
0 — 60^, determine their angular velocities at the instant 
0 = 30°. The 5-kg disk at C has a radius of 0.5 m and rolls 
without slipping. 








Prob. 18—48/49 


18-50. 'The compound disk pulley consists of a hub and 
attached outer rim. If it has a mass of 3 kg and a radius of 
gyration of kg = 45 mm, determine the speed of block A 
after A descends 0.2 m from rest. Blocks A and B each have 
a mass of 2 kg. Neglect the mass of the cords. 





Prob. 18-50 
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18-51. The uniform garage door has a mass of 150 kg and 
is guided along smooth tracks at its ends. Lifting is done 
using the two springs, each of which is attached to the 
anchor bracket at A and to the counterbalance shaft at B 
and C. As the door is raised, the springs begin to unwind 
from the shaft, thereby assisting the lift. If each spring 
provides a torsional moment of M = (0.70) N - m, where 0 is 
in radians, determine the angle 05 at which both the left- 
wound and right-wound spring should be attached so that 
the door is completely balanced by the springs, i.e., when 
the door is in the vertical position and is given a slight force 
upward, the springs will lift the door along the side tracks to 
the horizontal plane with no final angular velocity. Note: 
The elastic potential energy of a torsional spring is 


1 
V= z where M = k0 and in this case k = 0.7 N - m/rad. 











Prob. 18-51 


*18-52. The two 12-kg slender rods are pin connected and 
released from rest at the position 0 = 60°. If the spring has 
an unstretched length of L5 m, determine the angular 
velocity of rod BC, when the system is at the position 0 = 0°. 
Neglect the mass of the roller at C. 


B 





Prob. 18-52 
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18-53. The two 12-kg slender rods are pin connected and 
released from rest at the position 6 = 60°. If the spring has 
an unstretched length of 1.5 m, determine the angular 
velocity of rod BC, when the system is at the position 
9 = 30°. 








Prob. 18-53 


18-54. If the 250-Ib block is released from rest when the 
spring is unstretched, determine the velocity of the block 
after it has descended 5 ft. The drum has a weight of 50 Ib 
and a radius of gyration of ko = 0.5 ft about its center of 
mass O. 


0.375 ft 





k — 75 lb/ft 
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18-55. 'The slender 15-kg bar is initially at rest and 
standing in the vertical position when the bottom end A is 
displaced slightly to the right. If the track in which it moves 
is smooth, determine the speed at which end A strikes the 
corner D. The bar is constrained to move in the vertical 
plane. Neglect the mass of the cord BC. 














Prob. 18-55 


*18-56. Ifthe chain is released from rest from the position 
shown, determine the angular velocity of the pulley after 
the end B has risen 2 ft. The pulley has a weight of 50 Ib and 
a radius of gyration of 0.375 ft about its axis. The chain 
weighs 6 lb/ft. 








[l 
0.5 fc uà 
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Prob. 18-56 
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18-57. If the gear is released from rest, determine its 18-59. The slender 6-kg bar AB is horizontal and at rest 
angular velocity after its center of gravity O has descended and the spring is unstretched. Determine the angular 
a distance of 4 ft. The gear has a weight of 100 Ib and a velocity of the bar when it has rotated clockwise 45? after 
radius of gyration about its center of gravity of k = 0.75 ft. being released. The spring has a stiffness of k= 12 N/m. 

















Prob. 18-59 


Prob. 18-57 


18-58. The slender 6-kg bar AB is horizontal and at rest *18-60. The pendulum consists of a 6-kg slender rod fixed 
to a 15-kg disk. If the spring has an unstretched length of 


0.2 m, determine the angular velocity of the pendulum 
when it is released from rest and rotates clockwise 90? from 
the position shown. The roller at C allows the spring to 
always remain vertical. 


and the spring is unstretched. Determine the stiffness k of 
the spring so that the motion of the bar is momentarily 
stopped when it has rotated clockwise 90? after being 
released. 

















2m 








Prob. 18-58 Prob. 18-60 
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18-61. The 500-g rod AB rests along the smooth inner 
surface of a hemispherical bowl. If the rod is released from 
rest from the position shown, determine its angular velocity 
at the instant it swings downward and becomes horizontal. 





E 18-62. The 50-Ib wheel has a radius of gyration about its 
center of gravity G of kg = 0.7 ft. If it rolls without slipping, 


determine its angular velocity when it has rotated clockwise 
90? from the position shown. The spring AB has a stiffness 
k — 1.201b/ft and an unstretched length of 0.5 ft. The wheel 


is released from rest. 





Prob. 18-61 











Prob. 18-62 
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18-63. The system consists of 60-Ib and 20-Ib blocks A 
and B, respectively, and 5-Ib pulleys C and D that can be 
treated as thin disks. Determine the speed of block A after 
block B has risen 5 ft, starting from rest. Assume that the cord 
does not slip on the pulleys, and neglect the mass of the cord. 








Prob. 18-63 


*18-64. The door is made from one piece, whose ends 
move along the horizontal and vertical tracks. If the door is 
in the open position, 0 = 0°, and then released, determine 
the speed at which its end A strikes the stop at C. Assume 
the door is a 180-Ib thin plate having a width of 10 ft. 




















Prob. 18-64 


18-65. The door is made from one piece, whose ends move 
along the horizontal and vertical tracks. If the door is in the 
open position, 0 = 0°, and then released, determine its 
angular velocity at the instant 0 = 30°. Assume the door is 
a 180-Ib thin plate having a width of 10 ft. 























Prob. 18-65 


18-66. The end A of the garage door AB travels along the 
horizontal track, and the end of member BC is attached to a 
spring at C. If the spring is originally unstretched, determine 
the stiffness k so that when the door falls downward from 
rest in the position shown, it will have zero angular velocity 
the moment it closes, i.e., when it and BC become vertical. 
Neglect the mass of member BC and assume the door is a 
thin plate having a weight of 200 Ib and a width and height 
of 12 ft. There is a similar connection and spring on the 
other side of the door. 





i 12 ft | 4 





















































Prob. 18-66 
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18-67. The system consists of a 30-kg disk, 12-kg slender 
rod BA, and a 5-kg smooth collar A. If the disk rolls without 
slipping, determine the velocity of the collar at the instant 
0 = 0°. The system is released from rest when 0 = 45°. 





Prob. 18-67 


*18-68. The system consists of a 30-kg disk A, 12-kg 
slender rod BA, and a 5-kg smooth collar A. If the disk rolls 
without slipping, determine the velocity of the collar at the 
instant 0 = 30°. The system is released from rest when 
0 = 45°. 





Prob. 18-68 
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ag CONCEPTUAL PROBLEMS 


C18-1. The bicycle and rider start from rest at the top of 
the hill. Show how to determine the speed of the rider when 
he freely coasts down the hill. Use appropriate dimensions 
of the wheels, and the mass of the rider, frame and wheels of 
the bicycle to explain your results. 





Prob. C18-1 (© R.C. Hibbeler) 


C18-2. Two torsional springs, M = K0, are used to assist in 
opening and closing the hood of this truck. Assuming the 
springs are uncoiled (0 = 0°) when the hood is opened, 
determine the stiffness k (N * m/rad) of each spring so that 
the hood can easily be lifted, i.e., practically no force applied 
to it, when it is closed in the unlocked position. Use 
appropriate numerical values to explain your result. 


p 








Prob. C18-2 (O R.C. Hibbeler) 


C18-3. The operation of this garage door is assisted using 
two springs AB and side members BCD, which are pinned at C. 
Assuming the springs are unstretched when the door is in the 
horizontal (open) position and ABCD is vertical, determine 
each spring stiffness k so that when the door falls to the vertical 
(closed) position, it will slowly come to a stop. Use appropriate 
numerical values to explain your result. 


"m 





Prob. C18-3 (© R.C. Hibbeler) 


C18-4. Determine the counterweight of A needed to balance 
the weight of the bridge deck when 6 = 0°. Show that this 
weight will maintain equilibrium of the deck by considering 
the potential energy of the system when the deck is in the 
arbitrary position 0. Both the deck and AB are horizontal 
when 6 = 0°. Neglect the weights of the other members. Use 
appropriate numerical values to explain this result. 


B 





Prob. C18-4 (© R.C. Hibbeler) 


CHAPTER REVIEW 


Kinetic Energy 


The kinetic energy of a rigid body that undergoes 
planar motion can be referenced to its mass 
center. It includes a scalar sum of its translational 
and rotational kinetic energies. 





Translation 





Rotation About a Fixed Axis 


Y 





General Plane Motion 
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Translation 


T = im 


Rotation About a Fixed Axis 


T = ymv% + 4Igo? 


or 
T = ino? 
General Plane Motion 


T = imo + ligo? 
Or 


T= Ico? 
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Work of a Force and a Couple Moment 


A force does work when it undergoes a 
displacement ds in the direction of the 
force. In particular, the frictional and 
normal forces that act on a cylinder or 
any circular body that rolls without 
slipping will do no work, since the 
normal force does not undergo a 
displacement and the frictional force 
acts on successive points on the surface 
of the body. 








Unstretched 
position of 
spring, s = 0 


05 
Uy — M d0 
9, 


Uy = M(0; — 04) 


Ur, = (F. cos 0)s 


Constant Force 
Constant Magnitude 








Principle of Work and Energy 


Problems that involve velocity, force, and 
displacement can be solved using the 
principle of work and energy. The kinetic 
energy is the sum of both its rotational 
and translational parts. For application, a 
free-body diagram should be drawn in 
order to account for the work of all of the 
forces and couple moments that act on 
the body as it moves along the path. 


Conservation of Energy 


If a rigid body is subjected only to 
conservative forces, then the conservation- 
of-energy equation can be used to solve the 
problem. This equation requires that the 
sum of the potential and kinetic energies of 
the body remain the same at any two points 
along the path. 


The potential energy is the sum of the 
body’s gravitational and elastic potential 
energies. The gravitational potential energy 
will be positive if the body’s center of 
gravity is located above a datum. If it is 
below the datum, then it will be negative. 
The elastic potential energy is always 
positive, regardless if the spring is stretched 
or compressed. 
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T, + Ui = Tr 
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Gravitational potential energy 


Unstretched 
position of 
spring, s = 0 





Ve = iks 


Elastic potential energy 
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m REVIEW PROBLEMS 


R18-1. The pendulum of the Charpy impact machine has 
a mass of 50 kg and a radius of gyration of k4 = 1.75 m. If it 
is released from rest when 0 — 0^, determine its angular 
velocity just before it strikes the specimen S, 0 = 90? 





Prob. R18-1 


R18-2. The 50-kg flywheel has a radius of gyration of 
ko = 200 mm about its center of mass. If it is subjected to a 
torque of M = (9012 + 1) N* m, where @ is in radians, 
determine its angular velocity when it has rotated 
5 revolutions, starting from rest. 


M = (99? 1) N-m 





Prob. R18-2 


R18-3. The drum has a mass of 50 kg and a radius of 
gyration about the pin at O of kọ = 0.23 m. Starting from 
rest, the suspended 15-kg block B is allowed to fall 3 m 
without applying the brake ACD. Determine the speed of 
the block at this instant. If the coefficient of kinetic friction 
at the brake pad C is ux = 0.5, determine the force P that 
must be applied at the brake handle which will then stop the 
block after it descends another 3m. Neglect the thickness of 
the handle. 





Prob. R18-3 


R18-4. The spool has a mass of 60 kg and a radius of 
gyration of kg — 0.3 m. If it is released from rest, determine 
how far its center descends down the smooth plane before it 
attains an angular velocity of w = 6 rad/s. Neglect the mass 
of the cord which is wound around the central core. The 
coefficient of kinetic friction between the spool and plane 
at A is ug = 0.2. 





Prob. R18-4 


R18-5. The gear rack has a mass of 6 kg, and the gears 
each have a mass of 4 kg and a radius of gyration of 
k = 30 mm at their centers. If the rack is originally moving 
downward at 2 m/s, when s = 0, determine the speed of the 
rack when s = 600 mm. The gears are free to turn about their 
centers A and B. 


50 mm 











Prob. R18-5 


R18-6. At the instant shown, the 50-lb bar rotates 
clockwise at 2 rad/s. The spring attached to its end always 
remains vertical due to the roller guide at C. If the spring has 
an unstretched length of 2 ft and a stiffness of k — 6 Ib/ft, 
determine the angular velocity of the bar the instant it has 
rotated 30? clockwise. 











Prob. R18-6 
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R18-7. The system consists of a 20-lb disk A, 4-Ib slender 
rod BC, and a 1-Ib smooth collar C. If the disk rolls without 
slipping, determine the velocity of the collar at the instant 
the rod becomes horizontal, i.e., 0 = 0°. The system is 
released from rest when 0 = 45°. 








Prob. R18-7 


R18-8. At the instant the spring becomes undeformed, 
the center of the 40-kg disk has a speed of 4 m/s. From this 
point determine the distance d the disk moves down the 
plane before momentarily stopping. The disk rolls without 


slipping. 





Prob. R18-8 


Chapter 19 





The impulse that this tugboat imparts to this ship will cause it to turn 
in a manner that can be predicted by applying the principles of 
impulse and momentum. 





Planar Kinetics of a 
Rigid Body: Impulse 
and Momentum 





19.1 Linear and Angular Momentum 


In this chapter we will use the principles of linear and angular impulse 
and momentum to solve problems involving force, velocity, and time as 
related to the planar motion of a rigid body. Before doing this, we will first 
formalize the methods for obtaining a body's linear and angular 
momentum, assuming the body is symmetric with respect to an inertial 
x-y reference plane. 


Linear Momentum. The linear momentum of a rigid body is 
determined by summing vectorially the linear momenta of all the particles 
of the body, i.e., L = Xm;v;. Since Xm;v; = mvg (see Sec. 15.2) we can 
also write 


L= MVG (19-1) 


This equation states that the body’s linear momentum is a vector quantity 
having a magnitude mvg, which is commonly measured in units of 
kg * m/s or slug + ft/s and a direction defined by vg the velocity of the 
body’s mass center. 
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(b) 


Fig. 19-1 
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Angular Momentum. Consider the body in Fig. 19-1a, which is 
subjected to general plane motion. At the instant shown, the arbitrary 
point P has a known velocity vp, and the body has an angular velocity w. 
Therefore the velocity of the ith particle of the body is 


Vi = Vp t+ Vip =Vptoxr 


The angular momentum of this particle about point P is equal to the 
“moment” of the particle’s linear momentum about P, Fig. 19-1a. Thus, 


(Hp); = r X mjvj 


Expressing v; in terms of vp and using Cartesian vectors, we have 


(Hp);k = m;6d + yj) X [(vp)à + (v9), + ok X 6d + yp] 
(Hp) = —miy(vp), + ma(vp), + mwr 


Letting m;— dm and integrating over the entire mass m of the body, 
we obtain 


Hp = «f» dm Jt. + (f dn Jt), + (fr dm a 


Here Hp represents the angular momentum of the body about an axis 
(the z axis) perpendicular to the plane of motion that passes through 
point P. Since ym — f ydm and xm — f x dm, the integrals for the first 
and second terms on the right are used to locate the body’s center of 
mass G with respect to P, Fig. 19-1b. Also, the last integral represents the 
body's moment of inertia about point P Thus, 


Hp = —ym(vp), + Xm(vp), + Ipo (19-2) 


This equation reduces to a simpler form if P coincides with the mass 
center G for the body,* in which case x = y = 0. Hence, 


a 


*It also reduces to the same simple form, Hp = Ipo, if point P is a fixed point (see 
Eq. 19-9) or the velocity of P is directed along the line PG. 


19.1 LINEAR AND ANGULAR MOMENTUM 


Here the angular momentum of the body about G is equal to the product 
of the moment of inertia of the body about an axis passing through G and 
the body's angular velocity. Realize that Hg is a vector quantity having a 
magnitude Igw, which is commonly measured in units of kg-m?/s or 
slug + ft?/s, and a direction defined by «o, which is always perpendicular to 
the plane of motion. 

Equation 19-2 can also be rewritten in terms of the x and y components 
of the velocity of the body's mass center, (vg), and (vo), and the body's 
moment of inertia Iç. Since G is located at coordinates (x,y), then by the 
parallel-axis theorem, Ip = Iç + m(x? + y?). Substituting into Eq. 19-2 
and rearranging terms, we have 


Hp = ym[—(vp), + yo] + xm[(vp), + xo] + Igo (19-4) 


From the kinematic diagram of Fig. 19-15, vg can be expressed in terms 
of vp as 
VG — VptoXr 
(vg). + (vo),j = (Up)xi F (vp),j + ok X (xi + yj) 


Carrying out the cross product and equating the respective i and j 
components yields the two scalar equations 


Wa) = (0p), ~ yo 


(v5), = (vp), t xo 


Substituting these results into Eq. 19-4 yields 


(C+ )Hp == —ym(tg), + xm(vg), + Igo (19-5) 


As shown in Fig. 19-1c, this result indicates that when the angular 
momentum of the body is computed about point P, it is equivalent to the 
moment of the linear momentum mvg, or its components m(vg), and 
m(Vg)y, about P plus the angular momentum Ig q@. Using these results, we 
will now consider three types of motion. 








Body momentum 
diagram 


(c) 
Fig. 19-1 
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Translation 


(a) 





Rotation about a fixed axis 
(b) 
Fig. 19-2 





Translation. When a rigid body is subjected to either rectilinear or 
curvilinear translation, Fig. 19-2a, then w = 0 and its mass center has a 
velocity of vg = v. Hence, the linear momentum, and the angular 
momentum about G, become 


L = mvg 


1 








If the angular momentum is computed about some other point A, the 
“moment” of the linear momentum L must be found about the point. 
Since d is the “moment arm” as shown in Fig. 19-2a, then in accordance 
with Eq. 19-5, H, = (d)(mvg)5. 


Rotation About a Fixed Axis. When a rigid body is rotating 
about a fixed axis, Fig. 19-2b, the linear momentum, and the angular 
momentum about G, are 





L= MUG (19-7) 
Hg = Igo 











It is sometimes convenient to compute the angular momentum about 
point O. Noting that L (or vg) is always perpendicular to rg, we have 


(G +) Ho == Igo + rg(muvg) (19-8) 


Since vg = rgo, this equation can be written as Hg = (Ig + mrz)o. 
Using the parallel-axis theorem,* 





Ho = loc (19-9) 











For the calculation, then, either Eq. 19-8 or 19—9 can be used. 


*The similarity between this derivation and that of Eq. 17-16 ({Mo = loo) and 
Eq. 18-5 (T = Hoo?) should be noted. Also note that the same result can be obtained 
from Eq. 19-2 by selecting point P at O, realizing that (vo), = (vo), = 0. 


19.1 LINEAR AND ANGULAR MOMENTUM 





A 
General plane motion 
(c) 
Fig. 19-2 


General Plane Motion. When a rigid body is subjected to general 
plane motion, Fig. 19-2c, the linear momentum, and the angular 
momentum about G,become 


L= MUG 
19-1 
Hg = Igo ( ? o 








If the angular momentum is computed about point A, Fig. 19-2c, it is 
necessary to include the moment of L and Hg about this point. In this case, 
(G+) Hy = Igw + (dmo) 


Here d is the moment arm, as shown in the figure. 
As a special case, if point A is the instantaneous center of zero velocity 
then, like Eq. 19-9, we can write the above equation in simplified form as 


Hic = Tico (19-11) 


where /;c is the moment of inertia of the body about the IC. (See Prob. 19-2.) 





(O R.C. Hibbeler) 





As the pendulum swings downward, its angular 
momentum about point O can be determined by 
computing the moment of /5 « and mvg about O. 
This is Hp = Igw + (mvg)d. Since vg = wd, then 
Ho = Igw + m(wd)d = (Ig + md?) = Iov. 
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EXAMPLE [| 19.1 


At a given instant the 5-kg slender bar has the motion shown in 
Fig. 193a. Determine its angular momentum about point G and about 
the JC at this instant. 


SOLUTION 


Bar. The bar undergoes general plane motion. The IC is established 
in Fig. 19-35, so that 


= zmis = 0.5774 rad 
| 4mcos30 ` pu 


Ug = (0.5774 rad/s) m) = 1.155 m/s 
Thus, 


(C +) Hg = Ico = [756 kg)(4 m)? | (0.5774 rad/s) = 3.85 kg : m/s 2. Ans. 
Adding /5o and the moment of mvg about the IC yields 


(C+) Hic = Igw + d(mvg) 


= E kg)(4 m? osr rad/s) + (2 m)(5 kg)(1.155 m/s) 


= 154 kg: m?/s2 Ans. 
We can also use 
(C+) Hic = Ico 
= [4 (5 kgy(4 my + (5 kg) m)? (0.5774 rad/s) 
15.4 kg: m?/s2 
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19.2 Principle of Impulse and Momentum 


Like the case for particle motion, the principle of impulse and momentum 
for a rigid body can be developed by combining the equation of motion 
with kinematics. The resulting equation will yield a direct solution to 
problems involving force, velocity, and time. 


Principle of Linear Impulse and Momentum. The equation 
of translational motion for a rigid body can be written as 
XF = mag = m(dvg/dt). Since the mass of the body is constant, 


d 
LF = gono 


Multiplying both sides by dt and integrating from t = fj, v5 = (Vg), to 
t = to, Vg = (Ych yields 


>] F dt = M(Vg)2 = M(VG)1 


This equation is referred to as the principle of linear impulse and 
momentum. It states that the sum of all the impulses created by the 
external force system which acts on the body during the time interval ż to 
ħ is equal to the change in the linear momentum of the body during this 
time interval, Fig. 19-4. 


Principle of Angular Impulse and Momentum. If the body 
has general plane motion then XMg = Iga = Ig(dw/dt). Since the 
moment of inertia is constant, 


d 
XM = | (low) 


Multiplying both sides by dt and integrating from t = fj, œ = œ; to 
t = f, w = œ gives 


h 
zf Mg dt m Igo» = Igo, (19-12) 
h 


In a similar manner, for rotation about a fixed axis passing through 
point O, Eq. 17-16 (E; Mg = Ioa) when integrated becomes 


t 
if Mo dt — Io05 LS Io01 (19-13) 
fh 


Equations 19-12 and 19-13 are referred to as the principle of angular 
impulse and momentum. Both equations state that the sum of the angular 
impulses acting on the body during the time interval t, to f; is equal to 
the change in the body's angular momentum during this time interval. 
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Initial 
momentum 
diagram 








(a) 


E 
JF, d 4 








Impulse 
diagram 








(b) 





h 
JF3dt 
t 











Final 
momentum 
diagram 








(c) 
Fig. 19-4 


524 CHAPTER 19 PLANAR KINETICS OF A RIGID BODY: IMPULSE AND MOMENTUM 








Initial 
momentum 
diagram 











(a) 





f F;at jT b 
4 Impulse SF dt 
diagram ty 





(b) 








Final 
momentum 
diagram 











(c) 
Fig. 19-4 (repeated) 


To summarize these concepts, if motion occurs in the x-y plane, the 
following three scalar equations can be written to describe the planar 
motion of the body. 





b 
mvg) dr 3 Ee dt = M(VGx)2 
ti 


h 
MVGy)1 ar S Fy dt = M(UGy)2 (19-14) 
ti 








t 
Igo, SF xj Mg dt = Igwz 
ti 


The terms in these equations can be shown graphically by drawing a 
set of impulse and momentum diagrams for the body, Fig. 19-4. Note that 
the linear momentum myg is applied at the body's mass center, Figs. 19-4a 
and 19-4c; whereas the angular momentum /g« is a free vector, and 
therefore, like a couple moment, it can be applied at any point on the 
body. When the impulse diagram is constructed, Fig. 19-45, the forces F 
and moment M vary with time, and are indicated by the integrals. 
However, if F and M are constant integration of the impulses yields 
F(t — tj) and M(t — tj), respectively. Such is the case for the body's 
weight W, Fig. 19-45. 

Equations 19-14 can also be applied to an entire system of connected 
bodies rather than to each body separately. This eliminates the need to 
include interaction impulses which occur at the connections since they 
are internal to the system. The resultant equations may be written in 
symbolic form as 





(x Syst. Rs E (x Syst. n = (x Syst. ae) 
momentum / ,; impulse / x-2) momentum / „2 
syst. linear (x syst. "a u (x syst. ae) 
+ i = 
ae i impulse / y(—2) momentum / yo 


Ds Syst. a n 2 ud - = aa 
momentum / oi impulse / 1-2) momentum / o2 








(19-15) 


As indicated by the third equation, the system's angular momentum and 
angular impulse must be computed with respect to the same reference 
point O for all the bodies of the system. 
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Procedure For Analysis 


Impulse and momentum principles are used to solve kinetic 
problems that involve velocity, force, and time since these terms are 
involved in the formulation. 


Free-Body Diagram. 

e Establish the x, y, z inertial frame of reference and draw the free- 
body diagram in order to account for all the forces and couple 
moments that produce impulses on the body. 

The direction and sense of the initial and final velocity of the body’s 
mass center, vg, and the body's angular velocity œ should be 
established. If any of these motions is unknown, assume that the sense 
of its components is in the direction ofthe positive inertial coordinates. 


Compute the moment of inertia Ig or Io. 

As an alternative procedure, draw the impulse and momentum 
diagrams for the body or system of bodies. Each of these diagrams 
represents an outlined shape of the body which graphically accounts 
for the data required for each of the three terms in Eqs. 19-14 or 
19-15, Fig. 19-4. These diagrams are particularly helpful in order to 
visualize the “moment” terms used in the principle of angular 
impulse and momentum, if application is about the /C or another 
point other than the body’s mass center G or a fixed point O. 


Principle of Impulse and Momentum. 

e Apply the three scalar equations of impulse and momentum. 

e The angular momentum of a rigid body rotating about a fixed axis is the 
moment of mvg plus Ig @ about the axis. This is equal to Hp = Iga, 
where To is the moment of inertia of the body about the axis. 

All the forces acting on the body’s free-body diagram will create 
an impulse; however, some of these forces will do no work. 
Forces that are functions of time must be integrated to obtain 
the impulse. 

The principle of angular impulse and momentum is often used to 
eliminate unknown impulsive forces that are parallel or pass 
through a common axis, since the moment of these forces is zero 
about this axis. 


Kinematics. 

e If more than three equations are needed for a complete solution, 
it may be possible to relate the velocity of the body’s mass center 
to the body’s angular velocity using kinematics. If the motion 
appears to be complicated, kinematic (velocity) diagrams may be 
helpful in obtaining the necessary relation. 
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(b) 


10 Ib 


Fig. 19-5 
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The 20-Ib disk shown in Fig. 19—5a is acted upon by a constant couple 
moment of 4 Ib: ft and a force of 10 Ib which is applied to a cord 
wrapped around its periphery. Determine the angular velocity of the 
disk two seconds after starting from rest. Also, what are the force 
components of reaction at the pin? 


SOLUTION 
Since angular velocity, force, and time are involved in the problems, 
we will apply the principles of impulse and momentum to the solution. 


Free-Body Diagram. Fig. 19-5b. The disk's mass center does not 
move; however, the loading causes the disk to rotate clockwise. 
The moment of inertia of the disk about its fixed axis of rotation is 





1 1/ 201b 
I = ( ) 0.75 ft)? = 0.1747 slug: f? 
Aca A nagjs) 07 ™ £ 


Principle of Impulse and Momentum. 


(3) m(Vax)ı + zf F, dt = mWax)2 
0+A(2s)=0 
(ET) May) am xf Fy dt = m(Vay)2 


0 + A,(2 s) — 20 lb(2 s) — 10 1b(2 s) = 0 


h 
(C+) IOJ + E Ma dt = IA05 
ti 


0 + 41b- ft(2 s) + [10 Ib(2 s)](0.75 ft) = 0.1747% 


Solving these equations yields 


A, =0 Ans. 
A, = 301b Ans 
œ = 132 rad/s2 Ans. 
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The 100-kg spool shown in Fig. 19-6a has a radius of gyration 
kg = 0.35 m. A cable is wrapped around the central hub of the spool, 
and a horizontal force having a variable magnitude of P = (t + 10) N 
is applied, where f is in seconds. If the spool is initially at rest, 
determine its angular velocity in 5 s. Assume that the spool rolls 
without slipping at A. 





P=(t+10)N 


(a) 





Fig. 19-6 


SOLUTION 


Free-Body Diagram. From the free-body diagram, Fig. 19-6b, the 
variable force P will cause the friction force F, to be variable, and thus 
the impulses created by both P and F, must be determined by 
integration. Force P causes the mass center to have a velocity vg to the 
right, and so the spool has a clockwise angular velocity c. 


Principle of Impulse and Momentum. A direct solution for œ can 
be obtained by applying the principle of angular impulse and 
momentum about point A, the /C, in order to eliminate the unknown 
friction impulse. 





(C+) I, + x [mas = Iaw 
Ss 
0+ | J (t + 10)N a [zs m + 0.4 m) = [100 kg (0.35 m)? + (100 kg)(0.75 m^]; 
0 


62.5(1.15) = 68.5 


œ = 1.05 rad/s 2 Ans. 


NOTE: Try solving this problem by applying the principle of impulse 
and momentum about G and using the principle of linear impulse and 
momentum in the x direction. 
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(b) 





58.86 N 


Fig. 19-7 
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The cylinder B, shown in Fig. 19-7a has a mass of 6 kg. It is attached to 
a cord which is wrapped around the periphery of a 20-kg disk that has 
a moment of inertia J, = 0.40 kg: m?. If the cylinder is initially moving 
downward with a speed of 2 m/s, determine its speed in 3 s. Neglect the 
mass of the cord in the calculation. 


vg =2m/s 





(a) 


SOLUTION | 


Free-Body Diagram. The free-body diagrams of the cylinder and 
disk are shown in Fig. 19—7b. All the forces are constant since the weight 
of the cylinder causes the motion. The downward motion of the 
cylinder, vz, causes w of the disk to be clockwise. 


Principle of Impulse and Momentum. We can eliminate A, and A, 
from the analysis by applying the principle of angular impulse and 
momentum about point A. Hence 


Disk 
(C+) Lw, + x fm, dt = Io 
0.40 kg  m(w) + T(3 s)(0.2 m) = (0.40 kg * m?)w, 
Cylinder 
(FT) mg(vpg) + X J F, dt = mg(vg)h 


—6 kg(2 m/s) + TG s) — 58.86 N(3 s) = —6kg(vg) 


Kinematics. Since w = vg/r, then w; = (2 m/s)/(0.2 m) = 10 rad/s 
and w = (vg) /0.2 m = 5(vg). Substituting and solving the equations 
simultaneously for (vg) yields 


(wp) = 13.0 m/s } Ans. 
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SOLUTION II 


Impulse and Momentum Diagrams. We can obtain (vp), directly by 
considering the system consisting of the cylinder, the cord, and the disk. 
The impulse and momentum diagrams have been drawn to clarify 
application of the principle of angular impulse and momentum about 
point A, Fig. 19-7c. 


Principle of Angular Impulse and Momentum.  Realizing that 
€, = lO rad/s and w = 5(vg);, we have 


syst. angular syst. angular syst. angular 
cH( x9 g ) «(x g ) 2 g ) 
Al A(1—2) A2 


momentum impulse momentum 


(6 kg)(2 m/s)(0.2 m) + (0.40 kg - m^(10 rad/s) + (58.86 N)(3 s)(0.2 m) 
= (6 kg)(vp)2(0.2 m) + (0.40 kg - m^[5(vg);] 


(vg); = 13.0 m/s 1 


6 kg(2 m/s) 58.86 N(3 s) 6 kg(Vg)s 
(c) 


Fig. 19-7 (cont.) 
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(a) 





| 7 Iw 
Ip | 
| 4 
| — ERO 
(b) 
Fig. 19-8 
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The Charpy impact test is used in materials testing to determine the energy 
absorption characteristics of a material during impact. The test is 
performed using the pendulum shown in Fig. 19-8a, which has a mass rn, 
mass center at G, and a radius of gyration kg about G. Determine the 
distance rp from the pin at A to the point P where the impact with the 
specimen S should occur so that the horizontal force at the pin A is 
essentially zero during the impact. For the calculation, assume the 
specimen absorbs all the pendulum's kinetic energy gained during the time 
it falls and thereby stops the pendulum from swinging when 0 = 0°. 


SOLUTION 


Free-Body Diagram. As shown on the free-body diagram, 
Fig. 19-8b, the conditions of the problem require the horizontal force 
at A to be zero. Just before impact, the pendulum has a clockwise 
angular velocity w,, and the mass center of the pendulum is moving to 
the left at (vg); = ro. 


Principle of Impulse and Momentum. We will apply the principle 
of angular impulse and momentum about point A. Thus, 


1401 + zf n a = lyw 


(C+) 1404 = (f[ ras —0 


MUG) + x fF dt = M(UG)2 


(3) -mgo + | Fat = o 
Eliminating the impulse / F dt and substituting 1, = mk& + mr? yields 
[mkz, + mr?]e,; — m(Fo;)rp = 0 


Factoring out ma, and solving for rp, we obtain 


Ans. 


NOTE: Point P, so defined, is called the center of percussion. By placing 
the striking point at P, the force developed at the pin will be minimized. 
Many sports rackets, clubs, etc. are designed so that collision with the 
object being struck occurs at the center of percussion. As a 
consequence, no “sting” or little sensation occurs in the hand of the 
player. (Also see Probs. 17-66 and 19-1.) 
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xl PREIHIMIM&RY PROBLEMS 





P19-1. Determine the angular momentum of the 100-kg P19-2, Determine the angular impulse about point O 
disk or rod about point G and about point O. fort — 3s. 


a) Xon 


SN rad/s 1 A 


a) 






o No slipping 








b) 
F(N) 
— 

c) F=(2t+2)N 

c) 
amer 

d) M = (302) N:m 

d) 3 rad/s 


O 


E 


Prob. P19-1 Prob. P19-2 
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ind FUNDAMENTAL PROBLEMS 





F19-1. The 60-kg wheel has a radius of gyration about its 
center O of ko = 300 mm. Ifit is subjected to a couple moment 
of M = (32) N* m, where f is in seconds, determine the 
angular velocity of the wheel when t = 4 s, starting from rest. 


M=(3°)N-m 






Prob. F19-1 


F19-2. The 300-kg wheel has a radius of gyration about its 
mass center O of kg = 400 mm. If the wheel is subjected to 
a couple moment of M = 300 N-m, determine its angular 
velocity 6s after it starts from rest and no slipping occurs. 
Also, determine the friction force that the ground applies to 
the wheel. 


0.6m 


M=300N-m 
\ 


Prob. F19-2 


F19-3. If rod OA of negligible mass is subjected to the 
couple moment M=9N-m, determine the angular 
velocity of the 10-kg inner gear t = 5 s after it starts from 
rest. The gear has a radius of gyration about its mass center 
of ką = 100 mm, and it rolls on the fixed outer gear, B. 
Motion occurs in the horizontal plane. 





Prob. F19-3 


F19-4. Gears A and B of mass 10 kg and 50 kg have radii 
of gyration about their respective mass centers of 
ką = 80 mm and kg = 150 mm. If gear A is subjected to the 
couple moment M = 10 N-m when it is at rest, determine 
the angular velocity of gear B when t = 5s. 


0.2m 





Prob. F19-4 


F19-5. The 50-kg spool is subjected to a horizontal force of 
P — 150 N. If the spool rolls without slipping, determine its 
angular velocity 3 s after it starts from rest. The radius of 
gyration of the spool about its center of massis kg = 175 mm. 





Prob. F19-5 
F19-6. The reel has a weight of 150 1b and a radius of 
gyration about its center of gravity of kg = 1.25 ft. If it is 
subjected to a torque of M = 25 Ib: ft, and starts from rest 
when the torque is applied, determine its angular velocity in 
3 seconds. The coefficient of kinetic friction between the 
reel and the horizontal plane is mą = 0.15. 


1ft 





Prob. F19-6 


19-1. The rigid body (slab) has a mass m and rotates with 
an angular velocity w about an axis passing through the 
fixed point O. Show that the momenta of all the particles 
composing the body can be represented by a single vector 
having a magnitude mvg and acting through point P, called 
the center of percussion, which lies at a distance 
lpg = ke / ‘go from the mass center G. Here kg is the radius 
of gyration of the body, computed about an axis 
perpendicular to the plane of motion and passing through G. 


mvg 





Prob. 19-1 


19-2. Ata given instant, the body has a linear momentum 
L = mvg and an angular momentum Hg = Jgw computed 
about its mass center. Show that the angular momentum of 
the body computed about the instantaneous center of zero 
velocity JC can be expressed as Hjc = [jcw, where Ic 
represents the body’s moment of inertia computed about 
the instantaneous axis of zero velocity. As shown, the IC is 
located at a distance rg; away from the mass center G. 





Prob. 19-2 
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19-3. Show that if a slab is rotating about a fixed axis 
perpendicular to the slab and passing through its mass 
center G, the angular momentum is the same when 
computed about any other point P. 





Prob. 19-3 


*19-4. The 40-kg disk is rotating at w = 100 rad/s. When 
the force P is applied to the brake as indicated by the graph. 
If the coefficient of kinetic friction at B is ju — 0.3, 
determine the time ¢ needed to stay the disk from rotating. 
Neglect the thickness of the brake. 





Prob. 19-4 
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19-5. The impact wrench consists of a slender l-kg rod AB 
which is 580 mm long, and cylindrical end weights at A 
and B that each have a diameter of 20 mm and a mass 
of 1 kg. This assembly is free to turn about the handle and 
socket, which are attached to the lug nut on the wheel of a 
car. If the rod AB is given an angular velocity of 4 rad/s and 
it strikes the bracket C on the handle without rebounding, 
determine the angular impulse imparted to the lug nut. 





Prob. 19-5 


19-6. The airplane is traveling in a straight line with a 
speed of 300 km/h, when the engines A and B produce a 
thrust of T4 = 40 kN and Tg = 20 KN, respectively. 
Determine the angular velocity of the airplane in t=5 s. The 
plane has a mass of 200 Mg, its center of mass is located 
at G, and its radius of gyration about G is kg = 15 m. 


PLANAR KINETICS OF A RIGID BODY: IMPULSE AND MOMENTUM 


19-7. The double pulley consists of two wheels which are 
attached to one another and turn at the same rate. The 
pulley has a mass of 15 kg and a radius of gyration of 
ko = 110mm. If the block at A has a mass of 40 kg, 
determine the speed of the block in 3 s after a constant 
force of 2 KN is applied to the rope wrapped around the 
inner hub of the pulley. The block is originally at rest. 





Prob. 19-7 


*19-8. The assembly weighs 10 lb and has a radius of 
gyration kg = 0.6 ft about its center of mass G. The kinetic 
energy of the assembly is 31 ft - lb when it is in the position 
shown. If it rolls counterclockwise on the surface without 
slipping, determine its linear momentum at this instant. 





Prob. 19-6 


Prob. 19-8 


19-9, The disk has a weight of 10 Ib and is pinned at its 
center O. If a vertical force of P = 2 lb is applied to the cord 
wrapped around its outer rim, determine the angular 
velocity of the disk in four seconds starting from rest. 
Neglect the mass of the cord. 





Prob. 19-9 


19-10. The 30-kg gear A has a radius of gyration about its 
center of mass O of kg = 125 mm. If the 20-kg gear rack B 
is subjected to a force of P = 200N, determine the time 
required for the gear to obtain an angular velocity of 
20 rad/s, starting from rest. The contact surface between the 
gear rack and the horizontal plane is smooth. 





Prob. 19-10 
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19-11. The pulley has a weight of 8 lb and may be treated 
as a thin disk. A cord wrapped over its surface is subjected 
to forces T, = 4Ib and Tz = 5 lb. Determine the angular 
velocity of the pulley when t = 4 s if it starts from rest when 
t = 0. Neglect the mass of the cord. 





Ty = 51b T, — 41b 


Prob. 19-11 


*19-12. The 40-kg roll of paper rests along the wall where 
the coefficient of kinetic friction is uj = 0.2. If a vertical 
force of P = 40 N is applied to the paper, determine the 
angular velocity of the roll when t = 6 s starting from rest. 
Neglect the mass of the unraveled paper and take the radius 
of gyration of the spool about the axle O to be kg = 80 mm. 





Prob. 19-12 
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19-13. The slender rod has a mass m and is suspended at 
its end A by a cord. If the rod receives a horizontal blow 
giving it an impulse I at its bottom B, determine the location y 
of the point P about which the rod appears to rotate during 
the impact. 











Prob. 19-13 


19-14. The rod of length L and mass m lies on a smooth 
horizontal surface and is subjected to a force P at its end A 
as shown. Determine the location d of the point about 
which the rod begins to turn, i.e, the point that has zero 
velocity. 





Prob. 19-14 
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19-15. A 4-kg disk A is mounted on arm BC, which has a 
negligible mass. If a torque of M = (5e°°') N +m, where t is 
in seconds, is applied to the arm at C, determine the angular 
velocity of BC in 2 s starting from rest. Solve the problem 
assuming that (a) the disk is set in a smooth bearing at B so 
that it moves with curvilinear translation, (b) the disk is 
fixed to the shaft BC, and (c) the disk is given an initial 
freely spinning angular velocity of wp = (-80k] rad/s prior 
to application of the torque. 


250 mm 


= (589) N -m 





Prob. 19-15 


*19-16. The frame of a tandem drum roller has a weight of 
4000 Ib excluding the two rollers. Each roller has a weight of 
1500 Ib and a radius of gyration about its axle of 1.25 ft. If a 
torque of M = 300 lb-ft is supplied to the rear roller A, 
determine the speed of the drum roller 10 s later, starting 
from rest. 








M = 300 Ib-ft 
Prob. 19-16 


19-17. The 100-lb wheel has a radius of gyration of 
kg = 0.75 ft. If the upper wire is subjected to a tension of 
T = 50 lb, determine the velocity of the center of the wheel 
in 3 s, starting from rest. The coefficient of kinetic friction 
between the wheel and the surface is u = 0.1. 











Prob. 19-17 


19-18. The 4-kg slender rod rests on a smooth floor. If it is 
kicked so as to receive a horizontal impulse 7 = 8 N's at 
point A as shown, determine its angular velocity and the 
speed of its mass center. 


uc NY 


2m 





I1-8N:s 


Prob. 19-18 
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19-19. The double pulley consists of two wheels which are 
attached to one another and turn at the same rate. The 
pulley has a mass of 15 kg and a radius of gyration 
ko = 110mm. If the block at A has a mass of 40 kg, 
determine the speed of the block in 3 s after a constant 
force F = 2 kN is applied to the rope wrapped around the 
inner hub of the pulley. The block is originally at rest. 
Neglect the mass of the rope. 








Prob. 19-19 


*19-20. The 100-kg spool is resting on the inclined surface 
for which the coefficient of kinetic friction is uz = 0.1. 
Determine the angular velocity of the spool when t = 4s 
after it is released from rest. The radius of gyration about 
the mass center is kg = 0.25 m. 





Prob. 19-20 
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19-21. The spool has a weight of 30 lb and a radius of 
gyration kg = 0.45 ft. A cord is wrapped around its inner 
hub and the end subjected to a horizontal force P = 5 Ib. 
Determine the spool's angular velocity in 4 s starting from 
rest. Assume the spool rolls without slipping. 





Prob. 19-21 


19-22. The two gears A and B have weights and radii of 
gyration of W, = I51Ib, ką — 0.5ft and Wg, = 101b, 
kg — 0.35 ft, respectively. If a motor transmits a couple 
moment to gear B of M = 2(1 — e 9?) Ib: ft, where t is in 
seconds, determine the angular velocity of gear A int = 5s, 
starting from rest. 





Prob. 19-22 
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19-23. The hoop (thin ring) has a mass of 5 kg and is 
released down the inclined plane such that it has a backspin 
w = 8rad/s and its center has a velocity vg = 3m/s as 
shown. If the coefficient of kinetic friction between the 
hoop and the plane is 4 = 0.6, determine how long the 
hoop rolls before it stops slipping. 


ES — 8 rad/s 










Prob. 19-23 


*19-24. The 30-kg gear is subjected to a force of 
P = (207) N, where t is in seconds. Determine the angular 
velocity of the gear at t = 4 s, starting from rest. Gear rack B 
is fixed to the horizontal plane, and the gear's radius of 
gyration about its mass center O is kọ = 125 mm. 


P = (20t) N 


Prob. 19-24 


19-25. The 30-lb flywheel A has a radius of gyration about 
its center of 4 in. Disk B weighs 50 Ib and is coupled to the 
flywheel by means of a belt which does not slip at its 
contacting surfaces. If a motor supplies a counterclockwise 
torque to the flywheel of M = (50r) lb-ft, where ¢ is in 
seconds, determine the time required for the disk to attain 
an angular velocity of 60 rad/s starting from rest. 





M -(S0)lIb-ft rrr 


Prob. 19-25 


19-26. If the shaft is subjected to a torque of M — 
(15?) N * m, where t is in seconds, determine the angular 
velocity of the assembly when ft = 3 s, starting from rest. 
Rods AB and BC each have a mass of 9 kg. 


(am GD Me A828 





Prob. 19-26 
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19-27. The double pulley consists of two wheels which are 
attached to one another and turn at the same rate. The 
pulley has a mass of 15 kg and a radius of gyration of 
kg = 110 mm. If the block at A has a mass of 40 kg and the 
container at B has a mass of 85 kg, including its contents, 
determine the speed of the container when r = 3 s after it is 
released from rest. 








Prob. 19-27 


*19-28. The crate has a mass m,. Determine the constant 
speed vy it acquires as it moves down the conveyor. The 
rollers each have a radius of r, mass m, and are spaced d 
apart. Note that friction causes each roller to rotate when 
the crate comes in contact with it. 





Prob. 19-28 
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19.3 Conservation of Momentum 


Conservation of Linear Momentum. If the sum of all the 
linear impulses acting on a system of connected rigid bodies is zero in a 
specific direction, then the linear momentum of the system is constant, or 
conserved in this direction, that is, 





( 5 syst. oe) = ( 5 syst. 2 (19-16) 
1 2 


momentum momentum 








This equation is referred to as the conservation of linear momentum. 

Without introducing appreciable errors in the calculations, it may 
be possible to apply Eq. 19-16 in a specified direction for which 
the linear impulses are small or nonimpulsive. Specifically, nonimpulsive 
forces occur when small forces act over very short periods of time. 
Typical examples include the force of a slightly deformed spring, 
the initial contact force with soft ground, and in some cases the weight 
of the body. 


Conservation of Angular Momentum.  Theangular momentum 
of a system of connected rigid bodies is conserved about the system's 
center of mass G, or a fixed point O, when the sum of all the angular 
impulses about these points is zero or appreciably small (nonimpulsive). 
The third of Eqs. 19-15 then becomes 





( > syst. i) _ ( 5 syst. Ba (19-17) 
ol 02 


momentum momentum 








This equation is referred to as the conservation of angular momentum. 
In the case of a single rigid body, Eq. 19-17 applied to point G becomes 
(Igw), = Ug). For example, consider a swimmer who executes a 
somersault after jumping off a diving board. By tucking his arms and 
legs in close to his chest, he decreases his body’s moment of inertia and 
thus increases his angular velocity (/go must be constant). If he 
straightens out just before entering the water, his body's moment of 
inertia is increased, and so his angular velocity decreases. Since the 
weight of his body creates a linear impulse during the time of motion, 
this example also illustrates how the angular momentum of a body can 
be conserved and yet the linear momentum is not. Such cases occur 
whenever the external forces creating the linear impulse pass through 
either the center of mass of the body or a fixed axis of rotation. 


19.3 CONSERVATION OF MOMENTUM 


Procedure for Analysis 


The conservation of linear or angular momentum should be applied 
using the following procedure. 


Free-Body Diagram. 


e Establish the x, y inertial frame of reference and draw the free- 
body diagram for the body or system of bodies during the time of 
impact. From this diagram classify each of the applied forces as 
being either “impulsive” or “nonimpulsive.” 


By inspection of the free-body diagram, the conservation of linear 
momentum applies in a given direction when no external 
impulsive forces act on the body or system in that direction; 
whereas the conservation of angular momentum applies about a 
fixed point O or at the mass center G of a body or system of 
bodies when all the external impulsive forces acting on the body 
or system create zero moment (or zero angular impulse) about O 
or G. 


As an alternative procedure, draw the impulse and momentum 
diagrams for the body or system of bodies. These diagrams are 
particularly helpful in order to visualize the “moment” terms 
used in the conservation of angular momentum equation, when it 
has been decided that angular momenta are to be computed 
about a point other than the body’s mass center G. 


Conservation of Momentum. 


e Apply the conservation of linear or angular momentum in the 
appropriate directions. 


Kinematics. 

e If the motion appears to be complicated, kinematic (velocity) 
diagrams may be helpful in obtaining the necessary kinematic 
relations. 
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PLANAR KINETICS OF A RIGID BODY: IMPULSE AND MOMENTUM 


The 10-kg wheel shown in Fig. 19-9a has a moment of inertia 
Ig = 0.156 kg: m’. Assuming that the wheel does not slip or rebound, 
determine the minimum velocity vg it must have to just roll over the 
obstruction at A. 


SOLUTION 


Impulse and Momentum Diagrams. Since no slipping or 
rebounding occurs, the wheel essentially pivots about point A during 
contact. This condition is shown in Fig. 19—9b, which indicates, 
respectively, the momentum of the wheel just before impact, the 
impulses given to the wheel during impact, and the momentum of the 
wheel just after impact. Only two impulses (forces) act on the wheel. 
By comparison, the force at A is much greater than that of the weight, 
and since the time of impact is very short, the weight can be considered 
nonimpulsive. The impulsive force F at A has both an unknown 
magnitude and an unknown direction 8. To eliminate this force from 
the analysis, note that angular momentum about A is essentially 
conserved since (98.1A2)d =~ 0. 


Conservation of Angular Momentum. With reference to Fig. 19-9b, 
(C) (H4), = (Hah 
r'm(vg), + Igo, = rm(vg); + Igo» 
(0.2 m — 0.03 m)(10 kgY(vg), + (0.156 kg * m5) = 
(0.2 m)(10 kg)(vg); + (0.156 kg + mcg) 
Kinematics. Since no slipping occurs, in general o = vg/r = 


v5/0.2 m = 5vg. Substituting this into the above equation and 
simplifying yields 

(vg), = 0.8921(vg) (1) 
Conservation of Energy.* In order to roll over the obstruction, the 
wheel must pass position 3 shown in Fig. 19-9c. Hence, if (vo); [or (vg) ] 
is to be a minimum, it is necessary that the kinetic energy of the wheel 
at position 2 be equal to the potential energy at position 3. Placing the 


datum through the center of gravity, as shown in the figure, and applying 
the conservation of energy equation, we have 


{n} + {v} = {B} + {V} 
{3(10 kowo} + 0.156 kg moz} + {0} = 
{0} + {(98.1 N)(0.03 m) } 
Substituting w, = 5(vç) and Eq. 1 into this equation, and solving, 
(Vg) = 0.729 m/s > Ans. 


*This principle does not apply during impact, since energy is lost during the collision. 
However, just after impact, as in Fig. 19-9c, it can be used. 


19.3 CONSERVATION OF MOMENTUM 


EXAMPLE [19.7 


The 5-kg slender rod shown in Fig. 19-10a is pinned at O and is 
initially at rest. If a 4-g bullet is fired into the rod with a velocity of 
400 m/s, as shown in the figure, determine the angular velocity of the 
rod just after the bullet becomes embedded in it. 


SOLUTION 


Impulse and Momentum Diagrams. The impulse which the bullet 
exerts on the rod can be eliminated from the analysis, and the angular 
velocity of the rod just after impact can be determined by considering 
the bullet and rod as a single system. To clarify the principles involved, 
the impulse and momentum diagrams are shown in Fig. 19-105. The 
momentum diagrams are drawn just before and just after impact. During 
impact, the bullet and rod exert equal but opposite internal impulses 
at A. As shown on the impulse diagram, the impulses that are external 
to the system are due to the reactions at O and the weights of the bullet 
and rod. Since the time of impact, At, is very short, the rod moves only 
a slight amount, and so the *moments" of the weight impulses about 
point O are essentially zero. Therefore angular momentum is conserved 
about this point. 


O, At 
E At 20 


| 


05m 


7 | 1 49.05 A 0.75 m 4 Ig co» 
mp(vg) ; AL I: t = (aetna 
30° ~adi i 
Al 


n — mp(vg)» 
Y 0.0392 At d 


wy g 


(b) 




















Conservation of Angular Momentum. From Fig. 19-10b, we have 
C (Hoy = X(Ho)» 
mp(vg), cos 30°(0.75 m) = mg(vg)y(0.75 m) +mg(Vg)2(0.5 m) + Iga 
(0.004 kg)(400 cos 30? m/s)(0.75 m) — 
(0.004 kg)(vg)2(0.75 m) + (5 kg)(vg)2(0.5 m) + [5 kgY( 1m) Jo) (1) 
or 
1.039 = 0.003(vg)2 + 2.50(vg), + 0.416705 


Kinematics. Since the rod is pinned at O, from Fig. 19—9c we have 
(vg); = (0.5 m)e» (vg); = (0.75 may 
Substituting into Eq. 1 and solving yields 


€» = 0.623 rad/s Ô 








Fig. 19-10 
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Line 
of impact 


Plane of impact 


(a) 


Fig. 19-11 





Here is an example of eccentric impact 
occurring between this bowling ball 
and pin. (O R.C. Hibbeler) 


*19.4  Eccentric Impact 


The concepts involving central and oblique impact of particles were 
presented in Sec. 15.4. We will now expand this treatment and discuss 
the eccentric impact of two bodies. Eccentric impact occurs when the 
line connecting the mass centers of the two bodies does not coincide with 
the line of impact.* This type of impact often occurs when one or both of the 
bodies are constrained to rotate about a fixed axis. Consider, for example, 
the collision at C between the two bodies A and B, shown in Fig. 19-11a. It 
is assumed that just before collision B is rotating counterclockwise with an 
angular velocity («5),, and the velocity of the contact point C located on A 
is (u4),. Kinematic diagrams for both bodies just before collision are shown 
in Fig. 19-115. Provided the bodies are smooth, the impulsive forces they 
exert on each other are directed along the line of impact. Hence, the 
component of velocity of point C on body B, which is directed along the line 
of impact, is (Vg); = (wp)ır, Fig. 19-115. Likewise, on body A the component 
of velocity (u4), along the line of impact is (v4),. In order for a collision to 
occur, (04), > (Ug). 

During the impact an equal but opposite impulsive force P is exerted 
between the bodies which deforms their shapes at the point of contact. The 
resulting impulse is shown on the impulse diagrams for both bodies, Fig. 19-11c. 
Note that the impulsive force at point C on the rotating body creates 
impulsive pin reactions at O. On these diagrams it is assumed that the 
impact creates forces which are much larger than the nonimpulsive weights 
of the bodies, which are not shown. When the deformation at point C is a 
maximum, C on both the bodies moves with a common velocity v along the 
line of impact, Fig. 19-114. A period of restitution then occurs in which the 
bodies tend to regain their original shapes. The restitution phase creates an 
equal but opposite impulsive force R acting between the bodies as shown 
on the impulse diagram, Fig. 19-11e. After restitution the bodies move apart 
such that point C on body B has a velocity (vg), and point C on body A 
has a velocity (u4), Fig. 19-11f, where (vg). > (wa) 

In general, a problem involving the impact of two bodies requires 
determining the two unknowns (v4), and (vg), assuming (v4), and (vg), are 
known (or can be determined using kinematics, energy methods, the 
equations of motion, etc.). To solve such problems, two equations must be 
written. The first equation generally involves application of the conservation 
of angular momentum to the two bodies. In the case of both bodies A and B, 
we can state that angular momentum is conserved about point O since the 
impulses at C are internal to the system and the impulses at O create zero 
moment (or zero angular impulse) about O. The second equation can be 
obtained using the definition of the coefficient of restitution, e, which is a 
ratio of the restitution impulse to the deformation impulse. 


*When these lines coincide, central impact occurs and the problem can be analyzed as 
discussed in Sec. 15.4. 
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f O', dt 


Jj O'. dt 





, C: f Rdt 
A . 6 
Velocity — Deformation Velocity at maximum JA Restitution 
before collision impulse deformation impulse 
(b) (c) (d) (e) 


Is is important to realize, however, that this analysis has only a very 
limited application in engineering, because values of e for this case have 
been found to be highly sensitive to the material, geometry, and the velocity 
of each of the colliding bodies. To establish a useful form of the coefficient 
of restitution equation we must first apply the principle of angular 
impulse and momentum about point O to bodies B and A separately. 
Combining the results, we then obtain the necessary equation. Proceeding 
in this manner, the principle of impulse and momentum applied to body B 
from the time just before the collision to the instant of maximum 
deformation, Figs. 19-115, 19-11c, and 19-11d, becomes 


(G+) Io(cog), + rfe dt = lọw (19-18) 


Here Tọ is the moment of inertia of body B about point O. Similarly, 
applying the principle of angular impulse and momentum from the 
instant of maximum deformation to the time just after the impact, Figs. 19-114, 
19-11e, and 19-11f, yields 








(vg); = (og) 
(G +) Iow tr R dt = Io(@pz)2 (19-19) 
Solving Eqs. 19-18 and 19-19 for f P dt and f R dt, respectively, and 
formulating e, we have x 
R dt Velocity 
T(og)— ro | (0g; — v after collision 
e = = — 
Jr d TOO Mea 9 Meh (6) 
Fig. 19-11 (cont.) 
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In the same manner, we can write an equation which relates the 
magnitudes of velocity (v4); and (v4); of body A. The result is 


209 — (vah 
e = 2 Wah 
(v4)) — v 


Combining the above two equations by eliminating the common velocity v 
yields the desired result, i.e., 





_ (ug); — Wado 


+7) a (V4)1 — (Vg) 


(19-20) 











This equation is identical to Eq. 15-11, which was derived for the central 
impact between two particles. It states that the coefficient of restitution 
is equal to the ratio of the relative velocity of separation of the points of 
contact (C) just after impact to the relative velocity at which the points 
approach one another just before impact. In deriving this equation, we 
assumed that the points of contact for both bodies move up and to the 
right both before and after impact. If motion of any one of the contacting 
points occurs down and to the left, the velocity of this point should be 
considered a negative quantity in Eq. 19-20. 





During impact the columns of many highway signs are intended to break out of their 
supports and easily collapse at their joints. This is shown by the slotted connections at 
their base and the breaks at the column's midsection. (O R.C. Hibbeler) 


The 10-lb slender rod is suspended from the pin at A, Fig. 19-12a. If a 
2-lb ball B is thrown at the rod and strikes its center with a velocity of 
30 ft/s, determine the angular velocity of the rod just after impact. The 
coefficient of restitution is e — 0.4. 


SOLUTION 
Conservation of Angular Momentum. Consider the ball and rod as 


a system, Fig. 19-125. Angular momentum is conserved about point A 
since the impulsive force between the rod and ball is internal. Also, the 
weights of the ball and rod are nonimpulsive. Noting the directions of 
the velocities of the ball and rod just after impact as shown on the 
kinematic diagram, Fig. 19-12c, we require 

(G4) (Ha), = (Hah 


mpg(vUg),(1.5 ft) = mp(Vp)2(1.5 ft) + Mpr(VG)21.5 ft) + Ig05 


2 lb 2 Ib 
Gave ft/s )(1.5 ft) = (soirs) ens ft) + 


( eu Je )o(1.5 ft) + l ‘ ( a Je Ww? 
amet ot i — ——— RS w 
32.2 ft/s?) 0? 12\ 32.2 ft/s? : 
Since (Vg). = 1.5w, then 
2.795 = 0.09317(vg); + 0.9317% (1) 


Coefficient of Restitution. With reference to Fig. 19-12c, we have 








(3 _ wah — (Up _ (1.5 fe: — (vg); 
(Up), — (gi -— 30 ft/s — 0 
12.0 = 1L.5w5 — (vg) (2) 


Solving Eqs. 1 and 2, yields 
(vg); = —6.52 ft/s = 6.52 ft/s <— 
€» = 3.65 rad/s Ý Ans. 
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Pe 
15 ft 
30 ft/s | 
———- 
— 
B | 
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hs 


(a) 





A 
MAS, 


(vg) = 30 ft/s 
———- 


(Ys) 


(c) 
Fig. 19-12 
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PE TPROBLEMS 


19-29. The turntable T of a record player has a mass of 
0.75 kg and a radius of gyration k, = 125 mm. It is turning 
freely at wr = 2 rad/s when a 50-g record (thin disk) falls on 
it. Determine the final angular velocity of the turntable just 
after the record stops slipping on the turntable. 





wr = 2 rad/s 


Prob. 19-29 


19-30. The 10-g bullet having a velocity of 800 m/s is fired 
into the edge of the 5-kg disk as shown. Determine the 
angular velocity of the disk just after the bullet becomes 
embedded into its edge. Also, calculate the angle @ the disk 
will swing when it stops. The disk is originally at rest. Neglect 
the mass of the rod AB. 


19-31. The 10-g bullet having a velocity of 800 m/s is fired 
into the edge of the 5-kg disk as shown. Determine the 
angular velocity of the disk just after the bullet becomes 
embedded into its edge. Also, calculate the angle 0 the disk 
will swing when it stops. The disk is originally at rest. The 
rod AB has a mass of 3 kg. 





v — 800 m/s 
=æ 


Probs. 19-30/31 


*19-32. The circular disk has a mass m and is suspended at 
A by the wire. If it receives a horizontal impulse I at its 
edge B, determine the location y of the point P about which 
the disk appears to rotate during the impact. 





B 
Prob. 19-32 


19-33. The 80-kg man is holding two dumbbells while 
standing on a turntable of negligible mass, which turns 
freely about a vertical axis. When his arms are fully 
extended, the turntable is rotating with an angular velocity 
of 0.5 rev/s. Determine the angular velocity of the man 
when he retracts his arms to the position shown. When his 
arms are fully extended, approximate each arm as a uniform 
6-kg rod having a length of 650 mm, and his body as a 68-kg 
solid cylinder of 400-mm diameter. With his arms in the 
retracted position, assume the man is an 80-kg solid cylinder 
of 450-mm diameter. Each dumbbell consists of two 5-kg 
spheres of negligible size. 





Prob. 19-33 


19-34. The platform swing consists of a 200-lb flat plate 
suspended by four rods of negligible weight. When the 
swing is at rest, the 150-Ib man jumps off the platform when 
his center of gravity G is 10 ft from the pin at A. This is done 
with a horizontal velocity of 5 ft/s, measured relative to the 
swing at the level of G. Determine the angular velocity he 
imparts to the swing just after jumping off. 

















Prob. 19-34 


19-35. The 2-kg rod ACB supports the two 4-kg disks at its 
ends. If both disks are given a clockwise angular velocity 
(04), = (og) = 5 rad/s while the rod is held stationary and 
then released, determine the angular velocity of the rod 
after both disks have stopped spinning relative to the rod 
due to frictional resistance at the pins A and B. Motion is in 
the horizontal plane. Neglect friction at pin C. 


0.75m =< 0.75m 


E HÀ 


E. 0.15 m (94), 











Prob. 19-35 
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*19-36. The satellite has a mass of 200 kg and a radius of 
gyration about z axis of k, = 0.1 m, excluding the two solar 
panels A and B. Each solar panel has a mass of 15 kg and 
can be approximated as a thin plate. If the satellite is 
originally spinning about the z axis at a constant rate 
w, = 0.5 rad/s when 0 = 90°, determine the rate of spin if 
both panels are raised and reach the upward position, 
0 = 0°, at the same instant. 





0.3 m 


Prob. 19-36 


19-37. Disk A has a weight of 20 lb. An inextensible cable 
is attached to the 10-Ib weight and wrapped around the 
disk. The weight is dropped 2 ft before the slack is taken up. 
If the impact is perfectly elastic, i.e., e = 1, determine the 
angular velocity of the disk just after impact. 





10 Ib 


Prob. 19-37 
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19-38. The plank has a weight of 30 Ib, center of gravity 
at G, and it rests on the two sawhorses at A and B. If the end D 
is raised 2 ft above the top of the sawhorses and is released 
from rest, determine how high end C will rise from the top 
of the sawhorses after the plank falls so that it rotates 
clockwise about A, strikes and pivots on the sawhorse at B, 
and rotates clockwise off the sawhorse at A. 








E 3 ft — «das i 3 ft 


Prob. 19-38 


19-39, The 12-kg rod AB is pinned to the 40-kg disk. If the 
disk is given an angular velocity wp = 100 rad/s while the 
rod is held stationary, and the assembly is then released, 
determine the angular velocity of the rod after the disk has 
stopped spinning relative to the rod due to frictional 
resistance at the bearing B. Motion is in the horizontal 
plane. Neglect friction at the pin A. 








Prob. 19-39 
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*19-40. A thin rod of mass m has an angular velocity wo 
while rotating on a smooth surface. Determine its new 
angular velocity just after its end strikes and hooks onto the 
peg and the rod starts to rotate about P without rebounding. 
Solve the problem (a) using the parameters given, (b) 
setting m = 2 kg, wọ = 4rad/s,/ = 1.5 m. 





Prob. 19-40 


19-41. Tests of impact on the fixed crash dummy are 
conducted using the 300-Ib ram that is released from rest at 
0 = 30°, and allowed to fall and strike the dummy at 
0 = 90°. If the coefficient of restitution between the 
dummy and the ram is e — 04, determine the angle 0 to 
which the ram will rebound before momentarily coming 
to rest. 


10 ft 





Prob. 19-41 


19-42. The vertical shaft is rotating with an angular 
velocity of 3 rad/s when 6 = 0°. If a force F is applied to the 
collar so that 0 = 90°, determine the angular velocity of the 
shaft. Also, find the work done by force F. Neglect the mass 
of rods GH and EF and the collars J and J. The rods AB 
and CD each have a mass of 10 kg. 











Prob. 19-42 


19-43. The mass center of the 3-lb ball has a velocity of 
(vg), = 6 ft/s when it strikes the end of the smooth 5-Ib 
slender bar which is at rest. Determine the angular velocity 
of the bar about the z axis just after impact if e — 0.8. 


Z A 
2ft A 





r=0.5ft 


Prob. 19-43 
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*19-44, The pendulum consists of a slender 2-kg rod AB 
and 5-kg disk. It is released from rest without rotating. 
When it falls 0.3 m, the end A strikes the hook S, which 
provides a permanent connection. Determine the angular 
velocity of the pendulum after it has rotated 90°. Treat the 
pendulum’s weight during impact as a nonimpulsive force. 


pud 


B 














Prob. 19-44 


19-45. The 10-Ib block is sliding on the smooth surface 
when the corner D hits a stop block S. Determine the 
minimum velocity v the block should have which would 
allow it to tip over on its side and land in the position 
shown. Neglect the size of S. Hint: During impact consider 
the weight of the block to be nonimpulsive. 


v 








— 
Bk— 1 ft ——4 C A B 
118 
A D SaD € 
Prob. 19-45 


19-46. Determine the height h at which a billiard ball of 
mass m must be struck so that no frictional force develops 
between it and the table at A. Assume that the cue C only 
exerts a horizontal force P on the ball. 





Prob. 19-46 
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19-47. The pendulum consists of a 15-kg solid ball and 
6-kg rod. If it is released from rest when 0; = 90°, determine 
the angle 0, after the ball strikes the wall, rebounds, and the 
pendulum swings up to the point of momentary rest. Take 
e = 0.6. 


300 mm 














Prob. 19-47 


*19-48. The 4-lb rod AB is hanging in the vertical position. 
A 2-]b block, sliding on a smooth horizontal surface with a 
velocity of 12 ft/s, strikes the rod at its end B. Determine 
the velocity of the block immediately after the collision. The 
coefficient of restitution between the block and the rod at B 
ise — 0.8. 














Prob. 19-48 
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19-49, The hammer consists of a 10-kg solid cylinder C 
and 6-kg uniform slender rod AB. If the hammer is released 
from rest when 0 = 90° and strikes the 30-kg block D when 
0 = 0°, determine the velocity of block D and the angular 
velocity of the hammer immediately after the impact. The 
coefficient of restitution between the hammer and the 
block is e — 0.6. 

















Prob. 19-49 


19-50. The 20-kg disk strikes the step without rebounding. 
Determine the largest angular velocity œ; the disk can have 
and not lose contact with the step, A. 





A | 30mm 





Prob. 19-50 


19-51. The solid ball of mass m is dropped with a velocity v; 
onto the edge of the rough step. If it rebounds horizontally 
off the step with a velocity v, determine the angle 0 at 
which contact occurs. Assume no slipping when the ball 
strikes the step. The coefficient of restitution is e. 








Prob. 19-51 


*19-52. The wheel has a mass of 50 kg and a radius of 
gyration of 125 mm about its center of mass G. Determine 
the minimum value of the angular velocity w, of the wheel, 
so that it strikes the step at A without rebounding and then 
rolls over it without slipping. 








A 125 mm 








Prob. 19-52 
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19-53. The wheel has a mass of 50 kg and a radius of 
gyration of 125 mm about its center of mass G. If it rolls 
without slipping with an angular velocity of w, = 5 rad/s 
before it strikes the step at A, determine its angular velocity 
after it rolls over the step. The wheel does not lose contact 
with the step when it strikes it. 








A 125 mm 








Prob. 19-53 


19-54. The rod of mass m and length L is released from 
rest without rotating. When it falls a distance L, the end A 
strikes the hook S, which provides a permanent connection. 
Determine the angular velocity w of the rod after it has 
rotated 90°. Treat the rod’s weight during impact as a 
nonimpulsive force. 











A 
E y 
. L ` 

| 

| 

| 

| L 

| 

| 

| 

| 

s QE 

Prob. 19-54 
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19-55. The 15-lb rod AB is released from rest in the 
vertical position. If the coefficient or restitution between 
the floor and the cushion at B is e = 0.7, determine how 
high the end of the rod rebounds after impact with the floor. 








Prob. 19-55 


*19-56. A ball having a mass of 8 kg and initial speed of 
v; = 0.2 m/s rolls over a 30-mm-long depression. Assuming 
that the ball rolls off the edges of contact first A, then B, 
without slipping, determine its final velocity v; when it 
reaches the other side. 





Prob. 19-56 
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19-57. A solid ball with a mass m is thrown on the ground 
such that at the instant of contact it has an angular velocity 
w; and velocity components (vo); and (vo), as shown. If 
the ground is rough so no slipping occurs, determine the 
components of the velocity of its mass center just after 
impact. The coefficient of restitution is e. 








Prob. 19-57 


19-58. The pendulum consists of a 10-Ib solid ball and 4-Ib 
rod. If it is released from rest when 09 = 0°, determine the 
angle 6, of rebound after the ball strikes the wall and the 
pendulum swings up to the point of momentary rest. 
Take e — 0.6. 








0.3 ft 
= 
0 
2 ft 
0.3 ft 
Prob. 19-58 





C19-1. The soil compactor moves forward at constant 
velocity by supplying power to the rear wheels. Use 
appropriate numerical data for the wheel, roller, and body 
and calculate the angular momentum of this system about 
point A at the ground, point B on the rear axle, and point G, 
the center of gravity for the system. 





Prob. C19-1 (© R.C. Hibbeler) 


C19-2. The swing bridge opens and closes by turning 90° 
using a motor located under the center of the deck at A that 
applies a torque M to the bridge. If the bridge was supported 
at its end B, would the same torque open the bridge at the 
same time, or would it open slower or faster? Explain your 
answer using numerical values and an impulse and 
momentum analysis. Also, what are the benefits of making 
the bridge have the variable depth as shown? 


AE MEE ME a CT 





Prob. C19-2 (© R.C. Hibbeler) 
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C19-3. Why is it necessary to have the tail blade B on the 
helicopter that spins perpendicular to the spin of the main 
blade A? Explain your answer using numerical values and 
an impulse and momentum analysis. 


o 


-~ 


Prob. C19-3 (© R.C. Hibbeler) 


C19-4. The amusement park ride consists of two gondolas 
A and B, and counterweights C and D that swing in opposite 
directions. Using realistic dimensions and mass, calculate 
the angular momentum of this system for any angular 
position of the gondolas. Explain through analysis why it is 
a good idea to design this system to have counterweights 
with each gondola. 





Prob. C19-4 (O R.C. Hibbeler) 
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CHAPTER REVIEW 


Linear and Angular Momentum 


The linear and angular momentum of a 
rigid body can be referenced to its mass 
center G. 


If the angular momentum is to be 
determined about an axis other than the 
one passing through the mass center, then 
the angular momentum is determined by 
summing vector Hg and the moment of 
vector L about this axis. 


Ae VoG=Vv 

















Translation 
L= MUG 

Hg = 0 

Ay = (mvg)d 





Principle of Impulse and Momentum 


The principles of linear and angular impulse 
and momentum are used to solve problems 
that involve force, velocity, and time. Before 
applying these equations, it is important to 
establish the x, y, z inertial coordinate 
system. The free-body diagram for the body 
should also be drawn in order to account 
for all of the forces and couple moments 
that produce impulses on the body. 





Rotation about a fixed axis 





A 


General plane motion 


L= MUG L= mug 
Hg = Iga Hg = Igo 
Ho = Ilow Ay = Igo +F (mvg)d 








t 
MVGx)1 aly xf F; dt = M(VGx)2 
ti 





h 
m(Vcy)ı Ae zf F, dt = m(UGy)2 
ti 


h 
Igw, T >f Mg dt — Ig0» 
ti 


Conservation of Momentum 


Provided the sum of the linear impulses 
acting on a system of connected rigid 
bodies is zero in a particular direction, 
then the linear momentum for the system 
is conserved in this direction. Conservation 
of angular momentum occurs if the 
impulses pass through an axis or are 
parallel to it. Momentum is also conserved 
if the external forces are small and thereby 
create nonimpulsive forces on the system. 
A free-body diagram should accompany 
any application in order to classify the 
forces as impulsive or nonimpulsive and to 
determine an axis about which the angular 
momentum may be conserved. 
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syst. id _ ( syst. d 
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momentum momentum 
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01 02 


momentum momentum 
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Eccentric Impact 


If the line of impact does not coincide with 
the line connecting the mass centers of 
two colliding bodies, then eccentric impact 
will occur. If the motion of the bodies just 
after the impact is to be determined, then 
it is necessary to consider a conservation 
of momentum equation for the system and 
use the coefficient of restitution equation. 











_ (p — ade 
(v4) — (Up) 
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m REVIEW PROBLEMS 


R19-1. The cable is subjected to a force of P = (102) Ib. 
where t is in seconds. Determine the angular velocity of the 
spool 3 s after P is applied, starting from rest. The spool has 
a weight of 150 Ib and a radius of gyration of 1.25 ft about its 
center, O. 





P= (102) Ib 


Prob. R19-1 


R19-2. The space capsule has a mass of 1200 kg and a 
moment of inertia /; = 900 kg: m? about an axis passing 
through G and directed perpendicular to the page. If it is 
traveling forward with a speed vg = 800 m/s and executes 
a turn by means of two jets, which provide a constant thrust 
of 400 N for 0.3 s, determine the capsule’s angular velocity 
just after the jets are turned off. 








T=400N 


Prob. R19-2 


R19-3. The tire has a mass of 9 kg and a radius of gyration 
ko = 225 mm. If it is released from rest and rolls down the 
plane without slipping, determine the speed of its center O 
when t — 3s. 





Prob. R19-3 


R19-4. The wheel having a mass of 100 kg and a radius of 
gyration about the z axis of k, — 300 mm, rests on the 
smooth horizontal plane. If the belt is subjected to a force of 
P — 200 N, determine the angular velocity of the wheel and 
the speed of its center of mass O, three seconds after the 
force is applied. 





Prob. R19-4 


R19-5. The spool has a weight of 30 lb and a radius of 
gyration kg = 0.65 ft. If a force of 40 Ib is applied to the 
cord at A, determine the angular velocity of the spool in 

= 3s starting from rest. Neglect the mass of the pulley 
and cord. 








Prob. R19-5 


R19-6. Spool B is at rest and spool A is rotating at 6 rad/s 
when the slack in the cord connecting them is taken up. If 
the cord does not stretch, determine the angular velocity of 
each spool immediately after the cord is jerked tight. 
The spools A and B have weights and radii of 
gyration Wy, = 301b, ką = 0.8 ft, Wg = 15 lb, kg = 0.6 ft, 
respectively. 
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R19-7. A thin disk of mass m has an angular velocity œ; 
while rotating on a smooth surface. Determine its new 
angular velocity just after the hook at its edge strikes the 
peg P and the disk starts to rotate about P without 
rebounding. 





Prob. R19-7 


R19-8. The space satellite has a mass of 125 kg and a 
moment of inertia I, = 0.940 kg: m?, excluding the four 
solar panels A, B, C, and D. Each solar panel has a mass of 
20 kg and can be approximated as a thin plate. If the 
satellite is originally spinning about the z axis at a constant 
rate w, = 0.5 rad/s when 0 = 90°, determine the rate of 
spin if all the panels are raised and reach the upward 
position, 0 = 0°, at the same instant. 





Prob. R19-6 


Prob. R19-8 


Chapter 20 


(O Philippe Psaila/Science Source) 


Design of industrial robots requires knowing the kinematics of their 
three-dimensional motions. 








[hree-Dimensional 
Kinematics of a 


Rigid Body 





20.1 Rotation About a Fixed Point 


When a rigid body rotates about a fixed point, the distance r from the 
point to a particle located on the body is the same for any position of the 
body. Thus, the path of motion for the particle lies on the surface of a 
sphere having a radius r and centered at the fixed point. Since motion 
along this path occurs only from a series of rotations made during a finite 
time interval, we will first develop a familiarity with some of the properties 
of rotational displacements. 


The boom can rotate up and down, 
and because it is hinged at a point on 
the vertical axis about which it turns, 
it is subjected to rotation about a 
fixed point. (O R.C. Hibbeler) 
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Euler's Theorem.  Euler's theorem states that two “component” 
rotations about different axes passing through a point are equivalent to a 
single resultant rotation about an axis passing through the point. If more 
than two rotations are applied, they can be combined into pairs, and each 
pair can be further reduced and combined into one rotation. 


Finite Rotations. If component rotations used in Euler’s theorem 
are finite, it is important that the order in which they are applied be 
maintained. To show this, consider the two finite rotations 0, + 05 
applied to the block in Fig. 20-1a. Each rotation has a magnitude of 90° 
and a direction defined by the right-hand rule, as indicated by the arrow. 
The final position of the block is shown at the right. When these two 
rotations are applied in the order 05 + 0;, as shown in Fig. 20-1b, the 
final position of the block is not the same as it is in Fig. 20-1a. Because 
finite rotations do not obey the commutative law of addition 
(0, + 05 A 0, + 0j), they cannot be classified as vectors. If smaller, yet 
finite, rotations had been used to illustrate this point, e.g., 10? instead of 
90°, the final position of the block after each combination of rotations 
would also be different; however, in this case, the difference is only a 
small amount. 





Fig. 20-1 
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Infinitesimal Rotations. When defining the angular motions of a N E 
body subjected to three-dimensional motion, only rotations which are Qu? dt 
infinitesimally small will be considered. Such rotations can be classified as 

vectors, since they can be added vectorially in any manner.'To show this, for E 


purposes of simplicity let us consider the rigid body itself to be 
a sphere which is allowed to rotate about its central fixed point O, 
Fig. 20-2a. If we impose two infinitesimal rotations dð, + d0, on the body, 
it is seen that point P moves along the path d0, X r + d0, X r and ends 
up at P’. Had the two successive rotations occurred in the order d0, + d0,, 
then the resultant displacements of P would have been d0, X r + d0, X r. 
Since the vector cross product obeys the distributive law, by comparison 
(dð; + d05) X r = (d0, + 404) X r. Here infinitesimal rotations d0 are 
vectors, since these quantities have both a magnitude and direction for 
which the order of (vector) addition is not important, i.e., 
d0, + dð, = d0, + d0,. As a result, as shown in Fig. 20-2a, the two (a) 
“component” rotations dð; and d0, are equivalent to a single resultant 
rotation dð = d0, + d0,, a consequence of Euler's theorem. 





Instantaneous axis 


of rotation 
Angular Velocity. If the body is subjected to an angular rotation \ 
d0 about a fixed point, the angular velocity of the body is defined by the 
time derivative, 


o=0 (20-1) 





The line specifying the direction of œ, which is collinear with d0, is 
referred to as the instantaneous axis of rotation, Fig. 20—2b. In general, this 
axis changes direction during each instant of time. Since d@ is a vector 
quantity, so too is w, and it follows from vector addition that if the body 
is subjected to two component angular motions, œ; = 0, and œ = 65, 
the resultant angular velocity is o = w, + «5. (b) 





Fig. 20-2 


Angular Acceleration. The body’s angular acceleration is 
determined from the time derivative of its angular velocity, i.e., 


eva 


For motion about a fixed point, œ must account for a change in both the 
magnitude and direction of c, so that, in general, œ is not directed along 
the instantaneous axis of rotation, Fig. 20-3. 

As the direction of the instantaneous axis of rotation (or the line of 
action of w) changes in space, the locus of the axis generates a fixed space 
cone, Fig. 20-4. If the change in the direction of this axis is viewed with 
respect to the rotating body, the locus of the axis generates a body cone. Fig. 20-3 









Instantaneous axis 
of rotation 





564 


CHAPTER 20 THREE-DIMENSIONAL KINEMATICS OF A RIGID BODY 


Instantaneous 
axis of rotation 


(a) 










Instantaneous 
axis of 
rotation 


At any given instant, these cones meet along the instantaneous axis of 
rotation, and when the body is in motion, the body cone appears to roll 
either on the inside or the outside surface of the fixed space cone. 
Provided the paths defined by the open ends of the cones are described 
by the head of the vector, then a must act tangent to these paths at any 
given instant, since the time rate of change of w is equal to a. Fig. 20-4. 

To illustrate this concept, consider the disk in Fig. 20—5a that spins about 
the rod at œ,, while the rod and disk precess about the vertical axis at ,,. 
The resultant angular velocity of the disk is therefore w = w, + «,. Since 
both point O and the contact point P have zero velocity, then all points on 
a line between these points must have zero velocity. Thus, both œ and the 
instantaneous axis of rotation are along OP. Therefore, as the disk rotates, 
this axis appears to move along the surface of the fixed space cone shown 
in Fig. 20—5b. If the axis is observed from the rotating disk, the axis then 
appears to move on the surface of the body cone. At any instant, though, 
these two cones meet each other along the axis OP. If œ has a constant 
magnitude, then æ indicates only the change in the direction of œ, which is 
tangent to the cones at the tip of œ as shown in Fig. 20-5b. 


Velocity. Once w is specified, the velocity of any point on a body 
rotating about a fixed point can be determined using the same methods 
as for a body rotating about a fixed axis. Hence, by the cross product, 


v—coXr (20-3) 


Here r defines the position of the point measured from the fixed point O, 
Fig. 20-3. 





Acceleration. If «and æ are known at a given instant, the acceleration 
of a point can be obtained from the time derivative of Eq. 20-3, which yields 





a =a xX r+ wX (w X r) | (20-4) 








*20.2 The Time Derivative of a Vector 
Measured from Either a Fixed 
or Translating-Rotating System 


Instantaneous 
axis of rotation 
In many types of problems involving the motion of a body about a fixed 


point, the angular velocity « is specified in terms of its components. Then, 
if the angular acceleration a of such a body is to be determined, it is often 
easier to compute the time derivative of w using a coordinate system that 
has a rotation defined by one or more of the components of w. For 
example, in the case of the disk in Fig. 20-5a, where @ = w, + œp, the x, 
y, z axes can be given an angular velocity of w,. For this reason, and for 
other uses later, an equation will now be derived, which relates the time 
derivative of any vector A defined from a translating-rotating reference 
to its time derivative defined from a fixed reference. 
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Consider the x, y, z axes of the moving frame of reference to be rotating 
with an angular velocity ©, which is measured from the fixed X, Y, Z 
axes, Fig. 20-6a. In the following discussion, it will be convenient to 
express vector A in terms of its i, j. k components, which define the 
directions of the moving axes. Hence, 


A = Ad + Aj + A,k 


In general, the time derivative of A must account for the change in 
both its magnitude and direction. However, if this derivative is taken 
with respect to the moving frame of reference, only the change in the 
magnitudes of the components of A must be accounted for, since the 
directions of the components do not change with respect to the moving 
reference. Hence, 


(À),, = Åi + Å j + åk (20-5) 


When the time derivative of A is taken with respect to the fixed frame 
of reference, the directions of i, j, and k change only on account of the 
rotation Q of the axes and not their translation. Hence, in general, 


À = Åi + Åj + Åk + Adi + A, j + Ak 


The time derivatives of the unit vectors will now be considered. For 
example, i = di/dt represents only the change in the direction of i with 
respect to time, since i always has a magnitude of 1 unit. As shown in 
Fig. 20-6b, the change, di, is tangent to the path described by the 
arrowhead ofi as i swings due to the rotation Q. Accounting for both the 
magnitude and direction of di, we can therefore define i using the cross 
product,i = Q x i. In general, then 


i=Qxi j=Qxj K=QXk 


These formulations were also developed in Sec. 16.8, regarding planar 
motion of the axes. Substituting these results into the above equation 
and using Eq. 20-5 yields 





A=(A)y + Q X A (20-6) 











This result is important, and will be used throughout Sec. 20.4 and 
Chapter 21. It states that the time derivative of any vector A as observed 
from the fixed X, Y, Z frame of reference is equal to the time rate of change 
of A as observed from the x, y, z translating-rotating frame of reference, 
Eq. 20-5, plus Q X A, the change of A caused by the rotation of the x, y, z 
frame. As a result, Eq. 20-6 should always be used whenever Q produces 
a change in the direction of A as seen from the X, Y, Z reference. If this 
change does not occur, i.e., Q = 0, then A= (A). and so the time rate 
of change of A as observed from both coordinate systems will be the same. 








(a) 


Q 
= 
Ne i at time t + dt 
Da 


iattimet — ——x 
(b) 
Fig. 20-6 
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EXAMPLE | 20.1 


The disk shown in Fig. 20-7 spins about its axle with a constant angular 
velocity w, = 3 rad/s, while the horizontal platform on which the disk 
is mounted rotates about the vertical axis at a constant rate 
wp = 1 rad/s. Determine the angular acceleration of the disk and the 
velocity and acceleration of point A on the disk when it is in the 
position shown. 


w; = 3 rad/s 


SOLUTION 

Point O represents a fixed point of rotation for the disk if one considers 
a hypothetical extension of the disk to this point. To determine the 
velocity and acceleration of point A, it is first necessary to determine 
the angular velocity w and angular acceleration « of the disk, since 
these vectors are used in Eqs. 20-3 and 20-4. 


Angular Velocity. The angular velocity, which is measured from X, 
Y, Z, is simply the vector addition of its two component motions. Thus, 


w = w; + w, = (3j — IK] rad/s 
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Angular Acceleration. Since the magnitude of w is constant, only a 
change in its direction, as seen from the fixed reference, creates the 
angular acceleration a of the disk. One way to obtain a is to compute 
the time derivative of each of the two components of w using Eq. 20-6. 
At the instant shown in Fig. 20-7, imagine the fixed X, Y, Z and a 
rotating x, y, z frame to be coincident. If the rotating x, y, z frame is 
chosen to have an angular velocity of © = œ, = {—1k} rad/s, then 
w, will always be directed along the y (not Y) axis, and the time rate of 
change of w, as seen from x, y, z is Zero; i.e., (@;)y: = 0 (the magnitude 
and direction of c, is constant). Thus, 


€, = (Oyz + €, X e, = 0 + (71k) x Gj) = {3i} rad/s? 


By the same choice of axes rotation, Q = w,, or even with Q = 0, 
the time derivative (@,),,, = 0, since œ, has a constant magnitude and 
direction with respect to x, y, z. Hence, 


O, = (Op) + @ Xo, =0+0=0 


The angular acceleration of the disk is therefore 


æ = ð = &, + à, = {3i} rad/s? 


Velocity and Acceleration. Since w and œ have now been 
determined, the velocity and acceleration of point A can be found 
using Eqs. 20-3 and 20-4. Realizing that r, = {1j + 0.25k} m, 
Fig. 20-7, we have 


V4 = @ X r, = (3j — IK) X (1j + 025k) = {1.751} m/s Ans. 
a, — a X r4 + o X (o9 X rj) 
(3i) X (1j + 0.25k) + (3j — 1k) X [3j — 1k) X (1j + 0.25k)] 
{-2.50j — 225k) m/s” Ans. 
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(y = 5 rad/s A 
à, = 4 rad Js: elm 
Always in all 


Z directio 


A 
AK 





0 





n 


X wpn = 3 rad/s 
à, = 2 rad/s? 
Always in x-y plane 


Fig. 20-8 


Y 


O, 


THREE-DIMENSIONAL KINEMATICS OF A RIGID BODY 


At the instant 0 = 60°, the gyrotop in Fig. 20-8 has three components 
of angular motion directed as shown and having magnitudes defined as: 


Spin: œw, = 10 rad/s, increasing at the rate of 6 rad/s” 
Nutation: w, = 3 rad/s, increasing at the rate of 2 rad/s” 
Precession: œw, = 5 rad/s, increasing at the rate of 4 rad/s? 
Determine the angular velocity and angular acceleration of the top. 
SOLUTION 


Angular Velocity. The top rotates about the fixed point O. If the 
fixed and rotating frames are coincident at the instant shown, then the 
angular velocity can be expressed in terms of i, j, k components, with 
reference to the x, y, z frame; ie. 


w = —a,i + @, sin Oj + (vy + @, cos 0)k 
ws = 10 rad/s —3i + 10 sin 60°j + (5 + 10 cos 60°)k 
à, — 6 rad/s? = {-3i + 8.66j + 10k} rad/s Ans. 


oy” 


Angular Acceleration. As in the solution of Example 20.1, the 
angular acceleration @ will be determined by investigating separately 
the time rate of change of each of the angular velocity components as 
observed from the fixed X, Y, Z reference. We will choose an Q for the 
x, y, z reference so that the component of w being considered is viewed 
as having a constant direction when observed from x, y, z. 

Careful examination of the motion of the top reveals that w, has 
a constant direction relative to x, y, z if these axes rotate at 
Q = w, + @,. Thus, 


= (®s) xyz as (@,, AP wp) x Qs 

= (6 sin 60°j + 6 cos 60°k) + (—3i + 5k) X (10 sin 60^j + 10 cos 60°k) 
= {-43.30i + 20.20j — 22.98k} rad/s” 

Since w, always lies in the fixed X-Y plane, this vector has a constant 


direction if the motion is viewed from axes x, y, z having a rotation of 
Q = c, (not Q = w, + @,). Thus, 


On = (&,),,, + Wy X c, = —2i + (5k) X (-3i) = {—2i — 15j} rad/s? 


Finally, the component w, is always directed along the Z axis so that here 
it is not necessary to think of x, y, z as rotating, i.e., Q = 0. Expressing 
the data in terms of the i, j, k components, we therefore have 


Op, = (Op) + 0 X c, = {4k} rad/s? 
Thus, the angular acceleration of the top is 


æ = &, + @, + @, = {—45.3i + 5.20j — 19.0k} rad/s? Ans. 
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20.3 General Motion 


Shown in Fig. 20-9 is a rigid body subjected to general motion in three 
dimensions for which the angular velocity is w and the angular acceleration 
is a. If point A has a known motion of v, and a,, the motion of any other 
point B can be determined by using a relative-motion analysis. In this 
section a translating coordinate system will be used to define the relative 
motion, and in the next section a reference that is both rotating and 
translating will be considered. 

If the origin of the translating coordinate system x, y, z (Q = 0) is 
located at the “base point” A, then, at the instant shown, the motion of 
the body can be regarded as the sum of an instantaneous translation of 
the body having a motion of vy, and ay, and a rotation of the body about 
an instantaneous axis passing through point A. Since the body is rigid, 


the motion of point B measured by an observer located at A is therefore Instantaneous 
the same as the rotation of the body about a fixed point. This relative azis oftotation z 
motion occurs about the instantaneous axis of rotation and is defined \ 

by vgj, = € X rgj,, Eq. 20-3, and agja = @ X rgj, + wœ X (w X rgj4), Ns 
Eq.20-4. For translating axes, the relative motions are related to absolute Of 





motions by vg = v4 + vgj, and ag = a4 + aga, Eqs. 16-15 and 16-17 so 
that the absolute velocity and acceleration of point B can be determined 
from the equations 





























VA he PT y 
Vp = V4 + @ X T5/A (20-7) Z^ 
and x” aA 
O Y 
ag — 84 tax TB/A tox (w x Yp/A) (20-8) 
X 
These two equations are essentially the same as those describing the Fig. 20-9 


general plane motion of a rigid body, Eqs. 16-16 and 16-18. However, 
difficulty in application arises for three-dimensional motion, because « 
now measures the change in both the magnitude and direction of w. 

Although this may be the case, a direct solution for vg and ag can be 
obtained by noting that vg/4 = vg — Va, and so Eq. 20-7 becomes 
VpgjA = €) X rgja. The cross product indicates that vg/,4 is perpendicular 
to rg/4, and so, as noted by Eq. C-14 of Appendix C, we require 





Yg/A * VB/A 7 O (20-9) 
Taking the time derivative, we have 
VpjA* VpjyA + Ygja* agja = O (20-10) 


Solution II of the following example illustrates application of this idea. 
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EXAMPLE | 20.3 





Fig. 20-10 


If the collar at C in Fig. 20-10a moves toward B with a speed of 3 m/s, 
determine the velocity of the collar at D and the angular velocity of 
the bar at the instant shown. The bar is connected to the collars at its 
end points by ball-and-socket joints. 


SOLUTION I 
Bar CD is subjected to general motion. Why? The velocity of point D 
on the bar can be related to the velocity of point C by the equation 


Vp — Vc t 0€ X Ipc 


The fixed and translating frames of reference are assumed to coincide 
at the instant considered, Fig. 20-105. We have 


Vp — —vpk Nnm {3j} m/s 


rpjc = {li + 2j — 0.5k} m = od + œj + vk 


Substituting into the above equation we get 


i j k 
Gk = 3) tp Ore aw, w; 
OOS 


Expanding and equating the respective i, j, k components yields 
sm = 20, = "0. (1) 
0.50, + lo, + 3 =0 (2) 
2m, — lw, + Vp = 0 (3) 


These equations contain four unknowns.* A fourth equation can be 
written if the direction of w is specified. In particular, any component 
of w acting along the bar’s axis has no effect on moving the collars. 
This is because the bar is free to rotate about its axis. Therefore, if «o is 
specified as acting perpendicular to the axis of the bar, then w must 
have a unique magnitude to satisfy the above equations. Hence, 


@* Ipc = (wi + wj + œk): Ui + 2j — 05k) = 0 
lo, + 20, — 0.50,— 0 (4) 


*Although this is the case, the magnitude of vp can be obtained. For example, solve 
Eqs. 1 and 2 for c, and c, in terms of œ, and substitute this into Eq. 3. Then œ, will 
cancel out, which will allow a solution for vp. 
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Solving Eqs. 1 through 4 simultaneously yields 


w, = —4.861ad/s œ, = 2.29 rad/s œ, = —0.571 rad/s, 


Up = 12.0 m/s, so that w = 5.40 rad/s 


SOLUTION Il 


Applying Eq. 20-9, vpjc = Vp — Yc = —Upk — 3j, so that 


Ipjc' Ypjc = (li + 2j — 0.5k)- (upk — 3j) = 0 
(1)O) = 23) + (—0,5)(=ep) — 0 
Up =12m/s 
Since @ is perpendicular to rpjc then Vpjc = œ X Ypjc or 
Upjc — € Tpjc 
V/712y. + (3% = eV Q0. + (2)? + (70.5 
€ = 5.40 rad/s 








E PROBLEMS 





20-1. The propeller of an airplane is rotating at a constant 20-2. The disk rotates about the z axis at a constant rate 
speed o, i, while the plane is undergoing a turn at a constant w, = 0.5 rad/s without slipping on the horizontal plane. 
rate w, Determine the angular acceleration of the propeller Determine the velocity and the acceleration of point A on 
if (a) the turn is horizontal, i.e., w,k, and (b) the turn is the disk. 


vertical, downward, i.e., c, j. 











œw, — 0.5 SR 





Prob. 20-2 
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20-3. The ladder of the fire truck rotates around the z axis 
with an angular velocity wœ = 0.15 rad/s, which is increasing at 
0.8 rad/s”. At the same instant it is rotating upward at a constant 
rate w = 0.6 rad/s. Determine the velocity and acceleration 
of point A located at the top of the ladder at this instant. 


*20-4. The ladder of the fire truck rotates around the 
z axis with an angular velocity of wœ = 0.15 rad/s, which is 
increasing at 0.2 rad/s”. At the same instant it is rotating 
upward at œ, = 0.6 rad/s while increasing at 0.4 rad/s”. 
Determine the velocity and acceleration of point A located 
at the top of the ladder at this instant. 





Probs. 20-3/4 


20-5. If the plate gears A and B are rotating with the 
angular velocities shown, determine the angular velocity of 
gear C about the shaft DE. What is the angular velocity of 
DE about the y axis? 


y 


A w,= 5 rad/s 














QD wg= 15 rad/s 


Y 


Prob. 20-5 


20-6. The conical spool rolls on the plane without slipping. 
If the axle has an angular velocity of w; = 3 rad/s and an 
angular acceleration of a, = 2 rad/s? at the instant shown, 
determine the angular velocity and angular acceleration of 
the spool at this instant. 


z 


€, = 3 rad/s A 
a, =2 rad/s CT 





N 






20° 


x 


Prob. 20-6 


20-7. At a given instant, the antenna has an angular 
motion œ; = 3 rad/s and @, = 2 rad/s” about the z axis. At 
this same instant 0 = 30°, the angular motion about the 
x axis is œ = 1.5 rad/s, and &» = 4 rad/s?. Determine the 
velocity and acceleration of the signal horn A at this instant. 
The distance from O to A is d — 3 ft. 





Prob. 20-7 


*20-8. The disk rotates about the shaft S, while the shaft is 
turning about the z axis at a rate of w, = 4 rad/s, which is 
increasing at 2 rad/s*. Determine the velocity and acceleration 
of point A on the disk at the instant shown. No slipping occurs. 


20-9. The disk rotates about the shaft S, while the shaft is 
turning about the z axis at a rate of w, = 4 rad/s, which is 
increasing at 2 rad/s*. Determine the velocity and acceleration 
of point B on the disk at the instant shown. No slipping occurs. 


z 


da rad /s2 


~ 4 rad/s 








Probs. 20-8/9 


20-10. The electric fan is mounted on a swivel support 
such that the fan rotates about the z axis at a constant rate 
of w, = 1 rad/s and the fan blade is spinning at a constant 
rate w, = 60 rad/s. If 9 = 45? for the motion, determine the 
angular velocity and the angular acceleration of the blade. 


20-11. The electric fan is mounted on a swivel support 
such that the fan rotates about the z axis at a constant rate 
of œw, =1 rad/s and the fan blade is spinning at a constant 
rate w, = 60 rad/s. If at the instant @ = 45°, $ = 2 rad/s for 
the motion, determine the angular velocity and the angular 
acceleration of the blade. 


Z 





Probs. 20-10/11 
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*20-12. The drill pipe P turns at a constant angular rate 
wp = 4 rad/s. Determine the angular velocity and angular 
acceleration of the conical rock bit, which rolls without 
slipping. Also, what are the velocity and acceleration of 
point A? 


$ wp = 4 rad/s 
Cle 


= 
sE 
= 
=æ 
= 
I 
= 
=£ 
— = 





Prob. 20-12 


20-13. The right circular cone rotates about the z axis ata 
constant rate of œw; = 4 rad/s without slipping on the 
horizontal plane. Determine the magnitudes of the velocity 
and acceleration of points B and C. 





Prob. 20-13 
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20-14. The wheel is spinning about shaft AB with an 
angular velocity of w, = 10 rad/s, which is increasing at a 
constant rate of c, = 6 rad/s”, while the frame precesses 
about the z axis with an angular velocity of w, = 12 rad/s, 
which is increasing at a constant rate of i, = 3 rad/ 8 
Determine the velocity and acceleration of point C located 


on the rim of the wheel at this instant. 


w,=10rad/s z 
à, — 6 rad/s? 






wp = 12 rad/s 
@, = 3 rad/s? 


Prob. 20-14 


20-15. At the instant shown, the tower crane rotates about 
the z axis with an angular velocity wœ = 0.25 rad/s, which is 
increasing at 0.6 rad/s’. The boom OA rotates downward 
with an angular velocity wœ = 0.4 rad/s, which is increasing 
at 0.8 rad/s’. Determine the velocity and acceleration of 
point A located at the end of the boom at this instant. 


z 
I. e = 0.25 rad/s 








Prob. 20-15 


*20-16. Gear A is fixed while gear B is free to rotate on 
the shaft S. If the shaft is turning about the z axis at 
w, = 5rad/s, while increasing at 2 rad/s’, determine the 
velocity and acceleration of point P at the instant shown. 
The face of gear B lies in a vertical plane. 





Prob. 20-16 


20-17. The truncated double cone rotates about the z axis at 
w, = 0.4 rad/s without slipping on the horizontal plane. 
If at this same instant c, is increasing at ò, = 0.5 rad/s’, 
determine the velocity and acceleration of point A on the cone. 





Prob. 20-17 


20-18. Gear A is fixed to the crankshaft S, while gear C is 
fixed. Gear B and the propeller are free to rotate. The 
crankshaft is turning at 80 rad/s about its axis. Determine 
the magnitudes of the angular velocity of the propeller and 
the angular acceleration of gear B. 







80 rad/s 


APO 








Prob. 20-18 


20-19. Shaft BD is connected to a ball-and-socket joint at B, 
and a beveled gear A is attached to its other end. The gear is 
in mesh with a fixed gear C. If the shaft and gear A are 
spinning with a constant angular velocity œw; = 8 rad/s, 
determine the angular velocity and angular acceleration of 
gear A. 








Prob. 20-19 


*20-20. Gear B is driven by a motor mounted on turntable C. 
If gear A is held fixed, and the motor shaft rotates with a 
constant angular velocity of w, = 30 rad/s, determine the 
angular velocity and angular acceleration of gear B. 


20-21. Gear B is driven by a motor mounted on turntable C. 
If gear A and the motor shaft rotate with constant angular 
speeds of w4 = {10k} rad/s and w, = {30j} rad/s, respectively, 
determine the angular velocity and angular acceleration of 
gear B. 


B 
wy = 30 rad/s 


-f 
C Br- Joism 














0.3 m 


Probs. 20-20/21 
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20-22. The crane boom OA rotates about the z axis with a 
constant angular velocity of œw; = 0.15 rad/s, while it is 
rotating downward with a constant angular velocity of 
œ, = 0.2 rad/s. Determine the velocity and acceleration of 
point A located at the end of the boom at the instant shown. 











Prob. 20-22 


20-23. The differential of an automobile allows the two 
rear wheels to rotate at different speeds when the 
automobile travels along a curve. For operation, the rear 
axles are attached to the wheels at one end and have 
beveled gears A and B on their other ends. The differential 
case D is placed over the left axle but can rotate about C 
independent of the axle. The case supports a pinion gear E 
on a shaft, which meshes with gears A and B. Finally, a ring 
gear G is fixed to the differential case so that the case 
rotates with the ring gear when the latter is driven by the 
drive pinion H. This gear, like the differential case, is free to 
rotate about the left wheel axle. If the drive pinion is 
turning at wy = 100 rad/s and the pinion gear E is spinning 
about its shaft at wg = 30 rad/s, determine the angular 
velocity, w4 and wa, of each axle. 


hes 
,, From motor 


LH 





Prob. 20—23 
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*20-24. The end C of the plate rests on the horizontal plane, 
while end points A and B are restricted to move along the 
grooved slots. If at the instant shown A is moving downward 
with a constant velocity of v4 = 4 ft/s, determine the angular 
velocity of the plate and the velocities of points B and C. 


— 0.4 ft 





H 


EM 


1ft v, 





< 


2 ft 


2 


2ft C 





Prob. 20-24 


20-25. Disk A rotates at a constant angular velocity of 
10 rad/s. If rod BC is joined to the disk and a collar by ball- 
and-socket joints, determine the velocity of collar B at the 
instant shown. Also, what is the rod’s angular velocity wc if 
it is directed perpendicular to the axis of the rod? 








Zz 
D B 
E 
300 mm 
» 
200 ním 
^C w = 10 rad/s 
AA 
500 mm 
100 mm 
X 
Prob. 20-25 


20-26. Rod AB is attached to collars at its ends by using ball- 
and-socket joints. If collar A moves along the fixed rod at v4 — 
5 m/s,determine the angular velocity of the rod and the velocity 
of collar B at the instant shown. Assume that the rod’s angular 
velocity is directed perpendicular to the axis of the rod. 


20-27. Rod ABis attached to collars at its ends by using ball- 
and-socket joints. If collar A moves along the fixed rod with a 
velocity of v4 = 5 m/s and has an acceleration a4 = 2 m/s? at 
the instant shown, determine the angular acceleration of the 
rod and the acceleration of collar B at this instant. Assume 
that the rod's angular velocity and angular acceleration are 
directed perpendicular to the axis of the rod. 


Z 


v4 =5m/s im 
—— 
A 








Probs. 20—26/27 


*20—28. Ifthe rod is attached with ball-and-socket joints to 
smooth collars A and B at its end points, determine the 
velocity of B at the instant shown if A is moving upward at 
a constant speed of v4 = 5 ft/s. Also, determine the angular 
velocity of the rod if it is directed perpendicular to the axis 
of the rod. 


20-29. If the collar at A in Prob. 20-28 is moving upward 
with an acceleration of a4 = {—2k} ft/s’, at the instant its 
speed is v4 — 5 ft/s, determine the acceleration of the collar 
at B at this instant. 











Probs. 20—28/29 
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20-30. Rod AB is attached to collars at its ends by ball-and- 20-34. Rod CD is attached to the rotating arms using ball- 
socket joints. If collar A has a speed v4 =4 m/s, determine the and-socket joints. If AC has the motion shown, determine 
speed of collar B at the instant z — 2 m. Assume the angular the angular acceleration of link BD at this instant. 


velocity of the rod is directed perpendicular to the rod. 


z 
t wac=3 rad/s 


v4 =4m/s 

















Probs. 20-33/34 


20-35. Solve Prob. 208 if the connection at B consists of a 
pin as shown in the figure below, rather than a ball-and-socket 
joint. Hint: The constraint allows rotation of the rod both 
Prob. 20-30 along the bar (j direction) and along the axis of the pin 
(n direction). Since there is no rotational component in the 
u direction, i.e., perpendicular to n and j where u = j X n, 
an additional equation for solution can be obtained from 
€) u = 0.The vector nis in the same direction as rpyp X rcg. 








20-31. The rod is attached to smooth collars A and B at its 
ends using ball-and-socket joints. Determine the speed of B 
at the instant shown if A is moving at v4 — 8 m/s. Also, 
determine the angular velocity of the rod if it is directed 
perpendicular to the axis of the rod. 


*20—32. Ifthe collar A in Prob. 20-31 has a deceleration of 
a, = {-5k} m/s? at the instant shown, determine the 
acceleration of collar B at this instant. 





Prob. 20-35 
*20-36. Member ABC is pin connected at A and has a 


ball-and-socket joint at B. If the collar at B is moving along 
the inclined rod at vg = 8 m/s, determine the velocity of 


point C at the instant shown. Hint: See Prob. 20-35. 





Probs. 20-31/32 


20-33. Rod CD is attached to the rotating arms using ball- 
and-socket joints. If AC has the motion shown, determine the 
angular velocity of link BD at the instant shown. Prob. 20—36 
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*20.4  Relative-Motion Analysis Using 
Translating and Rotating Axes 


The most general way to analyze the three-dimensional motion of a rigid 
body requires the use of x, y, z axes that both translate and rotate relative 
to a second frame X, Y, Z. This analysis also provides a means to determine 
the motions of two points A and B located on separate members of a 
mechanism, and the relative motion of one particle with respect to another 
when one or both particles are moving along curved paths. 

As shown in Fig. 20-11, the locations of points A and B are specified 
relative to the X, Y, Z frame of reference by position vectors r4 and rz. 
The base point A represents the origin of the x, y, z coordinate system, 
which is translating and rotating with respect to X, Y, Z. At the instant 
considered, the velocity and acceleration of point A are v4 and a4, and 
the angular velocity and angular acceleration of the x, y, z axes are © and 
Q = dQ /dt. All these vectors are measured with respect to the X, Y, Z 
frame of reference, although they can be expressed in Cartesian 
component form along either set of axes. 











Fig. 20-11 
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Position. If the position of *B with respect to A" is specified by the 
relative-position vector rg;,, Fig. 20-11, then, by vector addition, 





rg codcm. (20-11) 











where 


rg = position of B 
r4 = position of the origin A 
rgj, — position of “B with respect to A” 


Velocity. The velocity of point B measured from X, Y, Z can be 
determined by taking the time derivative of Eq. 20-11, 


Yp — YA + TB/A 


The first two terms represent vg and v,. The last term must be evaluated 
by applying Eq. 20-6, since rg/, is measured with respect to a rotating 
reference. Hence, 


Tg = (Epjj); + Q X rg = (Vgj)g; + Q X rg, (20-12) 


Therefore, 





VB — VA + QM xX Yp/A + (VB/A)xyz (20-13) 














where 


vg = velocity of B 
v4 = velocity of the origin A of the x, y, z frame of reference 


(Veya)xyz = velocity of “B with respect to A" as measured by an 
observer attached to the rotating x, y, z frame of reference 


© = angular velocity of the x, y, z frame of reference 


rgj, = position of “B with respect to A” 
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Complicated spatial motion of the concrete 
bucket B occurs due to the rotation of the 
boom about the Z axis, motion of the 
carriage A along the boom, and extension 
and swinging of the cable AB. A 
translating-rotating x, y, z coordinate 
system can be established on the carriage, 
and a relative-motion analysis can then be 
applied to study this motion. 
(© R.C. Hibbeler) 


Acceleration. The acceleration of point B measured from X, Y, Z is 
determined by taking the time derivative of Eq. 20-13. 


: : n ; d 
Vp — VA +Q xX T/A +Q x T/A =F Pu 


The time derivatives defined in the first and second terms represent ag 
and ay, respectively. The fourth term can be evaluated using Eq. 20-12, 
and the last term is evaluated by applying Eq. 20—6, which yields 


d : 
FADE = (YB/A)xyz +Q Xx (YB/A)xyz = (aB/A)xyz + QO x (VnjA 


Here (25/4). is the acceleration of B with respect to A measured from x, 
y, z. Substituting this result and Eq. 20-12 into the above equation and 
simplifying, we have 





ag = a4 + Ô X rg t Q X (Q X rg) + 2D X (Vg): + (aBa) 











(20-14) 


where 


ag = acceleration of B 


a4 — acceleration of the origin A of the x, y, z frame of 
reference 


(A/a) xyz» (VB/A)xyz = relative acceleration and relative velocity of “B 
with respect to A" as measured by an observer 
attached to the rotating x, y, z frame of reference 


©, Q = angular acceleration and angular velocity of the 
X, y, z frame of reference 


rgj, = position of “B with respect to A” 


Equations 20-13 and 20-14 are identical to those used in Sec. 16.8 for 
analyzing relative plane motion.* In that case, however, application is 
simplified since Q and €. have a constant direction which is always 
perpendicular to the plane of motion. For three-dimensional motion, È 
must be computed by using Eq. 20-6, since €) depends on the change in 
both the magnitude and direction of Q. 


*Refer to Sec. 16.8 for an interpretation of the terms. 


20.4 RELATIVE-MOTION ANALYSIS USING TRANSLATING AND ROTATING AXES 581 


Procedure for Analysis 


Three-dimensional motion of particles or rigid bodies can be analyzed 
with Eqs. 20-13 and 20-14 by using the following procedure. 


Coordinate Axes. 

e Select the location and orientation of the X, Y, Z and x, y, z coordinate 
axes. Most often solutions can be easily obtained if at the instant 
considered: 


(1) the origins are coincident 
(2) the axes are collinear 


(3) the axes are parallel 


e Ifseveral components of angular velocity are involved in a problem, 
the calculations will be reduced if the x, y, z axes are selected such 
that only one component of angular velocity is observed with respect 
to this frame (©,,,) and the frame rotates with © defined by the 
other components of angular velocity. 


Kinematic Equations. 


e After the origin of the moving reference, A, is defined and the 
moving point B is specified, Eqs. 20-13 and 20-14 should then be 
written in symbolic form as 


Vp = VA + QD X vey + (Vaya)xyz 
ag = a4 + Ô X ryja + OQ X (OX rpa) + 20 X (gig: + (agi 


e If r, and © appear to change direction when observed from the 
fixed X, Y, Z reference then use a set of primed reference axes, x’, y', 
z' having a rotation ©’ = ©. Equation 20-6 is then used to 
determine © and the motion v, and a, of the origin of the moving x, 
y Z axes. 





If rgj, and Q appear to change direction as observed from x, y, z, 
then use a set of double-primed reference axes x", y", z" having 
Q” = Q: and apply Eq. 20-6 to determine Ee and the relative 
motion (Vg/4)xyz and (Ag/4)xyz- 


After the final forms of Q, vy, a4, oF (Vgj4)s;, and (agj4),. are 
obtained, numerical problem data can be substituted and the 
kinematic terms evaluated. The components of all these vectors can 
be selected either along the X, Y, Z or along the x, y, z axes. The choice 
is arbitrary, provided a consistent set of unit vectors is used. 
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EXAMPLE | 20.4 


A motor and attached rod AB have the angular motions shown in 
Fig. 20-12. A collar C on the rod is located 0.25 m from A and is 
moving downward along the rod with a velocity of 3m/s and an 
acceleration of 2 m/s”. Determine the velocity and acceleration of C 
at this instant. 


SOLUTION 


Coordinate Axes. 

The origin of the fixed X, Y, Z reference is chosen at the center of 
the platform, and the origin of the moving x, y, z frame at point A, 
Fig. 20-12. Since the collar is subjected to two components of angular 
motion, w, and wy, it will be viewed as having an angular velocity of 
Qz = @y in x, y, z. Therefore, the x, y, z axes will be attached to the 
platform so that Q = @,. 


) œp = 5 rad/s 


| 9, = 2 rad/s 





Xo td 
——- 
wy = 3 rad/s 
@y = 1 rad/s 
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Kinematic Equations. Equations 20-13 and 20-14, applied to 
points C and A, become 


Vo = Va > OX roa st (Vous 
ac = a, + Ô X roja + Q X (Q X reja) + 20 X (Weya)aye + (acida 
Motion of A. Here r4 changes direction relative to X, Y, Z. To find 


the time derivatives of r4 we will use a set of x', y', z' axes coincident 
with the X, Y, Z axes that rotate at ©’ = w,. Thus, 


oo — a, — {5k } rad/s (Q does not change direction relative to X, Y, Z.) 
QO = @, = {2k} rad/s? 

1; = 28) m 

va = i4 = (EAvys + @p X r4 = 0 + 5k X 2i = {10j} m/s 

34 — YA = [(Fj)eyz + 0, X (F)eyz] + € X r4 + Wy X r4 


[0 + 0] + 2k X 2i + 5k x 10j = (—50i + 4j} m/s” 


Motion of C with Respect to A. Here rcj, changes direction 
relative to x, y, z, and so to find its time derivatives use a set of x", y", 
z" axes that rotate at ©” = Q = wy. Thus, 
Q,. = cy = {3i} rad/s (Q z does not change direction relative to x, y, z.) 
OF = wy = {li} rad/s? 
rca = (-025kj m 
(Voya)ayz E (Fej) = (Fej) + @y X Tc/A 
—3k + [3i X (—0.25k)] = {0.75j — 3k} m/s 
(acjA) y: x (Fcja)ayz = [Ecay + @y X Ecay] + Oy x Tc/a + Wy X (Fer 
= [-2k + 3i X (—3k)] + (1i) X (—0.25k) + (3i) X (0.75j — 3k) 
= {18.25j + 0.25k} m/s? 
Motion of C. 
Vo = VIE Dex te Wen) a, 
10j + [5k X (—0.25k)] + (0.75j — 3k) 
(10.75j — 3k] m/s Ans. 


= a, + Ô X roa + Q X (Q X roa) + 20 X (vc + (aci: 
(—50i + 4j) + [2k X (—0.25k)] + 5k X [5k X (—0.25k)] 
+ 2[5k X (0.75j — 3k)] + (18.25j + 0.25k) 

= {-57.5i + 22.25j + 0.25k} m/s? 
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EXAMPLE | 20.5 


o» 


acu o Eu rad/s 


A 
= 1.5 rad/s? - 
4 


Pd 





Fig. 20-13 


The pendulum shown in Fig. 20-13 consists of two rods; AB is pin 
supported at A and swings only in the Y-Z plane, whereas a bearing at B 
allows the attached rod BD to spin about rod AB. At a given instant, the 
rods have the angular motions shown. Also, a collar C, located 0.2 m from B, 
has a velocity of 3 m/s and an acceleration of 2 m/s? along the rod. 
Determine the velocity and acceleration of the collar at this instant. 


SOLUTION I 


Coordinate Axes. The origin of the fixed X, Y, Z frame will be placed 
at A. Motion of the collar is conveniently observed from B, so the origin 
of the x, y, z frame is located at this point. We will choose Q = œ; and 
o — (005. 

Kinematic Equations. 

Vo = Vg + © X reg + Vor) 

ac = ag + Q X rcg + Q X (Q X rc) + 20 X (vcjg)g + (c/a) xyz 


Motion of B. To find the time derivatives of rz let the x’, y’, z' axes rotate with ©’ = œ. Then 


QO’ 


Ep = 
«MB 


ag — 


= œ = {4i} rad/s Oa = 
{—0.5k} m 


rp z [Epy + ow X (Tp)x'y'2'] 
= [0 + 0] + 1.5i X (—0.5k) 


{1.5i} rad/s? 


fg = (g)yyz; + €» X rg = 0 + 4i X (—0.5k) = {2j} m/s 


+ @, X rg + 0, X Fg 
+ 4i X 2j = {0.75j + 8k} m/s? 


Motion of C with Respect to B. To find the time derivatives of rg relative to x, y, z, let the x", y", z” axes 


rotate with Q 


xz Z €». Then 


Oyz = c» = {5k} rad/s oF = @ = {-6k} rad/s” 
Ec pim {0.2j } m 
(Vc: = Eco = (Feyg)eyz + @ X rcg = 3j + 5k x 02j = {-li + 3j} m/s 
(acya)yz = (cp) = [Gcyp)eyrz + @2 X Kesey] + @2 X rc + €») X (Tce) 
= (2j + 5k x 3j) + (—6k x 0.29) + [5k x (—1i + 3j] 

= [-28.8i — 3j) m/s? 


Motion of C. 


Mou 


ac = 


Vg + Q x Ic/p at (Voy) xyz = 2j 
{-li + 5j + 0.8k} m/s 


+ 4i X 02j + (-1i + 3j) 
Ans. 


ap + Ô x rcg + Q X (Q X rc) + 20. X (vcjg)g; + (acp: 


= (0.75j + 8k) + (L5i x 0.2j) + [4i x (4i x 0.2j)] 


+ 2[4i x (—1li + 3j)] + (—28.8i 
= {-28.8i — 5.45j + 32.3k } m/s? 


- 3p 
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SOLUTION II 
Coordinate Axes. Here we will let the x, y, z axes rotate at 


Q = oc, + w = (4i + 5k} rad/s 


Then ©. = 0. 


xyz 


Motion of B. From the constraints of the problem @, does not 
change direction relative to X, Y, Z; however, the direction of w, is 
changed by w,. Thus, to obtain Q consider x', y’, z' axes coincident 
with the X, Y, Z axes at A,so that ©’ = «c. Then taking the derivative 
of the components of ©, 


Q = @ + à, = [oye + eX eu] + [yy t ow X e] 
= [1.5i + 0] + [-6k + 4i X 5k] = {1.5i — 20j — 6k} rad/s? 


Also, « changes the direction of rg so that the time derivatives of rg 
can be found using the primed axes defined above. Hence, 


Vp = Eg = (Eg)yyz; + € X rg 
= 0+ 4i X (-0.5k) = (2j) m/s 
ag = Fg = [Faye + eX X (Eg)eyz] + eX X rg + e X Eg 
= [0 + 0] + 1.5i X (—0.5k) + 4i x 2j = {0.75j + 8k} m/s? 


Motion of C with Respect to B. 
X54, = 0 
Oy, = 0 
EGRE {0.2j} m 

(Vcg); = {3j} m/s 

(acp); = {2j} m/s? 


Motion of C. 
Vo = Vp + Q X rejs + (Voip; 
= 2j + [(4i + 5k) x (0.2j)] + 3j 
{-1i+ 5j + 0.8k} m/s Ans. 


— ag t OX rcg + € X (Q X rcg) + 20 X (voip); + (Acyp)oz 
= (0.75j + 8k) + [(1.5i — 20j — 6k) x (0.2)] 

+ (4i + 5k) x [(4i + 5k) x 02j] + 2[(4i + 5k) x 3j] + 2j 
= [-28.8i — 5.45j + 32.3k } m/s? Ans. 
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PE TPROBLEMS 


20-37. Solve Example 20.5 such that the x, y, z axes move 
with curvilinear translation, Q — 0 in which case 
the collar appears to have both an angular velocity 
Q.,y, = e, + e» and radial motion. 


20-38. Solve Example 20.5 by fixing x, y, z axes to rod BD 
so that Q = œ + c». In this case the collar appears only to 
move radially outward along BD; hence Q, = 0. 


20-39. At the instant 0 = 60°, the telescopic boom AB of 
the construction lift is rotating with a constant angular 
velocity about the z axis of v, = 0.5 rad/s and about the pin 
at A with a constant angular speed of œw, = 0.25 rad/s. 
Simultaneously, the boom is extending with a velocity of 
1.5 ft/s, and it has an acceleration of 0.5 ft/s”, both measured 
relative to the construction lift. Determine the velocity and 
acceleration of point B located at the end of the boom at 
this instant. 


*20—40. At the instant 6 = 60°, the construction lift is 
rotating about the z axis with an angular velocity of 
«€, = O.5rad/s and an angular acceleration of 
©, = 0.25 rad/s? while the telescopic boom AB rotates 
about the pin at A with an angular velocity of w = 0.25 rad/s 
and angular acceleration of o = 0.1 rad/s”. Simultaneously, 
the boom is extending with a velocity of 1.5 ft/s, and it has 
an acceleration of 0.5 ft/s?, both measured relative to the 
frame. Determine the velocity and acceleration of point B 
located at the end of the boom at this instant. 











Probs. 20—39/40 


20-41. Atthe instant shown, the arm AB is rotating about the 
fixed pin A with an angular velocity œw = 4 rad/s and angular 
acceleration o, = 3 rad/s?. At this same instant, rod BD is 
rotating relative to rod AB with an angular velocity œw = 5 rad/s, 
which is increasing at © — 7 rad/s”. Also, the collar C is moving 
along rod BD with a velocity of 3 m/s and an acceleration of 
2 m/s, both measured relative to the rod. Determine the 
velocity and acceleration of the collar at this instant. 





3 m/s 
2 
2 m/s œ = 5 rad/s 
D 0.6m S/A% =7 rad/s? 
x C mg 
A My 


Prob. 20-41 


20-42. At the instant 0 = 30°, the frame of the crane and 
the boom AB rotate with a constant angular velocity of 
€ = 1.5 rad/s and œw = 0.5 rad/s, respectively. Determine 
the velocity and acceleration of point B at this instant. 


20-43. At the instant 0 = 30°, the frame of the crane is 
rotating with an angular velocity of œw; = 1.5 rad/s and 
angular acceleration of @, = 0.5 rad/s”, while the boom AB 
rotates with an angular velocity of œw, = 0.5 rad/s and 
angular acceleration of c» = 0.25 rad/s?. Determine the 
velocity and acceleration of point B at this instant. 











Probs. 20—42/43 
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*20-44. At the instant shown, the rod AB is rotating about 
the z axis with an angular velocity œ; = 4 rad/s and an 
angular acceleration à, = 3 rad/s. At this same instant, the 
circular rod has an angular motion relative to the rod as 
shown. If the collar C is moving down around the circular 
rod with a speed of 3 in./s, which is increasing at 8 in./s?, 
both measured relative to the rod, determine the collar’s 
velocity and acceleration at this instant. 


€ = 4 rad/s 


d 


" 04 —3rad/sg 






0» = 8 rad /s2 


Prob. 20—44 


20-45. The particle P slides around the circular hoop with 
a constant angular velocity of 0 = 6 rad/s, while the hoop 
rotates about the x axis at a constant rate of œw = 4 rad/s. If 
at the instant shown the hoop is in the x-y plane and the 
angle 0 = 45°, determine the velocity and acceleration of the 
particle at this instant. 








QA 9 7 4rad/s 


Prob. 20—45 


20—46. At the instant shown, the industrial manipulator is 
rotating about the z axis at œw = 5 rad/s, and about joint B at 
œ = 2 rad/s. Determine the velocity and acceleration of the 
grip A at this instant, when ¢ = 30°, 0 = 45°, and r = 1.6 m. 


20-47. At the instant shown, the industrial manipulator is 
rotating about the z axis at œ = 5 rad/s, and w, = 2 rad/s’; 
and about joint B at œ = 2 rad/s and o; = 3 rad/s”. 
Determine the velocity and acceleration of the grip A at 
this instant, when $ = 30°, 0 = 45°, and r= 1.6 m. 





Probs. 20—46/47 


*20-48. At the given instant, the rod is turning about the z 
axis with a constant angular velocity w; = 3 rad/s. At this 
same instant, the disk is spinning at œw = 6 rad/s when 
©, = 4 rad/ s2, both measured relative to the rod. Determine 
the velocity and acceleration of point P on the disk at 
this instant. 





w = 6 rad/s 
@ = 4 rad/s? 





Prob. 20-48 
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20-49. At the instant shown, the backhoe is traveling 
forward at a constant speed vo = 2 ft/s, and the boom ABC 
is rotating about the z axis with an angular velocity 
œ = 0.8 rad/s and an angular acceleration @, = 1.30 rad/s?. 
At this same instant the boom is rotating with c» = 3 rad/s 
when o, = 2 rad/ s*, both measured relative to the frame. 
Determine the velocity and acceleration of point P on the 
bucket at this instant. 


Zz 


91 


IE 
oo 
RI 
E 
e 
un 


w = 3 rad/s cb 2 2 





Prob. 20-49 


20-50. At the instant shown, the arm OA of the conveyor 
belt is rotating about the z axis with a constant angular 
velocity w; = 6 rad/s, while at the same instant the arm is 
rotating upward at a constant rate œ, = 4rad/s. If the 
conveyor is running at aconstant rate r = 5 ft/s, determine 
the velocity and acceleration of the package P at the instant 
shown. Neglect the size of the package. 


20-51. At the instant shown, the arm OA of the conveyor 
belt is rotating about the z axis with a constant angular velocity 
c, = 6rad/s, while at the same instant the arm is rotating 
upward at a constant rate w, = 4 rad/s. If the conveyor is 
runningatarate + = 5 ft/s, whichisincreasingat 7 = 8 ft/s?, 
determine the velocity and acceleration of the package P at 
the instant shown. Neglect the size of the package. 





Pes = 4rad/s 
X 


Probs. 20—50/51 


*20—52. The crane is rotating about the z axis with a 
constant rate œw = 0.25 rad/s, while the boom OA is rotating 
downward with a constant rate œ = 0.4 rad/s. Compute the 
velocity and acceleration of point A located at the top of the 
boom at the instant shown. 


20-53. Solve Prob. 20-52 if the angular motions are 
increasing at &, = 0.4rad/s* and ò, = 0.8 rad/s? at the 
instant shown. 





Probs. 20—52/53 


20-54. Atthe instant shown, the arm AB is rotating about 
the fixed bearing with an angular velocity œw; = 2 rad/s and 
angular acceleration o, = 6 rad/s”. At the same instant, rod 
BD is rotating relative to rod AB at œ = 7 rad/s, which is 
increasing at ù = 1 rad/s?. Also, the collar C is moving 
along rod BD with a velocity r — 2 ft/s and a deceleration 
7 = —0.5ft/s?, both measured relative to the rod. 
Determine the velocity and acceleration of the collar at 
this instant. 









r=1ft 
w = 7 rad/s 
à, = 1 rad/s? a 
Z "s 30* 


ex 


e, —2rad/s | 
à, = 6 rad/s? 


Prob. 20-54 


CHAPTER REVIEW 


Rotation About a Fixed Point 


When a body rotates about a fixed point O, 
then points on the body follow a path 
that lies on the surface of a sphere 
centered at O. 


Since the angular acceleration is a time 
rate of change in the angular velocity, 
then it is necessary to account for both 
the magnitude and directional changes 
of w when finding its time derivative. To 
do this, the angular velocity is often 
specified in terms of its component 
motions, such that the direction of some 
of these components will remain 
constant relative to rotating x, y, z axes. 
If this is the case, then the time derivative 
relative to the fixed axis can be 
determined using A = (À),, + Q X A. 


Once w and @ are known, the velocity 
and acceleration of any point P in the 
body can then be determined. 
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Instantaneous axis 
of rotation 


Vp=WXr 


ap=aXrt+@oxX  (@xXr) 





General Motion 


If the body undergoes general motion, 
then the motion of a point B on the body 
can be related to the motion of another 
point A using a relative motion analysis, 
with translating axes attached to A. 
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Vg = Va + œ X Fpya 


ag = a4 t a X rg, + e X (w X Tga) 





Relative Motion Analysis Using 
Translating and Rotating Axes 


The motion of two points A and B on a 
body, a series of connected bodies, or 
each point located on two different paths, 
can be related using a relative motion 
analysis with rotating and translating 
axes at A. 


When applying the equations, to find vg 
and ag, it is important to account for both 
the magnitude and directional changes of 
TA, Fg/4, ©, and Qy when taking their 
time derivatives to find v4, a4, (VB/A)xyz> 
(Ag/4)xyz, Q, and Qy. To do this properly, 
one must use Eq. 20-6. 





Vp = Va + Q X raya + (Veja)ayz 


ap = ag Q X rga  Q X (Q X rga) + 20 X (Weyp)aye + (agio: 





Chapter 21 





(© Derek Watt/Alamy) 


The forces acting on each of these motorcycles can be determined using the 
equations of motion as discussed in this chapter. 





Three-Dimensional Kinetics 
of a Rigid Body 





*21.1 Moments and Products of Inertia 


When studying the planar kinetics of a body, it was necessary to introduce 
the moment of inertia Ig, which was computed about an axis perpendicular 
to the plane of motion and passing through the body’s mass center G. For 
the kinetic analysis of three-dimensional motion it will sometimes be 
necessary to calculate six inertial quantities. These terms, called the 
moments and products of inertia, describe in a particular way the 
distribution of mass for a body relative to a given coordinate system that 
has a specified orientation and point of origin. 
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THREE-DIMENSIONAL KINETICS OF A RIGID BODY 


Moment of Inertia. Consider the rigid body shown in Fig. 21-1. 
The moment of inertia for a differential element dm of the body about 
any one of the three coordinate axes is defined as the product of the 
mass of the element and the square of the shortest distance from the axis 
to the element. For example, as noted in the figure, r, = V y? + z?, so 
that the mass moment of inertia of the element about the x axis is 


dl, = Ê dm = (y? + z)) dn 


The moment of inertia Z, for the body can be determined by integrating 
this expression over the entire mass of the body. Hence, for each of the 


axes, we can write 
Te [pan = fo + 2)dm 
Iy = dm = | Gaz am (21-1) 


i redm = / (x? y?) dm 











Here it is seen that the moment of inertia is always a positive quantity, 
since it is the summation of the product of the mass dm, which is always 
positive, and the distances squared. 


Product of Inertia. The product of inertia for a differential element 
dm with respect to a set of two orthogonal planes is defined as the product 
of the mass of the element and the perpendicular (or shortest) distances 
from the planes to the element. For example, this distance is x to the 
y-z plane and it is y to the x-z plane, Fig. 21-1. The product of inertia dl 
for the element is therefore 


dl, = xy dm 


Note also that dl,, = dl. By integrating over the entire mass, the 
products of inertia of the body with respect to each combination of 
planes can be expressed as 





yz dm (21-2) 











21.1 MOMENTS AND PRODUCTS OF INERTIA 


y 


(a) (b) 


Fig. 21-2 


Unlike the moment of inertia, which is always positive, the product of 
inertia may be positive, negative, or zero. The result depends on the 
algebraic signs of the two defining coordinates, which vary independently 
from one another. In particular, if either one or both of the orthogonal 
planes are planes of symmetry for the mass, the product of inertia with 
respect to these planes will be zero. In such cases, elements of mass will 
occur in pairs located on each side of the plane of symmetry. On one side 
of the plane the product of inertia for the element will be positive, while 
on the other side the product of inertia of the corresponding element will 
be negative, the sum therefore yielding zero. Examples of this are shown 
in Fig. 21-2. In the first case, Fig. 21-2a, the y-z plane is a plane of 
symmetry, and hence Zy = /,, = 0. Calculation of /,.. will yield a positive 
result, since all elements of mass are located using only positive y and z 
coordinates. For the cylinder, with the coordinate axes located as shown 
in Fig. 21-2b, the x-z and y-z planes are both planes of symmetry. Thus, 
Ly = I — Ly =0. 


Parallel-Axis and Parallel-Plane Theorems. The techniques 
of integration used to determine the moment of inertia of a body were 
described in Sec. 17.1. Also discussed were methods to determine the 
moment of inertia of a composite body, i.e., a body that is composed of 
simpler segments, as tabulated on the inside back cover. In both of these 
cases the parallel-axis theorem is often used for the calculations. This 
theorem, which was developed in Sec. 171, allows us to transfer the 
moment of inertia of a body from an axis passing through its mass 
center G to a parallel axis passing through some other point. If G has 
coordinates xc, yg, zg defined with respect to the x, y, z axes, Fig. 21-3, 
then the parallel-axis equations used to calculate the moments of inertia 
about the x, y, z axes are 





Hs m Cee ar mc ur zo) 
D E Gye ar ma% ar zo) (21-3) 
L, = (ljy)g + mo + y2 








x 





ZG 
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Fig. 21-3 


XG 


594 CHAPTER 21 THREE-DIMENSIONAL KINETICS OF A RIGID BODY 





ZG 








XG 








YG 


Fig. 21-3 (repeated) 





The dynamics of the space shuttle while 
it orbits the earth can be predicted only 
if its moments and products of inertia 
are known relative to its mass center. 
(©Ablestock/Getty Images) 


The products of inertia of a composite body are computed in the same 
manner as the body’s moments of inertia. Here, however, the parallel- 
plane theorem is important. This theorem is used to transfer the products 
of inertia of the body with respect to a set of three orthogonal planes 
passing through the body’s mass center to a corresponding set of three 
parallel planes passing through some other point O. Defining the 
perpendicular distances between the planes as xg, yg, and zg, Fig. 21-3, 
the parallel-plane equations can be written as 





Ils = eye ar mxgyg 
Ibs. E y'z)c AP mygzg (21-4) 
Li = NG ar mzgxg 











The derivation of these formulas is similar to that given for the parallel- 
axis equation, Sec. 171. 


Inertia Tensor. The inertial properties of a body are therefore 
completely characterized by nine terms, six of which are independent of 
one another. This set of terms is defined using Eqs. 21-1 and 21-2 and 
can be written as 


Tex Ly Te 
hy Ly 
“la ly 
This array is called an inertia tensor.* It has a unique set of values for a 
body when it is determined for each location of the origin O and 
orientation of the coordinate axes. 

In general, for point O we can specify a unique axes inclination for 
which the products of inertia for the body are zero when computed with 
respect to these axes. When this is done, the inertia tensor is said to be 
“diagonalized” and may be written in the simplified form 


L 0 0 
0 1, 0 
0 0 ZL 


Here I, = Lx, 1, = Jy, and I, = I,, are termed the principal moments of 
inertia for the body, which are computed with respect to the principal 
axes of inertia. Of these three principal moments of inertia, one will be a 


maximum and another a minimum of the body's moment of inertia. 


* The negative signs are here as a consequence of the development of angular momentum, 
Eqs. 21-10. 
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The mathematical determination of the directions of principal axes of 
inertia will not be discussed here (see Prob. 21-22). However, there are 
many cases in which the principal axes can be determined by inspection. 
From the previous discussion it was noted that if the coordinate axes are 
oriented such that two of the three orthogonal planes containing the axes 
are planes of symmetry for the body, then all the products of inertia for 
the body are zero with respect to these coordinate planes, and hence 
these coordinate axes are principal axes of inertia. For example, the 
X, y, z axes shown in Fig. 21-25 represent the principal axes of inertia for 
the cylinder at point O. 


Moment of Inertia About an Arbitrary Axis. Consider the 
body shown in Fig. 21-4, where the nine elements of the inertia tensor 
have been determined with respect to the x, y, z axes having an origin at O. 
Here we wish to determine the moment of inertia of the body about the 
Oa axis, which has a direction defined by the unit vector u,. By definition 
lo, = f D? dm, where b is the perpendicular distance from dm to Oa. If 
the position of dm is located using r, then b = r sin 0, which represents 
the magnitude of the cross product u, X r. Hence, the moment of inertia 
can be expressed as 


loa= f [tas x Pan = f(a, cns X Dam 


Provided u, = u,i + u,j + u,k and r= xi + yj + zk, then u, X r= 
UyZ — uy) + (ux — uyz uy — uyx)k. er substituting an 
(uz — uyi + (ux — uj Guy — MOK. Aft bstituting and 
performing the dot-product operation, the moment of inertia is 


lo, = i [uz — y)" + (ux = x)" + Gy = ux) ]dm 


= à [o + z5dm + afe + x?)dm + [o + y?) dm 


= un, f xy dm — wn. fy dm — dua | zx dm 


Recognizing the integrals to be the moments and products of inertia of 
the body, Eqs. 21-1 and 21-2, we have 





Ju cu M DM (21-5) 











Thus, if the inertia tensor is specified for the x, y, z axes, the moment of 
inertia of the body about the inclined Oa axis can be found. For the 
calculation, the direction cosines u,, uy, u, Of the axes must be determined. 
These terms specify the cosines of the coordinate direction angles a, B, y 
made between the positive Oa axis and the positive x, y, z axes, 
respectively (see Appendix B). 
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EXAMPLE | 21.1 








B 


2kg 
(—0.1, 0, 0.2) 


Tom 


(—0.2,0.2,0.2) 
| 2kg 
[~ (0,0, 0.1) 
A 








(b) 
Fig. 21-5 


Determine the moment of inertia of the bent rod shown in Fig. 21-5a 
about the Aa axis. The mass of each of the three segments is given in 
the figure. 


SOLUTION 

Before applying Eq. 21—5, it is first necessary to determine the moments 
and products of inertia of the rod with respect to the x, y, z axes. This is 
done using the formula for the moment of inertia of a slender rod, 
I = mP, and the parallel-axis and parallel-plane theorems, Eqs. 21-3 
and 21-4. Dividing the rod into three parts and locating the mass center 
of each segment, Fig. 21-55, we have 


x = [5002 + 2001? ] + [0 + 20.2) 
+ [500.4 + 40.2) + (0.2)?) ] = 0.480 kg: m? 
= [520.2 + 200.1? ] + [5(2)0.2)? + 2(-0.1)? + (0.2) ] 
+ [0 + 4((—0.2)? + (0.2)°)] = 0.453 kg: m? 
[0 + 0] + [H(2)0.2 + 2(-0.1)?] + [ (40.4)? + 

4((—0.2? + (0.22)] = 0.400 kg: m? 





Ly = [0 + 0] + [0 + 0] + [0 + 4(—0.2(0.2] = —0.160 kg : m? 
Ly; 


ye — [0 + 0] + [0 + 0] + [0 + 4(0.2)(0.2)] = 0.160 kg: m? 
Tre prs OI ss [0 + 2(0:2) (5 0:0] = 
[0 + 4(0.2)(—0.2)] = —0.200 kg + m? 


The Aa axis is defined by the unit vector 


rp —0.2i + 0.4j + 0.2k 
W,=—= = —0.408i + 0.816j + 0.408k 


iD — N/C-02y. + (0.4) + (0.27? 








Thus, 
u, = —0.408 uy = 0.816 u, = 0.408 


Substituting these results into Eq. 21-5 yields 


Dean ee oe Ie Ol ea eau co ares 
= 0.480(—0.408)? + (0.453)(0.816)? + 0.400(0.408)? 

— 2(—0.160)(—0.408)(0.816) — 2(0.160)(0.816)(0.408) 

— 2(—0.200)(0.408)(—0.408) 


= 0.169 kg - m? Ans. 





21-1. Show that the sum of the moments of inertia of a 
body, L4 + Iy + L.,is independent of the orientation of the 
X, y, z axes and thus depends only on the location of the 
origin. 


21-2. Determine the moment of inertia of the cone with 
respect to a vertical y axis passing through the cone's center 
of mass. What is the moment of inertia about a parallel axis 
y' that passes through the diameter of the base of the cone? 
The cone has a mass m. 











Prob. 21-2 


21-3. Determine moment of inertia 7, of the solid formed 
by revolving the shaded area around the x axis. The density 
of the materialis p = 12 slug/ft^. 








Prob. 21-3 
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*21-4. Determine the moments of inertia /, and /, of the 
paraboloid of revolution. The mass of the paraboloid is 
20 slug. 








Prob. 21-4 


21-5. Determine by direct integration the product of 
inertia /,. for the homogeneous prism. The density of the 
materialis p. Express the result in terms of the total mass m 
of the prism. 


21-6. Determine by direct integration the product of 
inertia Z, for the homogeneous prism. The density of the 
materialis p. Express the result in terms of the total mass m 
of the prism. 





Probs. 21—-5/6 
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21-7. Determine the product of inertia /,, of the object 
formed by revolving the shaded area about the line x — 5 ft. 
Express the result in terms of the density of the material, p. 











Prob. 21-7 


*21-8. Determine the moment of inertia Z, of the object 
formed by revolving the shaded area about the line x — 5 ft. 
Express the result in terms of the density of the material, p. 














Prob. 21-8 


21-9. Determine the moment of inertia of the cone about 
the z'axis. The weight of the cone is 15 Ib, the height is 
h — 1.5 ft and the radius is r — 0.5 ft. 





Prob. 21-9 
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21-10. Determine the radii of gyration k, and k, for the 
solid formed by revolving the shaded area about the y axis. 
The density of the material is p. 


-— 0.25 ft 














are 


Prob. 21-10 


21-11. Determine the moment of inertia of the cylinder 
with respect to the a-a axis of the cylinder. The cylinder has 
a mass m. 





E 


Prob. 21-11 
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*21-12. Determine the moment of inertia /,,. of the composite *21-16. The bent rod has a mass of 3 kg/m. Determine the 
plate assembly. The plates have a specific weight of 6 Ib/ft?. moment of inertia of the rod about the O-a axis. 


21-13. Determine the product of inertia /,, of the composite 
plate assembly. The plates have a weight of 6 lb/ft”. 






: 0.3 m 
a 





0.5 ft 


x 1m 
Probs. 21-12/13 ow 


21-14. Determine the products of inertia Zy, Zz, and Zz, of 
the thin plate. The material has a density per unit area Prob. 21-16 
of 50 kg/m?. 


21-17. The bent rod has a weight of 1.5 Ib/ft. Locate the 
center of gravity G(x, y) and determine the principal 
moments of inertia /,;, Z», and Zy of the rod with respect to 
the x’, y’, z' axes. 





Prob. 21-14 


21-15. Determine the moment of inertia of both the 1.5-kg 
rod and 4-kg disk about the z' axis. 


300 mm d £ 





IAA 


Prob. 21-15 Prob. 21-17 
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21-18. Determine the moment of inertia of the rod-and- 
disk assembly about the x axis. The disks each have a weight 
of 12 Ib. The two rods each have a weight of 4 Ib, and their 
ends extend to the rims of the disks. 





Prob. 21-18 


21-19. Determine the moment of inertia of the composite 
body about the aa axis. The cylinder weighs 20 Ib, and each 
hemisphere weighs 10 Ib. 


a 
2ft 


| 











I— 2ft —4 


Prob. 21-19 
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*21-20. Determine the moment of inertia of the disk 
about the axis of shaft AB. The disk has a mass of 15 kg. 





"à 
150 mm 


Prob. 21-20 


21-21. The thin plate has a weight of 5 Ib and each of the 
four rods weighs 3 lb. Determine the moment of inertia of 
the assembly about the z axis. 





1.5 ft 











iur 


x 


Prob. 21-21 


21.2 Angular Momentum 


In this section we will develop the necessary equations used to determine 
the angular momentum of a rigid body about an arbitrary point. These 
equations will provide a means for developing both the principle of 
impulse and momentum and the equations of rotational motion for a 
rigid body. 

Consider the rigid body in Fig. 21-6, which has a mass m and center of 
mass at G. The X, Y, Z coordinate system represents an inertial frame of 
reference, and hence, its axes are fixed or translate with a constant 
velocity. The angular momentum as measured from this reference will be 
determined relative to the arbitrary point A. The position vectors r4 
and p, are drawn from the origin of coordinates to point A and from A 
to the ith particle of the body. If the particle's mass is m;, the angular 
momentum about point A is 


(H4); = Pa X m;vi 


where v; represents the particle's velocity measured from the X, Y, Z 
coordinate system. If the body has an angular velocity w at the instant 
considered, v; may be related to the velocity of A by applying Eq. 20-7 i.e., 


v =v + 0X py 


Thus, 
(H4); = Pa X m(v4 + @ X py) 


= (pam) X v4 + pa X (e X pa)mi 


Summing the moments of all the particles of the body requires an 
integration. Since m; — dm, we have 


T L " 











Inertial coordinate system 


Fig. 21-6 
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Arbitrary Point 


(c) 
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Z 
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l / 
= 
PG 
: gum 
1 , Ny 
J^ 
Doy  —» 
O 


Y 
x Center of Mass 


s Fixed Point (b) 


(a) 
Fig. 21-7 


Fixed Point O. If A becomes a fixed point O in the body, Fig. 21—7a, 
then v4 — 0 and Eq.21-6 reduces to 





Ho = J Po X (@ X po)dm (21-7) 











Center of Mass G. IfA is located at the center of mass G of the 
body, Fig. 21-7b, then JPA dm = 0 and 





Hg = / Pc X (œ X pc) dm (21-8) 











Arbitrary Point A. In general, A can be a point other than O or G, 
Fig. 21-7c, in which case Eq. 21-6 may nevertheless be simplified to the 
following form (see Prob. 21—23). 





Hy = poja X myg + Hc (21-9) 











Here the angular momentum consists of two parts—the moment of the 
linear momentum mvg of the body about point A added (vectorially) to 
the angular momentum Hg. Equation 21-9 can also be used to determine 
the angular momentum of the body about a fixed point O. The results, of 
course, will be the same as those found using the more convenient Eq. 21-7 


Rectangular Components of H. To make practical use of 
Eqs. 21-7 through 21-9, the angular momentum must be expressed in 
terms of its scalar components. For this purpose, it is convenient to 


21.2 ANGULAR MOMENTUM 


choose a second set of x, y, z axes having an arbitrary orientation relative 
to the X, Y, Z axes, Fig. 21-7, and for a general formulation, note that 
Eqs. 21-7 and 21-8 are both of the form 


H= [px (wx pan 
Expressing H, p, and w in terms of x, y, z components, we have 


H,i + H j + Hk = nz + yj + zk) X [(@,i + œj + œk) 


X (xi + yj + zk)]dm 


Expanding the cross products and combining terms yields 


Hj + H,j + H,k = fo. fo" + z)dm — o, [o dm — o. f x dn |i 
+ Lm f o dm + o, fo + zÓdm — o. f dm | 
+ [-o, f zx dn = o f dm + o f e + vn |k 


Equating the respective i, j, k components and recognizing that the 
integrals represent the moments and products of inertia, we obtain 





lal, = Ibs = IO = L0; 
Hoa cT dom (21-10) 


=I, = Iesus an IE dar 





S 
l 





These equations can be simplified further if the x, y, z coordinate axes 
are oriented such that they become principal axes of inertia for the body 
at the point. When these axes are used, the products of inertia 
Ly = lI, = L, = 0, and if the principal moments of inertia about the x, y, 

l ] I, = Ly, and J, = Ig, the three 


z axes are represented as I, — [,,, 1, azs 


components of angular momentum become 





A, = Lo, lel = Lwy H TO (21-11) 
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-> . »" ry i à 
"wx ey: 1 


The motion of the astronaut is controlled 
by use of small directional jets attached to 
his or her space suit. The impulses these 
jets provide must be carefully specified in 
order to prevent tumbling and loss of 
orientation. (O NASA) 











Inertial coordinate system 


Fig. 21-8 


Principle of Impulse and Momentum. Now that the 
formulation of the angular momentum for a body has been developed, 
the principle of impulse and momentum, as discussed in Sec. 19.2, can be 
used to solve kinetic problems which involve force, velocity, and time. For 
this case, the following two vector equations are available: 





m(vg, + X J F dt = m(vg)2 (21-12) 














(Ho + X / Mo dt = (Ho) (21-13) 











In three dimensions each vector term can be represented by three scalar 
components, and therefore a total of six scalar equations can be written. 
Three equations relate the linear impulse and momentum in 
the x, y, z directions, and the other three equations relate the body’s 
angular impulse and momentum about the x, y, z axes. Before applying 
Eqs. 21-12 and 21-13 to the solution of problems, the material in 
Secs. 19.2 and 19.3 should be reviewed. 


21.3 Kinetic Energy 


In order to apply the principle of work and energy to solve problems 
involving general rigid body motion, it is first necessary to formulate 
expressions for the kinetic energy of the body. To do this, consider the 
rigid body shown in Fig. 21-8, which has a mass m and center of mass at G. 
The kinetic energy of the ith particle of the body having a mass m; and 
velocity v;, measured relative to the inertial X, Y, Z frame of reference, is 
T; = TMV; = sm{v;* vj) 

Provided the velocity of an arbitrary point A in the body is known, v; can 
be related to v4 by the equation v; = v4 + w X py, where «c is the 
angular velocity of the body, measured from the X, Y, Z coordinate 
system, and p4 is a position vector extending from A to i. Using this 
expression, the kinetic energy for the particle can be written as 


T, = dm(v4 + @ X pj): (v4 + @ X py) 
= X(vA* Vam; + var (c X pa)m; + (c X pa)’ (o X pami 


The kinetic energy for the entire body is obtained by summing the kinetic 
energies of all the particles of the body. This requires an integration. 
Since m; — dm, we get 


T= im(v4* VA) T v(o x f 


m 


padm) + Zr X p) (€ X pa)dm 


The last term on the right can be rewritten using the vector identity 
a X b-c = a:b X c, where a = ce, b = py, and c = w X pj. The final 
result is 


T= im(va * VA) + va’ (o x J padn) 


tio: n pa X (@ X pa)dm (21-14) 


This equation is rarely used because of the computations involving the 
integrals. Simplification occurs, however, if the reference point A is either 
a fixed point or the center of mass. 


Fixed Point O. If A is a fixed point O in the body, Fig. 21—7a, then 
v4 = 0, and using Eq. 21-7 we can express Eq. 21-14 as 
T= lo : Ho 


If the x, y, z axes represent the principal axes of inertia for the body, then 
w = wi + wj + œk and Ho = Lo,i + Io,j + Lo,k. Substituting 
into the above equation and performing the dot-product operations 
yields 


T = zo + joel + 51,02 (21-15) 





Center of Mass G. IfA is located at the center of mass G of the 
body, Fig. 21-7b, then fpa dm = 0 and, using Eq. 21-8, we can write 
Eq. 21-14 as 


T = imo + io. Hg; 


In a manner similar to that for a fixed point, the last term on the right 
side may be represented in scalar form, in which case 





T = imvi + iol + iol E (21-16) 








Here it is seen that the kinetic energy consists of two parts; namely, the 
translational kinetic energy of the mass center, 5mv7%, and the body's 
rotational kinetic energy. 


Principle of Work and Energy. Having formulated the kinetic 
energy for a body, the principle of work and energy can be applied to 
solve kinetics problems which involve force, velocity, and displacement. 
For this case only one scalar equation can be written for each body, 
namely, 





Tı + LU» = T> (21-17) 











Before applying this equation, the material in Chapter 18 should be 
reviewed. 
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EXAMPLE | 21.2 
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The rod in Fig. 21-9a has a weight per unit length of 1.5 lb/ft. 
Determine its angular velocity just after the end A falls onto the hook 
at E. The hook provides a permanent connection for the rod due to 
the spring-lock mechanism S. Just before striking the hook the rod is 
falling downward with a speed (vg), = 10 ft/s. 


SOLUTION 
The principle of impulse and momentum will be used since impact occurs. 


Impulse and Momentum Diagrams. Fig. 21-9b. During the short 








time Az, the impulsive force F acting at A changes the momentum of 
the rod. (The impulse created by the rod’s weight W during this time 
is small compared to iL F dt, so that it can be neglected, i.e., the weight 
is a nonimpulsive force.) Hence, the angular momentum of the rod is 
conserved about point A since the moment of i, F dt about A is zero. 
Conservation of Angular Momentum. Equation 21—9 must be used 
to find the angular momentum of the rod, since A does not become a 
fixed point until after the impulsive interaction with the hook. Thus, 
with reference to Fig. 21-95, (H4); = (H4);. or 


Igj4 X MYG), = Toja X m(vg); + (Ho) (1) 
From Fig. 21—9a, rz, = (—0.667i + 0.5j) ft. Furthermore, the primed 
axes are principal axes of inertia for the rod because I," =I. = I = 0. 
Hence, from Eqs. 21-11, (Ho); = La, + Lyc, j + Lo. Kk. The principal 
moments of inertia are I, = 0.0272 slug: ft’, 75 010155 slug: ft’, 
I, = 0.0427 slug: ft? (see Prob. 21-17). Substituting into Eq. 1, we have 


a olecranon 
322 ( )| = (—0.667i 5j 322 (~ve) 


+ 0.0272%,i + 0.0155%,j + 0.0427%,k 


(—0.667i + 0.5j) X ( 


Expanding and equating the respective i, j, k components yields 
Ho): —0.699 = —0.0699(vg). + 0.0272, (2) 
- —0.932 = —0.0932(vg)2 + 0.0155o, (3) 
0 = 0.0427, (4) 
Kinematics. There are four unknowns in the above equations; 
however, another equation may be obtained by relating w to (vg), 
using kinematics. Since w, = 0 (Eq. 4) and after impact the rod rotates 
about the fixed point A, Eq. 20-3 can be applied, in which case 
(vg); = € X Yea, OF 
—(Ug)2k = (wi + œj) X (—0.667i + 0.5j) 
—(Vg)2 = 0.50, + 0.667«, ©) 
Solving Eqs. 2,3 and 5 simultaneously yields 
(vg; = (—841k) ft/s w = (—4.09i — 9.55j} rad/s Ans. 





A 5-N : m torque is applied to the vertical shaft CD shown in Fig. 21-10a, 
which allows the 10-kg gear A to turn freely about CE. Assuming 
that gear A starts from rest, determine the angular velocity of CD after 
it has turned two revolutions. Neglect the mass of shaft CD and axle CE 
and assume that gear A can be approximated by a thin disk. Gear B 
is fixed. 


SOLUTION 
The principle of work and energy may be used for the solution. Why? 


Work. Ifshaft CD, the axle CE, and gear A are considered as a system 
of connected bodies, only the applied torque M does work. For two 
revolutions of CD, this work is }U,_, = (5 N: m)(4z rad) = 62.83 J. 


Kinetic Energy. Since the gear is initially at rest, its initial kinetic 
energy is Zero. A kinematic diagram for the gear is shown in Fig. 21-10b. 
If the angular velocity of CD is taken as wcp, then the angular velocity 
of gear A is w4 = «cp + «cg. The gear may be imagined as a portion 
of a massless extended body which is rotating about the fixed point C. 
The instantaneous axis of rotation for this body is along line CH, 
because both points C and H on the body (gear) have zero velocity 
and must therefore lie on this axis. This requires that the components 
wcp and ccg be related by the equation wcp/0.1 m = wçg/0.3 m or 
cE = 3wcp. Thus, 
w, = -wci + ocpk = —3a@cpi + ocpk (1) 
The x, y, z axes in Fig. 21-10a represent principal axes of inertia at C 
for the gear. Since point C is a fixed point of rotation, Eq. 21-15 may 
be applied to determine the kinetic energy, i.e., 


T = iLa + ilo?) + jLoQ (2) 


Using the parallel-axis theorem, the moments of inertia of the gear 
about point C are as follows: 


1, = 4(10 kg)(0.1 m)? = 0.05 kg: m? 

I, = I, = 4(10 kg)(0.1 m + 10 kg(0.3 m)? = 0.925 kg + m? 
Since w, = —3ocp, o, = 0, v. = wcp, Eq.2 becomes 

Ta = 4(0.05)(—3wcp)? + 0 + $(0.925)(wep)? = 0.687575 
Principle of Work and Energy. Applying the principle of work and 


energy, we obtain 
T, + XUj5- T, 
0 + 62.83 = 0.6875w2p 
wcp = 9.56 rad/s Ans. 
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Fig. 21-10 





Instantaneous 
axis of rotation 





608 


21-22. If a body contains no planes of symmetry, the 
principal moments of inertia can be determined 
mathematically. To show how this is done, consider the rigid 
body which is spinning with an angular velocity w, directed 
along one of its principal axes of inertia. If the principal 
moment of inertia about this axis is Z, the angular momentum 
can be expressed as H = Iw = Iw,i + Iw,j + Jw,k. The 
components of H may also be expressed by Eqs. 21-10, 
where the inertia tensor is assumed to be known. Equate 
the i, j, and k components of both expressions for H and 
consider w,, w,,and w, to be unknown. The solution of these 
three equations is obtained provided the determinant of the 
coefficients is zero. Show that this determinant, when 
expanded, yields the cubic equation 
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P — (lax + Iy + o) 





Faly + Iye tilda h= h Bol 





= (lll, — Uyylyel 


xyLyzlzx LJ. D LI =0 


The three positive roots of J, obtained from the solution of 
this equation, represent the principal moments of inertia /,, 
L, and Z. 





Prob. 21-22 
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21-23. Show that if the angular momentum of a body is 
determined with respect to an arbitrary point A, then Hy 
can be expressed by Eq. 21-9. This requires substituting 
Pa = pg +t Poja into Eq. 21-6 and expanding, noting 
that f pc dm = 0 by definition of the mass center and 
Vg = Va + € X pg, 4. 





Prob. 21-23 


*21—24. The 15-kg circular disk spins about its axle with a 
constant angular velocity of œw; = 10 rad/s. Simultaneously, 
the yoke is rotating with a constant angular velocity of 
œ = 5rad/s. Determine the angular momentum of the 
disk about its center of mass O, and its kinetic energy. 


150 mm 






€ = 10 rad/s 


@ = 5 rad/s 


ah 


Prob. 21-24 


21-25. The large gear has a mass of 5 kg and a radius of 
gyration of k, = 75 mm. Gears B and C each have a mass of 
200 g and a radius of gyration about the axis of their connecting 
shaft of 15 mm. If the gears are in mesh and C has an angular 
velocity of œ, = {15j} rad/s, determine the total angular 
momentum for the system of three gears about point A. 





Prob. 21-25 


21-26. The circular disk has a weight of 15 Ib and is 
mounted on the shaft AB at an angle of 45? with the 
horizontal. Determine the angular velocity of the shaft 
when t = 3s if a constant torque M = 2 lb: ft is applied to 
the shaft. The shaft is originally spinning at w, = 8 rad/s 
when the torque is applied. 


21-27. The circular disk has a weight of 15 lb and is 
mounted on the shaft AB at an angle of 45? with the 
horizontal. Determine the angular velocity of the shaft 
when t = 2s if a torque M = (4e 91) lb-ft, where t is in 
seconds, is applied to the shaft. The shaft is originally 
spinning at w; = 8 rad/s when the torque is applied. 
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*21-28. The rod assembly is supported at G by a 
ball-and-socket joint. Each segment has a mass of 0.5 kg/m. 
If the assembly is originally at rest and an impulse of 
I= {-8k} N:s is applied at D, determine the angular 
velocity of the assembly just after the impact. 





Prob. 21-28 


21-29. The 4-lb rod AB is attached to the 1-lb collar at A 
and a 2-Ib link BC using ball-and-socket joints. If the rod is 
released from rest in the position shown, determine the 
angular velocity of the link after it has rotated 180°. 





Probs. 21-26/27 


Prob. 21-29 
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21-30. The rod weighs 3 lb/ft and is suspended from 
parallel cords at A and B. If the rod has an angular velocity 
of 2 rad/s about the z axis at the instant shown, determine 
how high the center of the rod rises at the instant the rod 
momentarily stops swinging. 






C o = 2 rad/s 





Prob. 21-30 


21-31. The 4-Ib rod AB is attached to the rod BC and 
collar A using ball-and-socket joints. If BC has a constant 
angular velocity of 2 rad/s, determine the kinetic energy 
of AB when it is in the position shown. Assume the angular 
velocity of AB is directed perpendicular to the axis of AB. 





Prob. 21-31 
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*21-32. The 2-kg thin disk is connected to the slender rod 
which is fixed to the ball-and-socket joint at A. If it is 
released from rest in the position shown, determine the spin 
of the disk about the rod when the disk reaches its lowest 
position. Neglect the mass of the rod. The disk rolls without 


slipping. 





Prob. 21-32 


21-33. The 20-kg sphere rotates about the axle with a 
constant angular velocity of w, = 60 rad/s. If shaft AB is 
subjected to a torque of M = 50 Nm, causing it to rotate, 
determine the value of w, after the shaft has turned 90° 
from the position shown. Initially, œ, = 0. Neglect the mass 


of arm CDE. 


€, = 60 rad/s 





Prob. 21-33 


21-34. The 200-kg satellite has its center of mass at 
point G. Its radii of gyration about the z’, x’, y’ axes are 
ky = 300mm, k, = ky = 500 mm, respectively. At the 
instant shown, the satellite rotates about the x’, y’, and z’ 
axes with the angular velocity shown, and its center of mass G 
has a velocity of vg = {—250i + 200j + 120k} m/s. 
Determine the angular momentum of the satellite about 
point A at this instant. 





21-35. The 200-kg satellite has its center of mass at point G. 
Its radii of gyration about the z', x',y’ axes are k, = 300 mm, 
kx = ky = 500 mm, respectively. At the instant shown, the 
satellite rotates about the x’, y’, and z’ axes with the angular 
velocity shown, and its center of mass G has a velocity 
of vg = (-250i + 200j + 120k} m/s. Determine the 
kinetic energy of the satellite at this instant. 





Zz! 
€; = 1250 rad/s 








C 
œw, = 600 rad/s 5 


800 mm 
x" 


Probs. 21-34/35 


*21-36. The 15-kg rectangular plate is free to rotate about 
the y axis because of the bearing supports at A and B. When 
the plate is balanced in the vertical plane, a 3-g bullet is 
fired into it, perpendicular to its surface, with a velocity 
v = (—2000i) m/s. Compute the angular velocity of the 
plate at the instant it has rotated 180°. If the bullet strikes 
corner D with the same velocity v, instead of at C, does the 
angular velocity remain the same? Why or why not? 





Prob. 21-36 
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21-37. The 5-kg thin plate is suspended at O using a ball- 
and-socket joint. It is rotating with a constant angular velocity 
c = {2k} rad/s when the corner A strikes the hook at S, 
which provides a permanent connection. Determine the 
angular velocity of the plate immediately after impact. 


z 


| = {2k} rad/s 
m 


AS 


400 mm 





Prob. 21-37 


21-38. Determine the kinetic energy of the 7-kg disk and 
1.5-kg rod when the assembly is rotating about the z axis at 
w = 5 rad/s. 


21-39. Determine the angular momentum H, of the 7-kg 
disk and 1.5-kg rod when the assembly is rotating about the 
z axis at w = 5 rad/s. 





Probs. 21-38/39 
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Inertial coordinate system 


Fig. 21-11 


*21.4 Equations of Motion 


Having become familiar with the techniques used to describe both the 
inertial properties and the angular momentum of a body, we can now 
write the equations which describe the motion of the body in their most 
useful forms. 


Equations of Translational Motion. The translational motion 
of a body is defined in terms of the acceleration of the body’s mass 
center, which is measured from an inertial X, Y, Z reference. The equation 
of translational motion for the body can be written in vector form as 


SF = maç (21-18) 


or by the three scalar equations 





D = m(dg)x 
SF, = m(ag), (21-19) 
EF, = m(ag;). 











Here, $F = XF,i + XF,j + XF.krepresents the sum of all the external 
forces acting on the body. 


Equations of Rotational Motion. In Sec. 15.6, we developed 
Eq. 15-17 namely, 


XM, = Ho (21-20) 


which states that the sum of the moments of all the external forces 
acting on a system of particles (contained in a rigid body) about a fixed 
point O is equal to the time rate of change of the total angular momentum 
of the body about point O. When moments of the external forces acting on 
the particles are summed about the system’s mass center G, one again 
obtains the same simple form of Eq. 21-20, relating the moment 
summation XMg to the angular momentum Hg. To show this, consider 
the system of particles in Fig. 21-11, where X, Y, Z represents an inertial 
frame of reference and the x, y, z axes, with origin at G, translate with 
respect to this frame. In general, G is accelerating, so by definition the 
translating frame is not an inertial reference. The angular momentum of 
the ith particle with respect to this frame is, however, 


(Hig = rig X miviig 


where rc and v;;; represent the position and velocity of the ith particle 
with respect to G. Taking the time derivative we have 


(Hig = tye X mijvyg + Tyo X mii 


By definition, vjjg = r;;. Thus, the first term on the right side is zero 
since the cross product of the same vectors is zero. Also, ayg = Vic, 
so that 


(Hg = (rig X mjajg) 


Similar expressions can be written for the other particles of the body. 
When the results are summed, we get 


Hs = X(ng X mjayg) 


Here His the time rate of change of the total angular momentum of the 
body computed about point G. 

The relative acceleration for the ith particle is defined by the equation 
aig = a; — ag, where a; and ag represent, respectively, the accelerations 
of the ith particle and point G measured with respect to the inertial frame 
of reference. Substituting and expanding, using the distributive property 
of the vector cross product, yields 


Hg = X(n X mia) — (Em;ryg) X ag 


By definition of the mass center, the sum (Xm;r;;) = (Xmjr is equal to 
Zero, since the position vector r relative to G is zero. Hence, the last term 
in the above equation is zero. Using the equation of motion, the product 
m;a; can be replaced by the resultant external force F; acting on the ith 
particle. Denoting Mg = X(r,; X F), the final result can be written as 


XMg = Hg (21-21) 


The rotational equation of motion for the body will now be developed 
from either Eq. 21-20 or 21-21. In this regard, the scalar components of 
the angular momentum Ho or Hg are defined by Eqs. 21-10 or, if principal 
axes of inertia are used either at point O or G, by Eqs. 21-11. If these 
components are computed about x, y, z axes that are rotating with an 
angular velocity © that is different from the body's angular velocity c, 
then the time derivative H = dH/dt, as used in Eqs. 21-20 and 21-21, 
must account for the rotation of the x, y, z axes as measured from the 
inertial X, Y, Z axes. This requires application of Eq. 20-6, in which case 
Eqs. 21-20 and 21-21 become 


XM, = (Ho). + Q X Ho 


l (21-22) 
XMg = (Hg). + Q X Hg 


Here (H),,. is the time rate of change of H measured from the x, y, z 
reference. 

There are three ways in which one can define the motion of the x, y, z 
axes. Obviously, motion of this reference should be chosen so that it will 
yield the simplest set of moment equations for the solution of a particular 
problem. 
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x, y, z Axes Having Motion © = 0. If the body has general 
motion, the x, y, z axes can be chosen with origin at G, such that the axes 
only translate relative to the inertial X, Y, Z frame of reference. Doing 
this simplifies Eq. 21-22, since Q = 0. However, the body may have a 
rotation w about these axes, and therefore the moments and products of 
inertia of the body would have to be expressed as functions of time. In 
most cases this would be a difficult task, so that such a choice of axes has 
restricted application. 


x, y, z Axes Having Motion Q = œ. The x, y, z axes can be 
chosen such that they are fixed in and move with the body. The moments 
and products of inertia of the body relative to these axes will then be 
constant during the motion. Since Q = w, Eqs. 21-22 become 


XM, = (Ho. + @ X Ho 
. (21-23) 
~Mg = (Ho). + wx Hg 


We can express each of these vector equations as three scalar equations 
using Eqs. 21-10. Neglecting the subscripts O and G yields 


ÈM, = Lexw m (hy n L.)oy0. ~ T(@y 


— 0,0) 





Lyle; — i2) — Llo, + 00) 


ÈM, zd I0, = Cy — l)y — L.(o. zi Wy) (21-24) 





Lo? c) Io, + ww) 


ÈM, = L0; = (l= Ty) @.@y ~ Lo, E QC.) 





2 2 : 
Lyw wy) I, (@y + (0,0) 


If the x, y, z axes are chosen as principal axes of inertia, the products of 
inertia are zero, Lẹ = L, etc., and the above equations become 





XM, = Lo, — (I, — L)oyo, 
2M, = La, — (f, — L)o,a, (21-25) 
2M, = Iw, — (I, — Iyo,u, 











This set of equations is known historically as the Euler equations of 
motion, named after the Swiss mathematician Leonhard Euler, who first 
developed them. They apply only for moments summed about either 
point O or G. 


When applying these equations it should be realized that @,, «y, c. 
represent the time derivatives of the magnitudes of the x, y, z components 
of w as observed from x, y, z. To determine these components, it is first 
necessary to find o, Wy, W, when the x, y, z axes are oriented in a general 
position and then take the time derivative of the magnitude of these 
components, i.e., (@),,,. However, since the x, y, z axes are rotating at 
Q = o, then from Eq. 20-6, it should be noted that œ = (@),,, + w X w. 
Since w X w = 0, then e = (w),,,. This important result indicates that 
the time derivative of w with respect to the fixed X, Y, Z axes, that is w, 
can also be used to obtain («),,.. Generally this is the easiest way to 


determine the result. See Example 21.5. 


x, y z Axes Having Motion Q # w. To simplify the 
calculations for the time derivative of æ, it is often convenient to choose 
the x, y, z axes having an angular velocity which is different from the 
angular velocity w of the body. This is particularly suitable for the 
analysis of spinning tops and gyroscopes which are symmetrical about 
their spinning axes.* When this is the case, the moments and products of 
inertia remain constant about the axis of spin. 

Equations 21-22 are applicable for such a set of axes. Each of these 
two vector equations can be reduced to a set of three scalar equations 
which are derived in a manner similar to Eqs. 21-25," i.e., 





2M. T0 = LO a r 
XM, = lo, — 10,0, + 10,0, (21-26) 
XM, = La, — 10,0, + LO, 











Here O,, 0,, Q, represent the x, y, z components of Q, measured from 
the inertial frame of reference, and w,, w,, œ, must be determined relative 
to the x, y, z axes that have the rotation Q. See Example 21.6. 

Any one of these sets of moment equations, Eqs. 21-24, 21-25, or 
21-26, represents a series of three first-order nonlinear differential 
equations. These equations are “coupled,” since the angular-velocity 
components are present in all the terms. Success in determining the 
solution for a particular problem therefore depends upon what is 
unknown in these equations. Difficulty certainly arises when one 
attempts to solve for the unknown components of w when the external 
moments are functions of time. Further complications can arise if the 
moment equations are coupled to the three scalar equations of 
translational motion, Eqs. 21-19. This can happen because of the 
existence of kinematic constraints which relate the rotation of the body 
to the translation of its mass center, as in the case of a hoop which rolls 


*A detailed discussion of such devices is given in Sec. 21.5. 
*See Prob. 21-42. 
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without slipping. Problems that require the simultaneous solution of 
differential equations are generally solved using numerical methods with 
the aid of a computer. In many engineering problems, however, we are 
given information about the motion of the body and are required to 
determine the applied moments acting on the body. Most of these 
problems have direct solutions, so that there is no need to resort to 
computer techniques. 


Procedure for Analysis 


Problems involving the three-dimensional motion of a rigid body 
can be solved using the following procedure. 


Free-Body Diagram. 


e Draw a free-body diagram of the body at the instant considered 
and specify the x, y, z coordinate system. The origin of this 
reference must be located either at the body’s mass center G, or 
at point O, considered fixed in an inertial reference frame and 
located either in the body or on a massless extension of the body. 


Unknown reactive force components can be shown having a 
positive sense of direction. 


Depending on the nature of the problem, decide what type of 
rotational motion © the x, y, z coordinate system should have, 
i.e., Q = 0, Q = o, or Q ¥ æ. When choosing, keep in mind 
that the moment equations are simplified when the axes move in 
such a manner that they represent principal axes of inertia for the 
body at all times. 


Compute the necessary moments and products of inertia for the 
body relative to the x, y, z axes. 


Kinematics. 


e Determine the x, y, z components of the body's angular velocity 
and find the time derivatives of w. 


Note that if Q = o, then w = (@),,,. Therefore we can either 
find the time derivative of w with respect to the X, Y, Z axes, w, 
and then determine its components @,, ©, w,, or we can find the 
components of w along the x, y, z axes, when the axes are oriented 
in a general position, and then take the time derivative of the 
magnitudes of these components, (@),,.. 


Equations of Motion. 


e Apply either the two vector equations 21-18 and 21-22 or the six 
scalar component equations appropriate for the x, y, z coordinate 
axes chosen for the problem. 





The gear shown in Fig. 21-12a has a mass of 10 kg and is mounted at 
an angle of 10° with the rotating shaft having negligible mass. If 
I, = 0.1 kg: m?, 17, = I, = 0.05 kg’ m^, and the shaft is rotating with a 
constant angular velocity of œ = 30 rad/s, determine the components 
of reaction that the thrust bearing A and journal bearing B exert on 
the shaft at the instant shown. 


SOLUTION 


Free-Body Diagram. Fig. 21-12b. The origin of the x, y, z coordinate 
system is located at the gear’s center of mass G, which is also a fixed 
point. The axes are fixed in and rotate with the gear so that these axes 
will then always represent the principal axes of inertia for the gear. 
Hence Q = ø. 


Kinematics. As shown in Fig. 21-12c, the angular velocity w of the 
gear is constant in magnitude and is always directed along the axis of 
the shaft AB. Since this vector is measured from the X, Y, Z inertial 
frame of reference, for any position of the x, y, z axes, 


€, — 0 «y, = —30sin 10° w, = 30 cos 10° 


These components remain constant for any general orientation of 
the x, y, z axes, and so o, = @, = œ; = 0. Also note that since Q = a, 
then œ = («),,.. Therefore, we can find these time derivatives relative 
to the X, Y, Z axes. In this regard w has a constant magnitude and 
direction (+Z) since œ = 0, and so w, = c, = w, = 0. Furthermore, 
since G is a fixed point, (ac), = (ag), = (ag); = 0. 








Equations of Motion. Applying Eqs. 21-25 ( = o) yields 
2M, = Leo, — (ly — L)ayo, 
—(Ay)(0.2) + (By)(0.25) = 0 — (0.05 — 0.1)(—30 sin 10°)(30 cos 10°) 
—0.2Ay + 0.25By = —7.70 (1) 
XM, = Leo, — (Ku, — Lao, 
Ax(0.2) cos 10? — By(0.25) cos 10° = 0 — 0 
Ay = 1.25By (2) 
2M, = Lo, — (Hl, — Lom, 
Ax(0.2) sin 10° — By(0.25) sin 10° = 0 — 0 
Ax = 1.25Bx (check) 
Applying Eqs. 21-19, we have 


EF, = m(ag)x; Ax T By = 0 (3) 
EF, = m(ag)y; Ay + By — 98.1 = 0 (4) 
Fz = m(agg, Az=0 Ans. 


Solving Eqs. 1 through 4 simultaneously gives 
Ay =By=0 Ay 2 7L6N By = 265N Ans. 
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EXAMPLE | 21.5 


The airplane shown in Fig. 21-13a is in the process of making a steady 
horizontal turn at the rate of w,. During this motion, the propeller is 
spinning at the rate of w,. If the propeller has two blades, determine 
the moments which the propeller shaft exerts on the propeller at the 
instant the blades are in the vertical position. For simplicity, assume the 
blades to be a uniform slender bar having a moment of inertia J about 
an axis perpendicular to the blades passing through the center of the 
bar, and having zero moment of inertia about a longitudinal axis. 


m 
oO 
E 
Js) 
E 
E 
g 
Z 
2 


SOLUTION 


Free-Body Diagram. Fig. 21-13b. The reactions of the connecting 
shaft on the propeller are indicated by the resultants Fp and Mp. (The 
propeller’s weight is assumed to be negligible.) The x, y, z axes will be 
taken fixed to the propeller, since these axes always represent the 
principal axes of inertia for the propeller. Thus, Q = œw. The moments 
of inertia 7, and 7, are equal (/, = I, = I) and I, = 0. 





Kinematics. The angular velocity of the propeller observed from 
the X, Y, Z axes, coincident with the x, y, z axes, Fig. 21-13c, is 
w = w, + w, = wi + wk, so that the x, y, z components of w are 


Since Q = æ, then w = (c),.. To find æ, which is the time 
derivative with respect to the fixed X, Y, Z axes, we can use Eq. 20-6 
since œ changes direction relative to X, Y, Z. The time rate of change 
of each of these components œ = @, + æ, relative to the X, Y, Z axes 
can be obtained by introducing a third coordinate system x', y', z', 
which has an angular velocity Q’ = œ, and is coincident with the 
X, Y, Z axes at the instant shown. Thus 
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= (Gp; + e, X c 
= (@)," yt un (c). pezi am Mp x (@, ai wp) 
=0+0 + w, X a,+ @ X 0, 


=0+0 + ok x wl +0 — 09] 


Since the X, Y, Z axes are coincident with the x, y, z axes at the instant 
shown, the components of @ along x, y, z are therefore 
a, — 0 m cuu — 0 

These same results can also be determined by direct calculation of 
(@),-; however, this will involve a bit more work. To do this, it will be 
necessary to view the propeller (or the x, y, z axes) in some general 
position such as shown in Fig. 21-13d. Here the plane has turned 
through an angle $ (phi) and the propeller has turned through an 
angle y (psi) relative to the plane. Notice that «o, is always directed 
along the fixed Z axis and «c, follows the x axis. Thus the general 
components of œw are Fig. 21-13 


w= 0, Q0 


,— @, sin — c. = o, cos i 


Since o, and c, are constant, the time derivatives of these components 
become 


oO, = ù, = c, cos yr y 0. = —o, sin y V 


But ¢ = y = 0? and j = c, at the instant considered. Thus, 


Cx — y IL = Op 
Oy == ? — A z — 0 

which are the same results as those obtained previously. 

Equations of Motion. Using Eqs. 21-25, we have 


XM. = Io, Pi 


Uy — Layo, = K0) — I — 00w, 
M, = 0 
XM, = Lo, — (I, — Ioro, = Kopo) — (0 — Doyo, 
M, = 2lo,0; 
XM. = Lò; — (I; — how, = 00) — (I — Do«0) 
M,=0 
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EXAMPLE | 21.6 


The 10-kg flywheel (or thin disk) shown in Fig. 21-14a rotates (spins) 
about the shaft at a constant angular velocity of w, = 6 rad/s. At the 
same time, the shaft rotates (precessing) about the bearing at A with 
an angular velocity of w, = 3 rad/s. If A is a thrust bearing and B isa 
journal bearing, determine the components of force reaction at each 
of these supports due to the motion. 


SOLUTION I 


Free-Body Diagram.  Fig.21-14b.The origin of the x, y, z coordinate 
system is located at the center of mass G of the flywheel. Here we will 
let these coordinates have an angular velocity of Q = œw, = {3k} rad/s. 
Although the wheel spins relative to these axes, the moments of inertia 
remain constant,* i.e., 


1, = I, = l(10kg)(0.2 mf = 0.1 kg- m? 
1, = 10 kg)(0.2 m? = 02 kg: m? 


Kinematics. From the coincident inertial X, Y, Z frame of reference, 
Fig. 21-14c, the flywheel has an angular velocity of 
w = {6j + 3k} rad/s, so that 

e, — 0 c, — 6rad/s w, = 3rad/s 


The time derivative of œ must be determined relative to the x, y, z 
axes. In this case both w, and w, do not change their magnitude or 
direction, and so 


acce go 
Equations of Motion. Applying Eqs. 21-26 (Q # «) yields 
ÈM, x Lox x2 1,00, a I, Q0; 


—AJ0:5) + BOS) — 0 — (0,2))(6) + 0 = —316 


2M, = La, — 1,00, + LO,o, 


0=0-0+70 
2M, = 10, — LO, o, + 1, 0.0, 


A,(0:5) — B40.5) — 0 — 00 


*This would not be true for the propeller in Example 21.5. 





Applying Eqs. 21-19, we have 

Fy = m(ag)y; A, + B, = 0 

XFy = m(ag)y; A, = —10(0.5)3) 

Fz = magz A, + B, — 10(9.81) = 0 
Solving these equations, we obtain 


Ave — 0 AL — 45:0 Nee Ar — 52.0) Ans. 


y 


B,—0 B. = 45.4N Ans. 


NOTE: If the precession w, had not occurred, the z component of 
force at A and B would be equal to 49.05 N. In this case, however, the 
difference in these components is caused by the “gyroscopic moment” 
created whenever a spinning body precesses about another axis. We 
will study this effect in detail in the next section. 


SOLUTION II 

This example can also be solved using Euler’s equations of motion, 
Eqs. 21-25. In this case Q = œ = {6j + 3k} rad/s, and the time 
derivative (@),,, can be conveniently obtained with reference to the 
fixed X, Y, Z axes since w = (c)... This calculation can be performed 
by choosing x’, y', z' axes to have an angular velocity of Q’ = @,, 
Fig. 21-14c, so that 


@ = (@)y7 + @p X w = 0 + 3k X (6j + 3k) = {—18i} rad/s 


@, lsrds e, — 0. @,—0 
The moment equations then become 
XM, = Ló, — d, — Loven, 
—A,0.5) + B{0.5) = 0.1(—18) — (0.2 — 0.1)(6)G) = —3.6 
XM, = Ia, — (I, — L)o;9, 
0=0-0 
XM, = Là, — (I, — Dow 
ZA SB) — 0! = 0 


The solution then proceeds as before. 
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*21-40. Derive the scalar form of the rotational equation 
of motion about the x axis if Q # w and the moments and 
products of inertia of the body are not constant with respect 
to time. 


CHAPTER 21 


PROBLEMS 


21-41. Derive the scalar form of the rotational equation 
of motion about the x axis if Q # œ and the moments and 
products of inertia of the body are constant with respect 
to time. 


21-42. Derive the Euler equations of motion for Q 4 œ, 
i.e., Eqs. 21-26. 


21-43. The 4-]b bar rests along the smooth corners of 
an open box. At the instant shown, the box has a 
velocity v = [3j] ft/sandanaccelerationa = {—6j} ft/s?. 
Determine the x, y, z components of force which the corners 
exert on the bar. 





Prob. 21—43 


*21-44. The uniform plate has a mass of m = 2 kg and is 
given a rotation of w = 4rad/s about its bearings at A 
and B. If a — 0.2 m and c — 0.3 m, determine the vertical 
reactions at the instant shown. Use the x, y, z axes shown 


grs 
and note that Z, = =s + 5). 


CUT 


is; 
y 
Prob. 21-44 
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21-45. If the shaft AB is rotating with a constant angular 
velocity of w = 30 rad/s, determine the X, Y, Z components 
of reaction at the thrust bearing A and journal bearing B at 
the instant shown. The disk has a weight of 15 Ib. Neglect 
the weight of the shaft AB. 





w = 30 rad/s 


Prob. 21-45 


21-46. The assembly is supported by journal bearings at A 
and B, which develop only y and z force reactions on the shaft. 
Ifthe shaftis rotating in the directionshownatw = {2i} rad/s, 
determine the reactions at the bearings when the assembly is 
in the position shown. Also, what is the shaft’s angular 
acceleration? The mass per unit length of each rod is 5 kg/m. 


21-47. The assembly is supported by journal bearings at A 
and B, which develop only y and z force reactions on the 
shaft. If the shaft A is subjected to a couple moment 
M = {40i} N-m, and at the instant shown the shaft has an 
angular velocity of « = {2i} rad/s, determine the 
reactions at the bearings of the assembly at this instant. 
Also, what is the shaft's angular acceleration? The mass per 
unit length of each rod is 5 kg/m. 





A 


— 


1m 
1m 
2 me 
2m 
" di eR d 


Probs. 21-46/47 


[0] 


*21-48. The man sits on a swivel chair which is rotating 
with a constant angular velocity of 3 rad/s. He holds the 
uniform 5-lb rod AB horizontal. He suddenly gives it an 
angular acceleration of 2 rad/ s*, measured relative to him, 
as shown. Determine the required force and moment 
components at the grip, A, necessary to do this. Establish 
axes at the rod’s center of mass G, with +z upward, and +y 
directed along the axis of the rod toward A. 


EH d/s 
" 3ra 


» 3 ft 2 ft — 





2 rad /s* 
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21-49. The rod assembly is supported by a ball-and-socket 
joint at C and a journal bearing at D, which develops only x 
and y force reactions. The rods have a mass of 0.75 kg/m. 
Determine the angular acceleration of the rods and the 
components of reaction at the supports at the instant 
w = 8 rad/s as shown. 








Prob. 21-49 
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21-50. The bent uniform rod ACD has a weight of 5 Ib/ft 
and is supported at A by a pin and at B by a cord. If the 
vertical shaft rotates with a constant angular velocity 
w = 20 rad/s, determine the x, y, z components of force and 
moment developed at A and the tension in the cord. 





















































1 ft 
, 0.5 ft— é 
y 
i 
B 
1ft 
ai o 
|| i 
Prob. 21-50 


21-51. The uniform hatch door, having a mass of 15 kg and 
a mass center at G, is supported in the horizontal plane by 
bearings at A and B. If a vertical force F = 300 N is applied 
to the door as shown, determine the components of reaction 
at the bearings and the angular acceleration of the door. 
The bearing at A will resist a component of force in the y 
direction, whereas the bearing at B will not. For the 
calculation, assume the door to be a thin plate and neglect 
the size of each bearing. The door is originally at rest. 





Prob. 21-51 
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*21-52. The 5-kg circular disk is mounted off center on a 
shaft which is supported by bearings at A and B. If the shaft 
is rotating at a constant rate of w = 10 rad/s, determine the 
vertical reactions at the bearings when the disk is in the 
position shown. 








Prob. 21-52 


21-53. Two uniform rods, each having a weight of 10 Ib, 
are pin connected to the edge of a rotating disk. If the disk 
has a constant angular velocity wp = 4 rad/s, determine 
the angle 0 made by each rod during the motion, and the 
components of the force and moment developed at 
the pin A. Suggestion: Use the x, y, z axes oriented as shown. 


Y. — 4 rad/s 
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21-54. The 10-kg disk turns around the shaft AB, while 
the shaft rotates about BC at a constant rate of w, = 5 rad/s. 
If the disk does not slip, determine the normal and frictional 
force it exerts on the ground. Neglect the mass of shaft AB. 





Prob. 21-54 


21-55. The 20-kg disk is spinning on its axle at 
€, = 30rad/s, while the forked rod is turning at 
€ = 6rad/s. Determine the x and z moment components 
the axle exerts on the disk during the motion. 


€, = 30 rad/s 





AIP e; = 6 rad/s 
i" 


Prob. 21-55 


*21-56. The 4-kg slender rod AB is pinned at A and held 
at B by acord. The axle CD is supported at its ends by ball- 
and-socket joints and is rotating with a constant angular 
velocity of 2 rad/s. Determine the tension developed in the 
cord and the magnitude of force developed at the pin A. 


























Prob. 21-56 


21-57. The blades of a wind turbine spin about the shaft S 
with a constant angular speed of w,, while the frame precesses 
about the vertical axis with a constant angular speed of w,. 
Determine the x, y, and z components of moment that the 
shaft exerts on the blades as a function of 0. Consider each 


blade as a slender rod of mass m and length /. 





Prob. 21-57 
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21-58. The 15-lb cylinder is rotating about shaft AB with a 
constant angular speed w = 4 rad/s. If the supporting shaft 
at C, initially at rest, is given an angular acceleration 
ac = 12 rad/s, determine the components of reaction at the 
bearings A and B. The bearing at A cannot support a force 
component along the x axis, whereas the bearing at B does. 





Prob. 21-58 


21-59. The thin rod has a mass of 0.8 kg and a total length 
of 150 mm. It is rotating about its midpoint at a constant 
rate 0 = 6rad /s, while the table to which its axle A is 
fastened is rotating at 2 rad/s. Determine the x, y, z moment 
components which the axle exerts on the rod when the rod 
is in any position 0. 





Prob. 21-59 
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Precession $ 


(b) 








*21.5  Gyroscopic Motion 


In this section we will develop the equations defining the motion of a 
body (top) which is symmetrical with respect to an axis and rotating about 
a fixed point. These equations also apply to the motion of a particularly 
interesting device, the gyroscope. 

The body's motion will be analyzed using Euler angles d, 0, w 
(phi, theta, psi). To illustrate how they define the position of a body, 
consider the top shown in Fig. 21-15a. To define its final position, 
Fig. 21-15d, a second set of x, y, z axes is fixed in the top. Starting with the 
X, Y, Z and x, y, z axes in coincidence, Fig. 21-152, the final position of the 
top can be determined using the following three steps: 


1. Rotate the top about the Z (or z) axis through an angle 
$ (0 = $ < 2m), Fig. 21-15b. 

2. Rotate the top about the x axis through an angle 0 (0 = 0 = 7), 
Fig. 21-15c. 


3. Rotate the top about the z axis through an angle y (0 = y < 27) 
to obtain the final position, Fig. 21-154. 


The sequence of these three angles, $, 6, then y, must be maintained, since 
finite rotations are not vectors (see Fig. 20-1). Although this is the case, 
the differential rotations de, d0, and dy are vectors, and thus the angular 
velocity w of the top can be expressed in terms of the time derivatives of 
the Euler angles. The angular-velocity components ó, ô, and i} are known 
as the precession, nutation, and spin, respectively. 








x TES 
Nutation 0 


(c) 





Fig. 21-15 
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Their positive directions are shown in Fig. 21-16. It is seen that these Z 
vectors are not all perpendicular to one another; however, w of the top R . 
can still be expressed in terms of these three components. ips 


Since the body (top) is symmetric with respect to the z or spin axis, 
there is no need to attach the x, y, z axes to the top since the inertial 
properties of the top will remain constant with respect to this frame 
during the motion. Therefore Q = w, + w,, Fig. 21-16. Hence, the 
angular velocity of the body is 


w 





wi + oj + œk 





= ĝi + ($ sin O)j + (bcos 0 + Wk (21-27) 5 


Te 
: 


= ĝi + (o sin 0)j + ($ cos ™)k (21-28) Fig. 21-16 


And the angular velocity of the axes is 


O = 0,1 + Q j+ Ok 


Have the x, y, z axes represent principal axes of inertia for the top, and so 
the moments of inertia will be represented as Z, = I, = J and Z, = L. 
Since Q # «, Eqs. 21-26 are used to establish the rotational equations of 
motion. Substituting into these equations the respective angular-velocity 
components defined by Eqs. 21-27 and 21-28, their corresponding time 
derivatives, and the moment of inertia components, yields 


XM, = KÖ — d? sin 0 cos 0) + Ló sin 6($ cos 0 + yp) 
XM, = I( sin 0 + 266 cos 0) — L6(Ó cos 0 + o) (21-29) 
XM, = Lh + $ cos 0 — $6 sin 0) 


Each moment summation applies only at the fixed point O or the center 
of mass G of the body. Since the equations represent a coupled set of 
nonlinear second-order differential equations, in general a closed-form 
solution may not be obtained. Instead, the Euler angles ¢, 0, and y may 
be obtained graphically as functions of time using numerical analysis and 
computer techniques. 

A special case, however, does exist for which simplification of 
Eqs. 21-29 is possible. Commonly referred to as steady precession, it 
occurs when the nutation angle 6, precession #, and spin y all remain 
constant. Equations 21-29 then reduce to the form 





XM, = —Ió? sin 0 cos 0 + Ló sin6($ cos0 + y) | (21-30) 











XM,-0 


SM, = 0 
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Equation 21-30 can be further simplified by noting that, from Eq. 21-27, 
w, = d$ cos 0 + w, so that 


XM, = —Id? sin 0 cos 0 + Lo (sin Aw, 


or 





XM, = ó sin 6(1,o, — Id cos 0) (21-31) 











It is interesting to note what effects the spin ys has on the moment 
about the x axis. To show this, consider the spinning rotor in Fig. 21-17 
Here 0 = 90°, in which case Eq. 21-30 reduces to the form 


XM, = Lh} 


or 





SM, = E (21-32) 




















Fig. 21-17 


From the figure it can be seen that ©, and œ, act along their respective 
positive axes and therefore are mutually perpendicular. Instinctively, one 
would expect the rotor to fall down under the influence of gravity! 
However, this is not the case at all, provided the product /,0,w, is 
correctly chosen to counterbalance the moment XM, = Wrg of the 
rotor's weight about O. This unusual phenomenon of rigid-body motion 
is often referred to as the gyroscopic effect. 


Perhaps a more intriguing demonstration of the gyroscopic effect 
comes from studying the action of a gyroscope, frequently referred to as 
a gyro. A gyro is a rotor which spins at a very high rate about its axis of 
symmetry. This rate of spin is considerably greater than its precessional 
rate of rotation about the vertical axis. Hence, for all practical purposes, 
the angular momentum of the gyro can be assumed directed along its 
axis of spin. Thus, for the gyro rotor shown in Fig. 21-18, œ, => Q,, and 
the magnitude of the angular momentum about point O, as determined 
from Eqs.21-11, reduces to the form Ho = 1,œ,. Since both the magnitude 
and direction of Hy are constant as observed from x, y, z, direct application 
of Eq. 21-22 yields 

X 


XM, = Q, X Ho (21-33) 














Using the right-hand rule applied to the cross product, it can be seen 
that Q, always swings Ho (or c.) toward the sense of 2M,. In effect, the 
change in direction of the gyro's angular momentum, dHp, is equivalent 
to the angular impulse caused by the gyro’s weight about O, i.e., 
dH, = XM, dt, Eq. 21-20. Also, since Hp = Iw, and XM,, O,, and Ho 
are mutually perpendicular, Eq. 21-33 reduces to Eq. 21-32. 

When a gyro is mounted in gimbal rings, Fig. 21-19, it becomes free of 
external moments applied to its base. Thus, in theory, its angular 
momentum H will never precess but, instead, maintain its same fixed 
orientation along the axis of spin when the base is rotated. This type of 
gyroscope is called a free gyro and is useful as a gyrocompass when the 
spin axis of the gyro is directed north. In reality, the gimbal mechanism is 
never completely free of friction, so such a device is useful only for the 
local navigation of ships and aircraft. The gyroscopic effect is also useful 
as a means of stabilizing both the rolling motion of ships at sea and the 
trajectories of missiles and projectiles. Furthermore, this effect is of 
significant importance in the design of shafts and bearings for rotors 
which are subjected to forced precessions. 


Bearings 
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Z2 
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‘ae 


O, 





Fig. 21-18 





The spinning of the gyro within the frame 
of this toy gyroscope produces angular 
momentum Hp, which is changing direction 
as the frame precesses w, about the 
vertical axis. The gyroscope will not fall 
down since the moment of its weight W 
about the support is balanced by the 
change in the direction of Họ. 
(© R.C. Hibbeler) 
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EXAMPLE | 21.7 


The top shown in Fig. 21-20a has a mass of 0.5 kg and is precessing 
about the vertical axis at a constant angle of 0 = 60°. If it spins with 
b- an angular velocity œ, = 100 rad/s, determine the precession wp. 

Assume that the axial and transverse moments of inertia of the top 
are 0.45(10 2) kg: m? and 1.20(10 7) kg: m?, respectively, measured 
with respect to the fixed point O. 


€, = 100 rad/s 








SOLUTION 

Equation 21-30 will be used for the solution since the motion is steady 
precession. As shown on the free-body diagram, Fig. 21-20b, the 
coordinate axes are established in the usual manner, that is, with the 
positive z axis in the direction of spin, the positive Z axis in the direction 
of precession, and the positive x axis in the direction of the moment 
XM, (refer to Fig. 21-16). Thus, 


XM, = —Id? sin 0 cos 0 + Ló sin (( cos 0 + y) 
4.905 N(0.05 m) sin 60° = —[1.20(10 ?) kg - m? $?] sin 60? cos 60° 
+ [0.45(10 ?) kg - m^] sin 60°(ġ cos 60° + 100 rad/s) 


$? — 120.06 + 654.0 = 0 (1) 


Solving this quadratic equation for the precession gives 


p = 114rad/s (high precession) Ans. 


and 


$ = 5.72 rad/s (low precession) Ans. 


NOTE: In reality, low precession of the top would generally be observed, 
since high precession would require a larger kinetic energy. 





The 1-kg disk shown in Fig. 21—21a spins about its axis with a constant 
angular velocity wp = 70 rad/s. The block at B has a mass of 2 kg, 
and by adjusting its position s one can change the precession of the 
disk about its supporting pivot at O while the shaft remains 
horizontal. Determine the position s that will enable the disk to have 
a constant precession w, = 0.5 rad/s about the pivot. Neglect the 
weight of the shaft. 


w, = 0.5 rad/s 






wp = 70 rad/s 





9.81 N (b) 


Fig. 21-21 


SOLUTION 

The free-body diagram of the assembly is shown in Fig. 21-21b. The 
origin for both the x, y, z and X, Y, Z coordinate systems is located at 
the fixed point O. In the conventional sense, the Z axis is chosen along 
the axis of precession, and the z axis is along the axis of spin, so that 
0 = 90°. Since the precession is steady, Eq. 21-32 can be used for the 
solution. 


XM, = LO,o, 

Substituting the required data gives 

(9.81 N) (0.2 m) — (19.62 N)s — [sa kg)(0.05 m)? ]0.5 rad/s(—70 rad/s) 
s = 0.102 m = 102 mm Ans. 
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21.6 Torque-Free Motion 


When the only external force acting on a body is caused by gravity, the 
general motion of the body is referred to as torque-free motion. This type 
of motion is characteristic of planets, artificial satellites, and projectiles — 
provided air friction is neglected. 

In order to describe the characteristics of this motion, the distribution 
of the body’s mass will be assumed axisymmetric. The satellite shown in 
Fig. 21-22 is an example of such a body, where the z axis represents an 
axis of symmetry. The origin of the x, y, z coordinates is located at the 
mass center G, such that 7, = I, and I, = I, = I. Since gravity is the 
only external force present, the summation of moments about the mass 
center is zero. From Eq. 21-21, this requires the angular momentum of 
the body to be constant, i.e., 


Hg = constant 


At the instant considered, it will be assumed that the inertial frame of 
reference is oriented so that the positive Z axis is directed along Hg and 
the y axis lies in the plane formed by the z and Z axes, Fig. 212. The 
Euler angle formed between Z and z is 0, and therefore, with this choice 
of axes the angular momentum can be expressed as 


Hg = Hgsin0j + Hg cos 0 k 
Furthermore, using Eqs. 21-11, we have 
Hg = loi + Iwj + Lo.k 


Equating the respective i, j, and k components of the above two 
equations yields 





Fig. 21-22 





or 





_ Hgsin0.  Hgcos0 
new L 


Z 





(21-35) 











In a similar manner, equating the respective i, j, k components of 
Eq. 21-27 to those of Eq. 21-34, we obtain 








6=0 
- Hg sin 0 
$ sin@ = 
I 
: .  Hgcosé 
$ cos 0 + Yy = —— 
L 
Solving, we get 
0 = constant 
. Hg 
d= m (21-36) 
e ae 
y = m G COS 











Thus, for torque-free motion of an axisymmetrical body, the angle 6 
formed between the angular-momentum vector and the spin of the body 
remains constant. Furthermore, the angular momentum Hg, precession db, 
and spin i} for the body remain constant at all times during the motion. 

Eliminating Hg from the second and third of Eqs. 21-36 yields the 
following relation between the spin and precession: 





um 
y= 7 $ cos 0 (21-37) 


z 
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spin 


I«I, 
(b) 
Fig. 21-23 
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These two components of angular motion can be studied by using the 
body and space cone models introduced in Sec. 20.1. The space cone 
defining the precession is fixed from rotating, since the precession has a 
fixed direction, while the outer surface of the body cone rolls on the 
space cone’s outer surface. Try to imagine this motion in Fig. 21—23a. The 
interior angle of each cone is chosen such that the resultant angular 
velocity of the body is directed along the line of contact of the two cones. 
This line of contact represents the instantaneous axis of rotation for the 
body cone, and hence the angular velocity of both the body cone and 
the body must be directed along this line. Since the spin is a function of 
the moments of inertia / and J, of the body, Eq. 21-36, the cone model in 
Fig. 21-23a is satisfactory for describing the motion, provided / > ZŁ. 
Torque-free motion which meets these requirements is called regular 
precession. If I < L, the spin is negative and the precession positive. This 
motion is represented by the satellite motion shown in Fig. 21-235 
(I € L). The cone model can again be used to represent the motion; 
however, to preserve the correct vector addition of spin and precession 
to obtain the angular velocity w, the inside surface of the body cone must 
roll on the outside surface of the (fixed) space cone. This motion is 
referred to as retrograde precession. 





Satellites are often given a spin before they are launched. If their angular momentum 
is not collinear with the axis of spin, they will exhibit precession. In the photo on the 
left, regular precession will occur since J > /,, and in the photo on the right, retrograde 
precession will occur since J < Z. 





(© R.C. Hibbeler) (© R.C. Hibbeler) 
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The motion of a football is observed using a slow-motion projector. 
From the film, the spin of the football is seen to be directed 30° from 
the horizontal, as shown in Fig. 21—24a. Also, the football is precessing 
about the vertical axis at a rate ġ = 3 rad/s. If the ratio of the axial to 
transverse moments of inertia of the football is }, measured with 
respect to the center of mass, determine the magnitude of the football’s 
spin and its angular velocity. Neglect the effect of air resistance. 


$ = 3 rad/s 


Ww 
Y 
a 
30° 





(a) 


Fig. 21-24 


SOLUTION 

Since the weight of the football is the only force acting, the motion is 
torque-free. In the conventional sense, if the z axis is established 
along the axis of spin and the Z axis along the precession axis, as 
shown in Fig. 21-245, then the angle 6 = 60°. Applying Eq. 21-37 the 














spin is 
. I-L. — 31 
y= $ cos 0 = —,1——(3) cos 60° 
L 1 
= 3 rad/s Ans. 
Using Eqs. 21-34, where Hg = ġI (Eq. 21-36), we have 
w, =0 
Hgsin0 3I sin 60° 
w, = OL = SE — 2.60 rad/s 
: I I 
A 0 I B 
oe od m 99. ccadodad/s 
L lj 


Thus, 





e = Vo? + (9 + (0)? 
= V0) + (2.60)? + (4.50? 
= 5.20 rad/s Ans. 
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PTPROBLEMS 


*21-60. Show that the angular velocity of a body, in terms 
of Euler angles $, 0, and w, can be expressed as 
w = (ġ sin 0 sin y + 8 cos yi + (ġ sin 0 cos y = ô sin y)j + 
$ cos 0 + Wk, where i,j, and k are directed along the x, y, z 
axes as shown in Fig. 21-154. 


21-61. A thin rod is initially coincident with the Z axis 
when it is given three rotations defined by the Euler angles 
ġo = 30°, 6 = 45°, and y = 60°. If these rotations are given 
in the order stated, determine the coordinate direction 
angles a, B, y of the axis of the rod with respect to the X, Y, 
and Z axes. Are these directions the same for any order of 
the rotations? Why? 


21-62. The gyroscope consists of a uniform 450-g disk D 
which is attached to the axle AB of negligible mass. The 
supporting frame has a mass of 180 g and a center of mass 
at G. If the disk is rotating about the axle at wp = 90 rad/s, 
determine the constant angular velocity œw, at which the 
frame precesses about the pivot point O. The frame moves 


in the horizontal plane. 





Prob. 21-62 


21-63. The toy gyroscope consists of a rotor R which is 
attached to the frame of negligible mass. If it is observed 
that the frame is precessing about the pivot point O at 
«y = 2rad/s, determine the angular velocity wr of the 
rotor. The stem OA moves in the horizontal plane. The rotor 
has a mass of 200 g and a radius of gyration kg, = 20 mm 
about OA. 


30 mm 





Prob. 21-63 


*21-64. The top consists of a thin disk that has a weight 
of 8 Ib and a radius of 0.3 ft. The rod has a negligible mass 
and a length of 0.5 ft. If the top is spinning with an angular 
velocity œ, = 300rad/s, determine the steady-state 
precessional angular velocity w, of the rod when 0 = 40°. 


21-65. Solve Prob. 21-64 when 0 = 90°. 





Probs. 21-64/65 


21-66. The propeller on a single-engine airplane has a 
mass of 15 kg and a centroidal radius of gyration of 0.3 m 
computed about the axis of spin. When viewed from the 
front of the airplane, the propeller is turning clockwise at 
350 rad/s about the spin axis. If the airplane enters a vertical 
curve having a radius of 80 m and is traveling at 200 km/h, 
determine the gyroscopic bending moment which the 
propeller exerts on the bearings of the engine when the 
airplane is in its lowest position. 


p=80m 


ic 


Prob. 21-66 


21-67. A wheel of mass m and radius r rolls with constant 
spin w about a circular path having a radius a. If the angle of 
inclination is 0, determine the rate of precession. Treat the 
wheel as a thin ring. No slipping occurs. 





Prob. 21-67 
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*21-68. The conical top has a mass of 0.8 kg, and the 
moments of inertia are J, = I, = 3.5(10 ?) kg m? and 
I, = 0.8(10?) kg: m’. If it spins freely in the ball-and socket 
joint at A with an angular velocity w, = 750 rad/s, compute 
the precession of the top about the axis of the shaft AB. 





Prob. 21-68 


21-69. The top has a mass of 90 g, a center of mass at G, 
and a radius of gyration k = 18mm about its axis of 
symmetry. About any transverse axis acting through point O 
the radius of gyration is k, = 35 mm. If the top is connected 
to a ball-and-socket joint at O and the precession is 
wp = 0.5 rad/s, determine the spin a,. 


be, gc 





Prob. 21-69 
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21-70. The 1-lb top has a center of gravity at point G. If it 
spins about its axis of symmetry and precesses about the 
vertical axis at constant rates of w, = 60rad/s and 
wp = 10 rad/s, respectively, determine the steady state 
angle 0. The radius of gyration of the top about the z axis is 
k, = 1 in., and about the x and y axes it isk, = k, = 4 in. 


SAK 


€, = 60 rad/s 





w, = 10 rad/s C 





Prob. 21-70 


21-71. The space capsule has a mass of 2 Mg, center of 
mass at G, and radii of gyration about its axis of symmetry 
(z axis) and its transverse axes (x or y axis) of k, = 2.75 m 
and k, = k, = 5.5 m, respectively. If the capsule has the 
angular velocity shown, determine its precession $ and 
spin w. Indicate whether the precession is regular or retrograde. 
Also, draw the space cone and body cone for the motion. 





Prob. 21-71 
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*21-72. The 0.25 kg football is spinning at w, = 15 rad/s 
as shown. If 0 = 40°, determine the precession about the 
z axis. The radius of gyration about the spin axis is 
k, = 0.042 m, and about a transverse axis is k, = 0.13 m. 


Z 





Prob. 21-72 


21-73. The projectile shown is subjected to torque-free 
motion. The transverse and axial moments of inertia are I 
and L, respectively. If 0 represents the angle between the 
precessional axis Z and the axis of symmetry z, and f is the 
angle between the angular velocity œ and the z axis, show 
that B and 0 are related by the equation tan 0 = (//I, ) tan p. 





Prob. 21-73 


21-74. The radius of gyration about an axis passing 
through the axis of symmetry of the 1.6-Mg space capsule is 
k, — 1.2 m and about any transverse axis passing through 
the center of mass G,k, = 1.8 m. If the capsule has a known 
steady-state precession of two revolutions per hour about 
the Z axis, determine the rate of spin about the z axis. 





Prob. 21-74 


21-75. The rocket has a mass of 4 Mg and radii of gyration 
k, = 0.85 m and k, = k, = 2.3m. It is initially spinning 
about the z axis at œ, = 0.05 rad/s when a meteoroid M 
strikes it at A and creates an impulse I= {300i} N-s. 
Determine the axis of precession after the impact. 


Gr 


-— =y 





M 


Prob. 21-75 


*21-76. The football has a mass of 450 g and radii of gyration 
about its axis of symmetry (z axis) and its transverse axes (x or 
y axis) of k, = 30 mm and k, = k, = 50 mm, respectively. If 
the football has an angular momentum of Hg = 0.02 kg- m?/s, 
determine its precession $ and spin y. Also, find the angle B 
that the angular velocity vector makes with the z axis. 


Hg = 0.02 kg - m?/s 
z 


dg 





Prob. 21-76 
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21-77. The satellite has a mass of 1.8 Mg, and about axes 
passing through the mass center G the axial and transverse 
radii of gyration are k, = 0.8 mandk, = 1.2 m, respectively. 
If it is spinning at w, = 6rad/s when it is launched, 
determine its angular momentum. Precession occurs about 
the Z axis. 





Prob. 21-77 


21-78. The radius of gyration about an axis passing 
through the axis of symmetry of the 1.2-Mg satellite is 
k, = 1.4 m, and about any transverse axis passing through 
the center of mass G, k, = 2.20 m. If the satellite has a 
known spin of 2700 rev/h about the z axis, determine the 
steady-state precession about the z axis. 





Prob. 21-78 
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CHAPTER REVIEW 


Moments and Products of Inertia 


A body has six components of inertia for 
any specified x, y, z axes. Three of these 
are moments of inertia about each of the 
axes, Lx, ly, ,,, and three are products of 
inertia, each defined from two orthogonal 
planes, Zy, ,,, Zz. If either one or both of 
these planes are planes of symmetry, then 
the product of inertia with respect to 


these planes will be zero. 


The moments and products of inertia can 
be determined by direct integration or by 
using tabulated values. If these quantities 
are to be determined with respect to axes 
or planes that do not pass through the 
mass center, then parallel-axis and 
parallel-plane theorems must be used. 


Provided the six components of inertia 
are known, then the moment of inertia 
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about any axis can be determined using Ton = Ipu à Lyu + Lad 2Lyuu, — Wypy, — lyy 
the inertia transformation equation. 
Principal Moments of Inertia 
At any point on or off the body, the x, y, z L 0 0 
axes can be oriented so that the products M L 0 
of inertia will be zero. The resulting 2 
moments of inertia are called the principal 0 0 1 
moments of inertia. In general, one will be 
a maximum and the other a minimum. 
Principle of Impulse and Momentum h h 
m(vg), + E | Fdt = m(vo) (Ho); + > f Mo dt = (Ho) 
The angular momentum for a body can be t where " 
determined about any arbitrary point A. Ho = x x d 
y yp o n (w X po) dm H, = L9, — Loy — L9, 
Once the linear and angular momentum Fixed Point O Hy, = =l + Loy — I0; 
for the body have been formulated, then H, = —Lyo, — lyw, + Ly, 
the principle of impulse and momentum Hg = f Pa X (w X pg) dm 
can be used to solve problems that Center of Mass 
involve force, velocity, and time. 
Hy = pgj4 X mvg + Hg 
Arbitrary Point 
Principle of Work and Energy 
The kinetic energy for a body is usually T=} +4 Lw? + iLo? T = imo + iho? + £ Lw? 4 BA 


determined relative to a fixed point or the 
body’s mass center. 





Fixed Point 





Center of Mass 


These formulations can be used with the 
principle of work and energy to solve 
problems that involve force, velocity, and 
displacement. 
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Equations of Motion 


There are three scalar equations of 
translational motion for a rigid body that 
moves in three dimensions. 


The three scalar equations of rotational 
motion depend upon the motion of the x, 
y, z reference. Most often, these axes are 
oriented so that they are principal axes of 
inertia. If the axes are fixed in and move 
with the body so that Q = «c, then the 
equations are referred to as the Euler 
equations of motion. 


A free-body diagram should always 
accompany the application of the 
equations of motion. 


LF, xx m(ag), 
LF, = m(ag), 
LF, = m(ag), 


XM, = Ló, — (ly — Low, 
XM, = Lò, — (I; — Loo, 
XM, = Lù, — (ly — Lose, 


Q =w 


ÈM, = Lo, — Qw, + LQ 
XM, = Lo, — 1,00, + 1.0.0, 
XM, = Lo, — Lo, + 1,0,0, 














Gyroscopic Motion 


The angular motion of a gyroscope is 
best described using the three Euler 
angles $, 0, and y. The angular velocity 
components are called the precession $, 
the nutation 0, and the spin y. 


IfÓ = O and $ and y are constant, then the 
motion is referred to as steady precession. 


It is the spin of a gyro rotor that is 
responsible for holding a rotor from falling 
downward, and instead causing it to precess 
about a vertical axis. This phenomenon is 
called the gyroscopic effect. 


= —Iġ? sin 0 cos 0 + Ló sin ad cos @ + h) 


= 0, 5M, = 0 





Torque-Free Motion 


A body that is only subjected to a 
gravitational force will have no moments 
on it about its mass center, and so the 
motion is described as torque-free motion. 
The angular momentum for the body 
about its mass center will remain constant. 
This causes the body to have both a spin 
and a precession. The motion depends 
upon the magnitude of the moment of 
inertia of a symmetric body about the spin 
axis, /,, versus that about a perpendicular 


AZ 


axis, I. 





6 = constant 
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(© Daseaford/Fotolia) 


The analysis of vibrations plays an important role in the study of the behavior 
of structures subjected to earthquakes. 





Vibrations 





*22.1 Undamped Free Vibration 


A vibration is the oscillating motion of a body or system of connected 
bodies displaced from a position of equilibrium. In general, there are two 
types of vibration, free and forced. Free vibration occurs when the motion 
is maintained by gravitational or elastic restoring forces, such as the 
swinging motion of a pendulum or the vibration of an elastic rod. Forced 
vibration is caused by an external periodic or intermittent force applied 
to the system. Both of these types of vibration can either be damped or 
undamped. Undamped vibrations exclude frictional effects in the analysis. 
Since in reality both internal and external frictional forces are present, the 
motion of all vibrating bodies is actually damped. 
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Equilibrium 
position 


x 





Fig. 22-1 


Equilibrium 


position 
F - 
(a) 

F=W + ky 


(b) 
Fig. 22-2 


The simplest type of vibrating motion is undamped free vibration, 
represented by the block and spring model shown in Fig. 22-1a. 
Vibrating motion occurs when the block is released from a displaced 
position x so that the spring pulls on the block. The block will attain 
a velocity such that it will proceed to move out of equilibrium when 
x = 0, and provided the supporting surface is smooth, the block will 
oscillate back and forth. 

The time-dependent path of motion of the block can be determined by 
applying the equation of motion to the block when it is in the displaced 
position x. The free-body diagram is shown in Fig. 22-1b. The elastic 
restoring force F = kx is always directed toward the equilibrium position, 
whereas the acceleration a is assumed to act in the direction of positive 
displacement. Since a = d?x/dt? = X, we have 


+4 SF, = ma, —kx = mx 


Note that the acceleration is proportional to the block’s displacement. 
Motion described in this manner is called simple harmonic motion. 
Rearranging the terms into a “standard form” gives 


X t wx = 0 (22-1) 


The constant w,, generally reported in rad/s, is called the natural 
frequency, and in this case 


(22-2) 





Equation 22-1 can also be obtained by considering the block to be 
suspended so that the displacement y is measured from the block’s 
equilibrium position, Fig. 22-2a. When the block is in equilibrium, the 
spring exerts an upward force of F = W = mg on the block. Hence, when 
the block is displaced a distance y downward from this position, the 
magnitude of the spring force is F = W + ky, Fig. 22-2b. Applying the 
equation of motion gives 


+)3F, = may; -W — ky + W = my 
or 
y+ oy = 0 


which is the same form as Eq. 22-1 and w, is defined by Eq. 22-2. 


22.1 


Equation 22-1 is a homogeneous, second-order, linear, differential 
equation with constant coefficients. It can be shown, using the methods 
of differential equations, that the general solution is 





x = Asin cof + B cos ot (22-3) 











Here A and B represent two constants of integration. The block’s velocity 
and acceleration are determined by taking successive time derivatives, 
which yields 


v = x = Aw, COS wt — Bo, sin ot (22-4) 


a = X = —Aoj sin w,t — Bw? cos apt (22-5) 


When Eqs. 22-3 and 22-5 are substituted into Eq. 22-1, the differential 
equation will be satisfied, showing that Eq. 22-3 is indeed the solution to 
Eq. 22-1. 

The integration constants in Eq. 22-3 are generally determined from 
the initial conditions of the problem. For example, suppose that the block 
in Fig. 22-1a has been displaced a distance x, to the right from its 
equilibrium position and given an initial (positive) velocity v, directed 
to the right. Substituting x = x, when ¢t = 0 into Eq. 22-3 yields B = x. 
And since v = v, when ż = 0, using Eq. 22-4 we obtain A = vj/o,. If 
these values are substituted into Eq. 22-3, the equation describing the 
motion becomes 


Ui. 
x = — sin of + x, COS oy (22-6) 


n 


Equation 22-3 may also be expressed in terms of simple sinusoidal 
motion. To show this, let 


A = Ccos $ (22-7) 
and 
B = Csin$ (22-8) 


where C and ¢ are new constants to be determined in place of A and B. 
Substituting into Eq. 22-3 yields 


x = Ccos¢sinw,t + C sin $ cos ot 


And since sin(0 + $) = sin 0 cos $ + cos 0 sin $, then 





x = Csin(o,t + $) (22-9) 











If this equation is plotted on an x versus w,f axis, the graph shown in 
Fig. 22-3 is obtained. The maximum displacement of the block from its 
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$ | 1 cycle 27 = @,7 | 
EP ^ Period of time (7) 


x = Csin (ot + Q) 









Opt 











Fig. 22-3 


equilibrium position is defined as the amplitude of vibration. From either 
the figure or Eq. 22-9 the amplitude is C. The angle ¢ is called the phase 
angle since it represents the amount by which the curve is displaced from 
the origin when t = 0. We can relate these two constants to A and B 
using Eqs. 22-7 and 22-8. Squaring and adding these two equations, the 
amplitude becomes 


C= VA? + B (22-10) 
If Eq. 22-8 is divided by Eq. 22-7 the phase angle is then 
B 
= tan 1— 22-11 
p = tan (22-11) 


Note that the sine curve, Eq. 22-9, completes one cycle in time 
t = 7 (tau) when w,7 = 27, or 


T ee (22-12) 
This time interval is called a period, Fig. 22-3. Using Eq. 22-2, the period 


can also be represented as 
T— m. es (22-13) 


Finally, the frequency fis defined as the number of cycles completed per 
unit of time, which is the reciprocal of the period; that is, 





m (22-14) 


1 fk 
is JE (22-15) 


The frequency is expressed in cycles/s. This ratio of units is called a hertz 
(Hz), where 1 Hz = 1 cycle/s = 27 rad/s. 

When a body or system of connected bodies is given an initial 
displacement from its equilibrium position and released, it will vibrate 
with the natural frequency, c, . Provided the system has a single degree of 
freedom, that is, it requires only one coordinate to specify completely the 
position of the system at any time, then the vibrating motion will have 
the same characteristics as the simple harmonic motion of the block and 
spring just presented. Consequently, the motion is described by a 
differential equation of the same “standard form" as Eq. 22-1, i.e., 


Hence, if the natural frequency w, is known, the period of vibration 7, 
frequency f, and other vibrating characteristics can be established using 
Eqs. 22-3 through 22-15. 











or 
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Important Points 


Free vibration occurs when the motion is maintained by 
gravitational or elastic restoring forces. 


The amplitude is the maximum displacement of the body. 
The period is the time required to complete one cycle. 


The frequency is the number of cycles completed per unit of time, 
where 1 Hz = 1 cycle/s. 


Only one position coordinate is needed to describe the location 
of a one-degree-of-freedom system. 


Procedure for Analysis 


As in the case of the block and spring, the natural frequency w, of a 
body or system of connected bodies having a single degree of 
freedom can be determined using the following procedure: 


Free-Body Diagram. 


* Draw the free-body diagram of the body when the body is 
displaced a small amount from its equilibrium position. 


Locate the body with respect to its equilibrium position by using 
an appropriate inertial coordinate q. The acceleration of the 
body's mass center ag or the body's angular acceleration œ should 
have an assumed sense of direction which is in the positive 
direction of the position coordinate. 


If the rotational equation of motion Mp = X(/t)p is to be used, 
then it may be beneficial to also draw the kinetic diagram since it 
graphically accounts for the components m(ag),, m(ac),, and Iga, 
and thereby makes it convenient for visualizing the terms needed 
in the moment sum $ (Mpp. 


Equation of Motion. 


* Apply the equation of motion to relate the elastic or gravitational 
restoring forces and couple moments acting on the body to the 
body's accelerated motion. 


Kinematics. 


* Using kinematics, express the body's accelerated motion in terms 
of the second time derivative of the position coordinate, q. 


* Substitute the result into the equation of motion and determine 
w, by rearranging the terms so that the resulting equation is in 
the “standard form,” 4 + eq = 0. 
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EXAMPLE [22:1 





Determine the period of oscillation for the simple pendulum shown in 
Fig. 22-4a. The bob has a mass m and is attached to a cord of length /. 
Neglect the size of the bob. 


SOLUTION 


Free-Body Diagram. Motion of the system will be related to the 
position coordinate (q =) 0, Fig. 22-4b. When the bob is displaced by a 
small angle 6, the restoring force acting on the bob is created by the 
tangential component of its weight, mg sin 0. Furthermore, a, acts in the 
direction of increasing s (or 0). 


Equation of Motion. Applying the equation of motion in the 
tangential direction, since it involves the restoring force, yields 
-ZÀXF,- ma —mg sin 0 = ma, (1) 


Kinematics. a, = d’s/dt? = 5. Furthermore, s can be related to 0 by 
the equation s = 10, so that a, = 10. Hence, Eq. 1 reduces to 


Ü + “sin = 0 (2) 


The solution of this equation involves the use of an elliptic integral. 
For small displacements, however, sin 0 ~ 0, in which case 


878-0 (3) 


Comparing this equation with Eq. 22-16 (X + w?x = 0), itis seen that 
€, = Vg/l. From Eq. 22-12, the period of time required for the bob to 
make one complete swing is therefore 


2 l 
T= ee ND Ans. 
Wn g 


This interesting result, originally discovered by Galileo Galilei 
through experiment, indicates that the period depends only on the 
length of the cord and not on the mass of the pendulum bob or the 
angle 0. 


NOTE: The solution of Eq. 3 is given by Eq. 22-3, where w, = Vg/1 
and 0 is substituted for x. Like the block and spring, the constants A 
and B in this problem can be determined if, for example, one knows 
the displacement and velocity of the bob at a given instant. 





22.1  UNDAMPED FREE VIBRATION 649 


EXAMPLE [22.2 


The 10-kg rectangular plate shown in Fig. 22—5a is suspended at its 
center from a rod having a torsional stiffness k = 1.5 N+ m/rad. 
Determine the natural period of vibration of the plate when it is given a 
small angular displacement 0 in the plane of the plate. 


SOLUTION 


Free-Body Diagram. Fig. 22—5b. Since the plate is displaced in its T-W 
own plane, the torsional restoring moment created by the rod is M = kð. 


This moment acts in the direction opposite to the angular displacement 6. ~ 


The angular acceleration 0 acts in the direction of positive 0. 
" ; M= kð 
Equation of Motion. ory 
) 


SMe = ta —k8 = I96 | 
or 
er k 
6+—0=0 
Io 


Since this equation is in the “standard form,” the natural frequency is K 

OS Ny k / I, O- 
From the table on the inside back cover, the moment of inertia of Fig. 22-5 

the plate about an axis coincident with the rod is Ig = pma? + b’. 

Hence, 


1 
Io = 1; (00 kg) [ (0.2 m)? + (0.3 m] = 0.1083 kg + m? 


The natural period of vibration is therefore, 


— 2m - Ho _ [0.1083 _ 
D Em T LS = 1.69s 
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EXAMPLE [22.3 


(a) 


m 0.2 LEES 





d E 


k = 400 N/m 


F, = kx — 





Kxst 


The bent rod shown in Fig. 22-6a has a negligible mass and supports a 
5-kg collar at its end. If the rod is in the equilibrium position shown, 
determine the natural period of vibration for the system. 


SOLUTION 


Free-Body and Kinetic Diagrams. Fig. 22-6b. Here the rod is 
displaced by a small angle 0 from the equilibrium position. Since 
the spring is subjected to an initial compression of x,, for equilibrium, 
then when the displacement x > x, the spring exerts a force of 
F, = kx — kx, on the rod. To obtain the “standard form,” Eq. 22-16, Sa, 
must act upward, which is in accordance with positive 0 displacement. 


Equation of Motion. Moments will be summed about point B to 
eliminate the unknown reaction at this point. Since 0 is small, 
GrXM, = Xs; 
kx(0.1 m) — Kx4(0.1 m) + 49.05 N(0.2 m) = —(5 kg)a, (0.2 m) 


The second term on the left side, —kx,,(0.1 m), represents the moment 
created by the spring force which is necessary to hold the collar in 
equilibrium, i.e., at x = 0. Since this moment is equal and opposite to 
the moment 49.05 N(0.2 m) created by the weight of the collar, these 
two terms cancel in the above equation, so that 

KODE —5200.2) (1) 


Kinematics. The deformation of the spring and the position of the 
collar can be related to the angle 0, Fig. 22-6c. Since 0 is small, 
x = (0.1 m)@ and y — (0.2 m)0. Therefore a, — y = 0. 20. Substituting 
into Eq. 1 yields 

400(0.10) 0.1 = —5(0.20)0.2 


Rewriting this equation in the “standard form" gives 
0 -200—0 
Compared with X + «x = 0 (Eq. 22-16), we have 
= 20 o, = 4.47 rad/s 


The natural period of vibration is therefore 


2T 2m 
qp === = 1.408 
Wy, 4.47 
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EXAMPLE | 22.4 


A 10-Ib block is suspended from a cord that passes over a 15-lb disk, 
as shown in Fig. 22-7a. The spring has a stiffness k = 200 lb/ft. 
Determine the natural period of vibration for the system. 


SOLUTION 


Free-Body and Kinetic Diagrams. Fig. 22-7b. The system consists 
of the disk, which undergoes a rotation defined by the angle 0, and the 
block, which translates by an amount s. The vector /5 0 acts in 
the direction of positive 0, and consequently mga, acts downward in the 
direction of positive s. 
Equation of Motion. Summing moments about point O to eliminate 
the reactions O, and O,, realizing that Ip = imr?, yields 

G+EMo = X(tgo; 


10 1b(0.75 ft) = F,(0.75 ft) 


1/ 151b 7 10 Ib 
= —( ——— ](0.75 ft)’ 9 + (s) 0:75 10- (1 
is a ) 3228/2 OAN (D 


Kinematics. As shown on the kinematic diagram in Fig. 22-7c, a 
small positive displacement 0 of the disk causes the block to lower by 
an amount s = 0.750; hencea = s = 0.750. When 0 = 0°, the spring 
force required for equilibrium of the disk is 10 Ib, acting to the right. 
For position 0, the spring force is F, = (200 1b/ft)(0.750 ft) + 10 Ib. 
Substituting these results into Eq. 1 and simplifying yields 


6 + 3680 = 0 


Hence, 


ae = 368 w, = 19.18 rad/s 


Therefore, the natural period of vibration is 


ae 
oie sos 
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[PROBLEMS 


22-1. A spring is stretched 175 mm by an 8-kg block. If the 
block is displaced 100 mm downward from its equilibrium 
position and given a downward velocity of 1.50 m/s, 
determine the differential equation which describes the 
motion. Assume that positive displacement is downward. 
Also, determine the position of the block when t — 0.22 s. 


22-2. A spring has a stiffness of 800 N/m. If a 2-kg block 
is attached to the spring, pushed 50 mm above its equilibrium 
position, and released from rest, determine the equation 
that describes the block's motion. Assume that positive 
displacement is downward. 


22-3. A spring is stretched 200 mm by a 15-kg block. If the 
block is displaced 100 mm downward from its equilibrium 
position and given a downward velocity of 0.75 m/s, 
determine the equation which describes the motion. What is 
the phase angle? Assume that positive displacement is 
downward. 


*22-4, When a 20-lb weight is suspended from a spring, 
the spring is stretched a distance of 4 in. Determine the 
natural frequency and the period of vibration for a 10-Ib 
weight attached to the same spring. 


22-5. When a 3-kg block is suspended from a spring, the 
spring is stretched a distance of 60 mm. Determine the 
natural frequency and the period of vibration for a 0.2-kg 
block attached to the same spring. 


22-6. An 8-kg block is suspended from a spring having a 
stiffness k = 80 N/m. If the block is given an upward 
velocity of 0.4 m/s when it is 90 mm above its equilibrium 
position, determine the equation which describes the 
motion and the maximum upward displacement of the 
block measured from the equilibrium position. Assume that 
positive displacement is measured downward. 


22-7. A 2-]b weight is suspended from a spring having a 
stiffness k = 2 Ib/in. If the weight is pushed 1 in. upward 
from its equilibrium position and then released from rest, 
determine the equation which describes the motion. What is 
the amplitude and the natural frequency of the vibration? 


*22-8. A 6-lb weight is suspended from a spring having a 
stiffness k = 3 lb/in. If the weight is given an upward 
velocity of 20 ft/s when it is 2 in. above its equilibrium 
position, determine the equation which describes the motion 
and the maximum upward displacement of the weight, 
measured from the equilibrium position. Assume positive 
displacement is downward. 


22-9. A 3-kg block is suspended from a spring having a 
stiffness of k = 200 N/m. If the block is pushed 50 mm 
upward from its equilibrium position and then released 
from rest, determine the equation that describes the motion. 
What are the amplitude and the natural frequency of the 
vibration? Assume that positive displacement is downward. 


22-10. The uniform rod of mass m is supported by a pin 
at A and a spring at B. If B is given a small sideward 
displacement and released, determine the natural period of 
vibration. 








Prob. 22-10 


22-11. While standing in an elevator, the man holds a 
pendulum which consists of an 18-in. cord and a 0.5-lb 
bob. If the elevator is descending with an acceleration 
a — 4 ft/s?, determine the natural period of vibration for 
small amplitudes of swing. 





Prob. 22-11 


*22-12. Determine the natural period of vibration of the 
uniform bar of mass m when it is displaced downward 
slightly and released. 











O 
k = 
j- L |< L >| 
2 2 
Prob. 22-12 


22-13. The body of arbitrary shape has a mass m, mass 
center at G, and a radius of gyration about G of kg. If it is 
displaced a slight amount 6 from its equilibrium position 
and released, determine the natural period of vibration. 


Q 


Prob. 22-13 
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22-14. The 20-lb rectangular plate has a natural period of 
vibration 7 = 0.3 s, as it oscillates around the axis of 
rod AB. Determine the torsional stiffness k, measured 
in Ib - ft/rad, of the rod. Neglect the mass of the rod. 








2t 


Prob. 22-14 


22-15. A platform, having an unknown mass, is supported 
by four springs, each having the same stiffness k. When 
nothing is on the platform, the period of vertical vibration is 
measured as 2.35 s; whereas if a 3-kg block is supported on 
the platform, the period of vertical vibration is 5.23 s. 
Determine the mass of a block placed on the (empty) 
platform which causes the platform to vibrate vertically 
with a period of 5.62 s. What is the stiffness k of each of 
the springs? 








Prob. 22-15 
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*22-16. A block of mass m is suspended from two springs 
having a stiffness of k, and ky, arranged a) parallel to each 
other, and b) as a series. Determine the equivalent stiffness 
of a single spring with the same oscillation characteristics 
and the period of oscillation for each case. 


22-17. The 15-kg block is suspended from two springs 
having a different stiffness and arranged a) parallel to each 
other, and b) as a series. If the natural periods of oscillation 
of the parallel system and series system are observed to be 
0.5 s and 1.5 s, respectively, determine the spring stiffnesses 
kı and kp. 





(a) 


Probs. 22-16/17 


22-18. The uniform beam is supported at its ends by two 
springs A and B, each having the same stiffness k. When 
nothing is supported on the beam, it has a period of vertical 
vibration of 0.83 s. If a 50-kg mass is placed at its center, the 
period of vertical vibration is 1.52 s. Compute the stiffness 
of each spring and the mass of the beam. 






































22-19. The slender rod has a mass of 0.2 kg and is 
supported at O by a pin and at its end A by two springs, 
each having a stiffness k — 4 N/m. The period of vibration 
of the rod can be set by fixing the 0.5-kg collar C to the rod 
at an appropriate location along its length. If the springs are 
originally unstretched when the rod is vertical, determine 
the position y of the collar so that the natural period of 
vibration becomes 7 — 1 s. Neglect the size of the collar. 


600 mm 








Prob. 22-19 


*22-20. A uniform board is supported on two wheels 
which rotate in opposite directions at a constant angular 
speed. If the coefficient of kinetic friction between the 
wheels and board is u, determine the frequency of vibration 
of the board if it is displaced slightly, a distance x from the 
midpoint between the wheels, and released. 



































Prob. 22-18 


Prob. 22-20 


22-21. If the wire AB is subjected to a tension of 20 Ib, 
determine the equation which describes the motion when 
the 5-lb weight is displaced 2 in. horizontally and released 
from rest. 











B 


e- : d 





Prob. 22-21 


22-22. The bar has a length / and mass m. It is supported 
at its ends by rollers of negligible mass. If it is given a small 
displacement and released, determine the natural frequency 
of vibration. 








Prob. 22-22 
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22-23. The 20-kg disk, is pinned at its mass center O and 
supports the 4-kg block A. If the belt which passes over the 
disk is not allowed to slip at its contacting surface, determine 
the natural period of vibration of the system. 





> k = 200 N/m 


Prob. 22-23 


*22-24. The 10-kg disk is pin connected at its mass center. 
Determine the natural period of vibration of the disk if the 
springs have sufficient tension in them to prevent the cord 
from slipping on the disk as it oscillates. Hint: Assume that 
the initial stretch in each spring is 8o. 


22-25. If the disk in Prob. 22-24 has a mass of 10 kg, 
determine the natural frequency of vibration. Hint: Assume 
that the initial stretch in each spring is 8o. 














Probs. 22-24/25 
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22-26. A flywheel of mass m, which has a radius of *22-28. The platform AB when empty has a mass of 400 kg, 


gyration about its center of mass of ko, is suspended from a center of mass at G}, and natural period of oscillation 
circular shaft that has a torsional resistance of M = CO. If 7, — 2.38 s. If a car, having a mass of 1.2 Mg and center of 
the flywheel is given a small angular displacement of 0 and mass at G», is placed on the platform, the natural period 
released, determine the natural period of oscillation. of oscillation becomes 7; — 3.16 s. Determine the moment 


of inertia of the car about an axis passing through G}. 





Prob. 22-28 








Prob. 22-26 
22-29. 'The plate of mass m is supported by three 
symmetrically placed cords of length / as shown. If the plate 
is given a slight rotation about a vertical axis through its 
center and released, determine the natural period of 


22-27. The 6-lb weight is attached to the rods of negligible oscillation, 


mass. Determine the natural frequency of vibration of the 
weight when it is displaced slightly from the equilibrium 
position and released. 


k =51b/ft 


jw —- 














Prob. 22-27 Prob. 22-29 





*22.2 Energy Methods 


The simple harmonic motion of a body, discussed in the previous section, 
is due only to gravitational and elastic restoring forces acting on the body. 
Since these forces are conservative, it is also possible to use the 
conservation of energy equation to obtain the body’s natural frequency 
or period of vibration. To show how to do this, consider again the block 
and spring model in Fig. 22-8. When the block is displaced x from the 
equilibrium position, the kinetic energy is T = mv? = tm}? and the 
potential energy is V = +kx’. Since energy is conserved, it is necessary that 


T + V = constant 
imi) ik = constant (22-17) 


The differential equation describing the accelerated motion of the 
block can be obtained by differentiating this equation with respect to 
time; i.e., 


mxx + kxx =0 


x(mx + kx) = 0 


Since the velocity x is not always zero in a vibrating system, 


¥ + wx =0 wn = Vk/m 


which is the same as Eq. 22-1. 

If the conservation of energy equation is written for a system of 
connected bodies, the natural frequency or the equation of motion can 
also be determined by time differentiation. It is not necessary to 
dismember the system to account for the internal forces because they do 
no work. 


Equilibrium 
position 
x 





k 


Fig. 22-8 
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The suspension of a railroad car consists of a set 
of springs which are mounted between the frame 
of the car and the wheel truck. This will give the 
car a natural frequency of vibration which can be 
determined. (O R.C. Hibbeler) 


Procedure for Analysis 


The natural frequency w, of a body or system of connected bodies 
can be determined by applying the conservation of energy equation 
using the following procedure. 


Energy Equation. 

e Draw the body when it is displaced by a small amount from its 
equilibrium position and define the location of the body from its 
equilibrium position by an appropriate position coordinate q. 


Formulate the conservation of energy for the body, T+ V = 
constant, in terms of the position coordinate. 


In general, the kinetic energy must account for both the body’s 
translational and rotational motion, T = 5mvz,  3Igo?, Eq. 18-2. 


The potential energy is the sum of the gravitational and elastic 
potential energies of the body, V = V, + V,, Eq. 18-17 In 
particular, V, should be measured from a datum for which q — 0 
(equilibrium position). 


Time Derivative. 


* Take the time derivative of the energy equation using the chain 
rule of calculus and factor out the common terms. The resulting 
differential equation represents the equation of motion for the 
system. The natural frequency of c, is obtained after rearranging 
the terms in the “standard form,” 4 + vq = 0. 





EXAMPLE | 22.5 


The thin hoop shown in Fig. 22-9a is supported by the peg at O. 
Determine the natural period of oscillation for small amplitudes of 
swing. The hoop has a mass m. 


SOLUTION 


Energy Equation. A diagram of the hoop when it is displaced a small 
amount (q =)0 from the equilibrium position is shown in 
Fig. 22-9b. Using the table on the inside back cover and the parallel- 
axis theorem to determine Tọ, the kinetic energy is 


T= Loo? = imr? +F mr?) = mr?8? 


If a horizontal datum is placed through point O, then in the displaced 
position, the potential energy is 


V = —mgí(r cos 0) 
The total energy in the system is 
T+ V= mr? — mgr cos 0 
Time Derivative. 


mr^(20)8 + mgr (sin 8) = 0 
mrô(2rő + g sin 6) = 0 


Since 6 is not always equal to zero, from the terms in parentheses, 


Ü + Š sino = 0 


For small angle 6, sin 0 ~ 0. 


so that 


22.2 ENERGY METHODS 
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EXAMPLE [22.6 


A 10-kg block is suspended from a cord wrapped around a 5-kg disk, 
as shown in Fig. 22-10a. If the spring has a stiffness k — 200 N/m, 
determine the natural period of vibration for the system. 


SOLUTION 


Energy Equation. A diagram of the block and disk when they are 
displaced by respective amounts s and 0 from the equilibrium position 
is shown in Fig. 22-105. Since s = (0.15 m)0, then v, ~ s = (0.15 m). 
Thus, the kinetic energy of the system is 


imyv; Sg ioo 

1 12 ipl D 2 
= 5(10 kg)[(0.15 m6? + 3| (5 kg)(0.15 m)? (6) 

0.1406(0)? 


Establishing the datum at the equilibrium position of the block and 
realizing that the spring stretches s, for equilibrium, the potential 
energy is 


= Ik(sa + 5 — Ws 
1200 N/m)[s, + (0.15 m) — 98.1 N[(0.15 m)0] 
The total energy for the system is therefore, 
T + V = 0.1406(6)" + 100(s, + 0.150? — 14.7150 
Time Derivative. 


0.28125(0)8 + 200(s, + 0.150)0.150 — 14.720 = 0 


Since s, = 98.1/200 = 0.4905 m, the above equation reduces to the 
“standard form” 


6 + 160 =0 
so that 


09, = V16 = 4rad/s 


Thus, 
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m PROBLEMS 





22-30. Determine the differential equation of motion of 22-33. If the 20-kg wheel is displaced a small amount and 

the 3-kg block when it is displaced slightly and released. The released, determine the natural period of vibration. The 

surface is smooth and the springs are originally unstretched. radius of gyration of the wheel is kg = 0.36 m. The wheel 
rolls without slipping. 


k=500N/m , 





Prob. 22-30 





22-31. Determine the natural period of vibration of the 
pendulum. Consider the two rods to be slender, each having 
a weight of 8 Ib/ft. Prob. 22-33 


22-34. Determine the differential equation of motion of 
the 3-kg spool. Assume that it does not slip at the surface of 


M contact as it oscillates. The radius of gyration of the spool 
about its center of mass is kg = 125 mm. 
k = 400 N/m 
2 ft 





1f i iR 


Prob. 22-31 








Prob. 22-34 


*22-32. Determine the natural period of vibration of the 


s : 22-35. Determine the natural period of vibration of the 
10-Ib semicircular disk. 


3-kg sphere. Neglect the mass of the rod and the size of 
the sphere. 











300 mm fh 300 mm | 


Prob. 22-32 Prob. 22-35 
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*22-36. If the lower end of the 6-kg slender rod is 
displaced a small amount and released from rest, determine 
the natural frequency of vibration. Each spring has a 
stiffness of k — 200 N/m and is unstretched when the rod is 
hanging vertically. 








Prob. 22-36 


22-37. The disk has a weight of 30 Ib and rolls without 
slipping on the horizontal surface as it oscillates about its 
equilibrium position. If the disk is displaced, by rolling it 
counterclockwise 0.2 rad, determine the equation which 
describes its oscillatory motion and the natural period when 
it is released. 











Prob. 22-37 


22-38. The machine has a mass m and is uniformly 
supported by four springs, each having a stiffness k. 
Determine the natural period of vertical vibration. 








Prob. 22-38 


22-39. The slender rod has a weight of 4 Ib/ft. If it is 
supported in the horizontal plane by a ball-and-socket joint 
at A and a cable at B, determine the natural frequency of 
vibration when the end B is given a small horizontal 
displacement and then released. 





E 
uA 0.75 ft 
B 
n NM 
1.5 ft LL 
Prob. 22-39 


*22-40. If the slender rod has a weight of 5 Ib, determine 
the natural frequency of vibration. The springs are originally 
unstretched. 


"d 


1 ft 


to 























4j hs 
i 
k — 5 lb/ft 


Prob. 22-40 


22.3 UNDAMPED FORCED VIBRATION 663 














*22.3 Undamped Forced Vibration __ 


Undamped forced vibration is considered to be one of the most important 
types of vibrating motion in engineering. Its principles can be used to 
describe the motion of many types of machines and structures. 


Periodic Force. The block and spring shown in Fig.22-11a provide 
a convenient model which represents the vibrational characteristics of a 
system subjected to a periodic force F = Fy sin wot. This force has an 
amplitude of Fy) and a forcing frequency wo. The free-body diagram for 
the block when it is displaced a distance x is shown in Fig. 22-11b. 






: . : Equilibrium 
Applying the equation of motion, we have position , 
+4 SF, = may Fo sin wot — kx = mx k etry sinant 
or 
EE ^ F (a) 
x + —x = sin wot (22-18) 
m m 


This equation is a nonhomogeneous second-order differential equation. 
The general solution consists of a complementary solution, x,, plus a 
particular solution, x,. W = mg 
The complementary solution is determined by setting the term on the 
right side of Eq. 22-18 equal to zero and solving the resulting 
homogeneous equation. The solution is defined by Eq. 22-9, i.e., 









F= Fo sin wot 


Xx, = Csin(w,t + p) (22-19) 
N=W 
where o, is the natural frequency, w, = V k/m, Eq. 22-2. (b) 


Since the motion is periodic, the particular solution of Eq. 22-18 can be 


determined by assuming a solution of the form Fig. 22-11 
Xp = X sin wot (22-20) 


where X is a constant. Taking the second time derivative and substituting 
into Eq. 22-18 yields 


Qs k : Fo . 
— Xo sin Wot + — (X sin wot) = — sin wot 
m m 


Factoring out sin wot and solving for X gives 


Fo/m Fo/k 
X= = 22-21 
(k/m) — e$  1-— @/@,)" 


Substituting into Eq. 22-20, we obtain the particular solution 








Fo/k 
CE (w/w 


C 5 sin Wot (22-22) Shaker tables provide forced vibration 
m) and are used to separate out granular 


materials. (O R.C. Hibbeler) 
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The general solution is therefore the sum of two sine functions having 
different frequencies. 


Fo/k 


SH Ae + x, = C sin(w, + h) + Le doa) 


zsin egt — (22-23) 
The complementary solution x, defines the free vibration, which depends 
on the natural frequency w, = Vk/m and the constants C and $. The 
particular solution x, describes the forced vibration of the block caused 
by the applied force F = Fo sin wot. Since all vibrating systems are subject 
to friction, the free vibration, x,, will in time dampen out. For this reason 
the free vibration is referred to as transient, and the forced vibration is 
called steady-state, since it is the only vibration that remains. 

From Eq. 22-21 it is seen that the amplitude of forced or steady-state 
vibration depends on the frequency ratio wo/w,. If the magnification 
factor MF is defined as the ratio of the amplitude of steady-state 
vibration, X, to the static deflection, Fo/k, which would be produced by 
the amplitude of the periodic force Fo, then, from Eq. 22-21, 





The soil compactor operates 
by forced vibration developed 
by an internal motor. It is 
important that the forcing 
frequency not be close to the 
natural frequency of vibration 
ofthe compactor, which can be 
determined when the motor is 
turnedoff;otherwise resonance 
will occur and the machine 
will become uncontrollable. 
(O R.C. Hibbeler) 
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PM NE 1 
Fo/k 1— (co/ e, 





MF (22-24) 


This equation is graphed in Fig. 22-12. Note that if the force or 
displacement is applied with a frequency close to the natural frequency 
of the system, i.e., w/w, ~ 1, the amplitude of vibration of the block 
becomes extremely large. This occurs because the force F is applied to 
the block so that it always follows the motion of the block. This condition 
is called resonance, and in practice, resonating vibrations can cause 
tremendous stress and rapid failure of parts.* 


Periodic Support Displacement. Forced vibrations can also 
arise from the periodic excitation of the support of a system. The model 
shown in Fig. 22-13a represents the periodic vibration of a block which is 
caused by harmonic movement 6 = 69 sin wot of the support. The free- 
body diagram for the block in this case is shown in Fig. 22-135. The 
displacement 6 of the support is measured from the point of zero 
displacement, i.e., when the radial line OA coincides with OB. Therefore, 
general deformation of the spring is (x — Ógsin wot). Applying the 
equation of motion yields 


AF, = ma; —k(x — ôo sin cf) = mx 


or 


k kô 


s _ Koo. , 
x + mY T m SI eot (22-25) 


By comparison, this equation is identical to the form of Eq. 22-18, 
provided Fo is replaced by kóg. If this substitution is made into the 
solutions defined by Eqs. 22-21 to 22-23, the results are appropriate for 
describing the motion of the block when subjected to the support 
displacement 6 = 6p sin wot. 


*A swing has a natural period of vibration, as determined in Example 22.1. If someone 
pushes on the swing only when it reaches its highest point, neglecting drag or wind 
resistance, resonance will occur since the natural and forcing frequencies are the same. 
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MF 














Fig. 22-12 









Equilibrium 
position 
25 


(a) 


k(x — 69 sin wot) 


Fig. 22-13 
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EXAMPLE | 22.7 


The instrument shown in Fig. 22-14 is rigidly attached to a platform P, 
which in turn is supported by four springs, each having a stiffness 
k — 800 N/m. If the floor is subjected to a vertical displacement 
ô = 10 sin(8t) mm, where t is in seconds, determine the amplitude of 
steady-state vibration. What is the frequency of the floor vibration 
required to cause resonance? The instrument and platform have a 
total mass of 20 kg. 


Es == 
Pm o wako oh 
.-— OWO elm 


Fig. 22-14 


SOLUTION 
The natural frequency is 


k 4(800 N/m) 
On = NE = Joe 12.65 rad/s 





The amplitude of steady-state vibration is found using Eq. 22-21, 
with kôo replacing Fo. 


NE WM 10 - 
wi iG uersu d i enu 





Resonance will occur when the amplitude of vibration X caused by 
the floor displacement approaches infinity. This requires 


Wy = w, = 12.6 rad/s 
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*22.4 Viscous Damped Free Vibration 


The vibration analysis considered thus far has not included the effects of 
friction or damping in the system, and as a result, the solutions obtained 
are only in close agreement with the actual motion. Since all vibrations 
die out in time, the presence of damping forces should be included in the 
analysis. 

In many cases damping is attributed to the resistance created by the 
substance, such as water, oil, or air,in which the system vibrates. Provided 
the body moves slowly through this substance, the resistance to motion is 
directly proportional to the body’s speed. The type of force developed 
under these conditions is called a viscous damping force. The magnitude 
of this force is expressed by an equation of the form 


F = ck (22-26) 


where the constant c is called the coefficient of viscous damping and has 
units of N* s/m or Ib : s/ft. 

The vibrating motion of a body or system having viscous damping can 
be characterized by the block and spring shown in Fig. 22-15a. The effect 
of damping is provided by the dashpot connected to the block on the 
right side. Damping occurs when the piston P moves to the right or left 
within the enclosed cylinder. The cylinder contains a fluid, and the 
motion of the piston is retarded since the fluid must flow around or 
through a small hole in the piston. The dashpot is assumed to have a 
coefficient of viscous damping c. 

If the block is displaced a distance x from its equilibrium position, the 
resulting free-body diagram is shown in Fig. 22-15b. Both the spring and 
damping force oppose the forward motion of the block, so that applying 
the equation of motion yields 


45 YF, = may; —kx — cx = mx 


or 
mx + cx + kx = 0 (22-27) 


This linear, second-order, homogeneous, differential equation has a 


solution of the form 
x =e 


where e is the base of the natural logarithm and A (lambda) is a constant. 
The value of A can be obtained by substituting this solution and its time 
derivatives into Eq. 22-27 which yields 


mde“ + cre + ke = 0 
or 


em? + cA + k) = 0 


Equilibrium 
position * 


k 


W = mg 


Fig. 22-15 
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Since e" can never be zero, a solution is possible provided 
mà +cà+tk=0 


Hence, by the quadratic formula, the two values of A are 





(22-28) 








C c V k 
nv) — — 
2m 2m m 


The general solution of Eq. 22-27 is therefore a combination of 
exponentials which involves both of these roots. There are three possible 
combinations of A, and A; which must be considered. Before discussing 
these combinations, however, we will first define the critical damping 
coefficient c, as the value of c which makes the radical in Eqs. 22-28 equal 
to zero; i.e., 


Or 





k 
e, = NES = 2mo, (22-29) 


Overdamped System. When c > c,, the roots A, and A, are both 
real. The general solution of Eq. 22-27 can then be written as 





x = Ae! + pe^! (22-30) 


Motion corresponding to this solution is nonvibrating. The effect of 
damping is so strong that when the block is displaced and released, it 
simply creeps back to its original position without oscillating. The system 
is said to be overdamped. 


Critically Damped System. Ifc=c,, then Ay = 4; =—c,/2m = wp. 
This situation is known as critical damping, since it represents a condition 
where c has the smallest value necessary to cause the system to be 
nonvibrating. Using the methods of differential equations, it can be shown 
that the solution to Eq. 22-27 for critical damping is 


x = (A + Be (22-31) 
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Underdamped System. Most often c < c., in which case the 
system is referred to as underdamped. In this case the roots A, and A, are 
complex numbers, and it can be shown that the general solution of 
Eq. 22-27 can be written as 





x = Die? sin(wgt + )] (22-32) 











where D and ¢ are constants generally determined from the initial 
conditions of the problem. The constant w, is called the damped natural 
frequency of the system. It has a value of 


k eN eN 
Wa ee (=) Onn le (5 (22-33) 


where the ratio c/c, is called the damping factor. 

The graph of Eq. 22-32 is shown in Fig. 22-16. The initial limit of 
motion, D, diminishes with each cycle of vibration, since motion is 
confined within the bounds of the exponential curve. Using the damped 
natural frequency w,, the period of damped vibration can be written as 




















z 
t = (22-34) 


Oq 











Since wy < w,, Eq. 22-33, the period of damped vibration, 7;, will be 
greater than that of free vibration, T = 27/o,. 














Fig. 22-16 
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*22.5 Viscous Damped Forced Vibration 


The most general case of single-degree-of-freedom vibrating motion 
occurs when the system includes the effects of forced motion and induced 
damping. The analysis of this particular type of vibration is of practical 
value when applied to systems having significant damping characteristics. 

If a dashpot is attached to the block and spring shown in Fig. 22-11a, 
the differential equation which describes the motion becomes 


mx + cx + kx = Fo sin wot (22-35) 


A similar equation can be written for a block and spring having a 
periodic support displacement, Fig. 22-13a, which includes the effects 
of damping. In that case, however, Fo is replaced by kd. Since Eq. 22-35 
is nonhomogeneous, the general solution is the sum of a complementary 
solution, x., and a particular solution, x,. The complementary solution 
is determined by setting the right side of Eq. 22-35 equal to zero and 
solving the homogeneous equation, which is equivalent to Eq. 22-27 
The solution is therefore given by Eq. 22-30,22-31, or 22-32, depending 
on the values of A, and A,. Because all systems are subjected to friction, 
then this solution will dampen out with time. Only the particular 
solution, which describes the steady-state vibration of the system, will 
remain. Since the applied forcing function is harmonic, the steady-state 
motion will also be harmonic. Consequently, the particular solution will 
be of the form 


Xp = X' sin(wt — $") (22-36) 


The constants X' and $' are determined by taking the first and second 
time derivatives and substituting them into Eq. 22-35, which after 
simplification yields 


-X'ma sin(oot — $') + 
X'coo COS(Wot — hb’) + X'k sin(wot — $') = Fo sin wot 
Since this equation holds for all time, the constant coefficients can be 
obtained by setting wot — $' = Oand wot — $' = 7/2, which causes the 
above equation to become 
X'cwg = Fo sin d' 


—X'mox, + X'k = Fy cos $' 
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The amplitude is obtained by squaring these equations, adding the 
results, and using the identity sin?j' + cos?’ = 1, which gives 
Fo 





























X'= (22-37) 
Vik — ma) + cw 
Dividing the first equation by the second gives 
! = cM 
p'-—iqnd—— — (22-38) 
E k — moy 
Since w, = Vk/ m and c, = 2mw,, then the above equations can also be 
written as 
s Fo/k 
VE = (00/0) + [2(c/cc)(@o/@,)P? 

(22-39) 


T= Zi Ed 
UE | an 


The angle $' represents the phase difference between the applied force 
and the resulting steady-state vibration of the damped system. 

The magnification factor MF has been defined in Sec. 22.3 as the ratio 
of the amplitude of deflection caused by the forced vibration to the 
deflection caused by a static force Fy. Thus, 

X 1 
Folk VI — (00/0, F + (2(c/¢,)(@o/o)P 


The MF is plotted in Fig. 22-17 versus the frequency ratio w/w, for 
various values of the damping factor c/c,. It can be seen from this graph 
that the magnification of the amplitude increases as the damping factor 
decreases. Resonance obviously occurs only when the damping factor is 
zero and the frequency ratio equals 1. 

MF 











MF 





(22-40) 














«0 


0 1 2 3  U» Fig, 22-17 
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EXAMPLE | 22.8 


The 30-kg electric motor shown in Fig. 22-18 is confined to move 
vertically, and is supported by four springs, each spring having a 
stiffness of 200 N/m. If the rotor is unbalanced such that its effect is 
equivalent to a 4-kg mass located 60 mm from the axis of rotation, 
determine the amplitude of vibration when the rotor is turning at 
wo = 10 rad/s. The damping factor is c/c, = 0.15. 


Fig. 22-18 


SOLUTION 
The periodic force which causes the motor to vibrate is the centrifugal 
force due to the unbalanced rotor. This force has a constant magnitude of 





F) = ma, = mrwp = 4 kg(0.06 m)(10 rad/s)? = 24 N 


The stiffness of the entire system of four springs is k = 4(200 N/m) = 
800 N/m. Therefore, the natural frequency of vibration is 


T e afi 
eu T m 30kg = 5, rad/s 


Since the damping factor is known, the steady-state amplitude can be 
determined from the first of Eqs. 22-39, i.e., 





Fo/k 
VEL — (oo/ ey + [Xc/ c (oo/ 0)? 
7 24/800 
VI — (10/5.164 + [2(0.15)(10/5.164)P? 


f = 














— 0.0107 m — 10.7 mm 
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*22.6 Electrical Circuit Analogs 


The characteristics of a vibrating mechanical system can be represented by 
an electric circuit. Consider the circuit shown in Fig. 22-19a, which consists 
of an inductor L, a resistor R, and a capacitor C. When a voltage E(t) is 
applied, it causes a current of magnitude i to flow through the circuit. As 
the current flows past the inductor the voltage drop is L(di/dt), when it 
flows across the resistor the drop is Ri, and when it arrives at the capacitor 
the drop is (1/C) f i dt. Since current cannot flow past a capacitor, it is only 
possible to measure the charge q acting on the capacitor. The charge can, 
however, be related to the current by the equation i = dq/dt. Thus, the 
voltage drops which occur across the inductor, resistor, and capacitor 
become L d’q/dt*, R dq/dt, and q/C, respectively. According to Kirchhoff's 
voltage law, the applied voltage balances the sum of the voltage drops 
around the circuit. Therefore, 
aq dq 1 
Lf PR + ci E(t) (22-41) 
Consider now the model of a single-degree-of-freedom mechanical 
system, Fig. 22-19b, which is subjected to both a general forcing function 
F(t) and damping. The equation of motion for this system was established 
in the previous section and can be written as 


2 
n de i p dae (22-42) 
dt dt 
By comparison, it is seen that Eqs. 22-41 and 22-42 have the same form, 
and hence mathematically the procedure of analyzing an electric circuit 
is the same as that of analyzing a vibrating mechanical system. The 
analogs between the two equations are given in Table 22-1. 

This analogy has important application to experimental work, for it is 
much easier to simulate the vibration of a complex mechanical system 
using an electric circuit, which can be constructed on an analog computer, 
than to make an equivalent mechanical spring-and-dashpot model. 


























TABLE 22-1 

Electrical-Mechanical Analogs 

Electrical Mechanical 

Electric charge q Displacement EY 

Electric current i Velocity dx/ dt 

Voltage E(t) Applied force F(t) 

Inductance L Mass m 

Resistance R Viscous damping c 
coefficient 





Reciprocal of capacitance TUA Spring stiffness k 

















(b) 
Fig. 22-19 
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22-41. If the block-and-spring model is subjected to the 
periodic force F = Fy cos wt, show that the differential 
equation of motion is x + (k/m)x = (Fo/m) cos ot , where x 
is measured from the equilibrium position of the block. 
What is the general solution of this equation? 


Equilibrium 
position 


F = Fy cos wt 











Prob. 22-41 


22-42. A block which has a mass m is suspended from a 
spring having a stiffness k. If an impressed downward vertical 
force F = Fo acts on the weight, determine the equation 
which describes the position of the block as a function of time. 


22-43. A 4-lb weight is attached to a spring having a 
stiffness k = 10 lb/ft. The weight is drawn downward a 
distance of 4 in. and released from rest. If the support moves 
with a vertical displacement 6 = (0.5 sin 47) in., where t is in 
seconds, determine the equation which describes the 
position of the weight as a function of time. 


*22-44. A 4-kg block is suspended from a spring that has 
a stiffness of k — 600 N/m. The block is drawn downward 
50 mm from the equilibrium position and released from 
rest when f = 0. If the support moves with an impressed 
displacement of 6 = (10 sin 4f) mm, where t is in seconds, 
determine the equation that describes the vertical 
motion of the block. Assume positive displacement is 
downward. 


22-45. Use a block-and-spring model like that shown in 
Fig. 22-13a, but suspended from a vertical position and 
subjected to a periodic support displacement ô = 6g sin wof, 
determine the equation of motion for the system, and 
obtain its general solution. Define the displacement y 
measured from the static equilibrium position of the block 
when t = 0. 


22-46. A 5-kg block is suspended from a spring having a 
stiffness of 300 N/m. If the block is acted upon by a vertical 
force F = (7 sin 87) N, where t is in seconds, determine the 
equation which describes the motion of the block when it is 
pulled down 100 mm from the equilibrium position and 
released from rest at : — 0. Assume that positive 
displacement is downward. 





Prob. 22-46 


22-47. The uniform rod has a mass of m. If it is acted upon 
by a periodic force of F = Fosinwt, determine the 
amplitude of the steady-state vibration. 








F= Fo sin œt 


Prob. 22-47 


*22-48. The 30-Ib block is attached to two springs having 
a stiffness of 10 Ib/ft. A periodic force F = (8 cos 31) lb, 
where t is in seconds, is applied to the block. Determine the 
maximum speed of the block after frictional forces cause 
the free vibrations to dampen out. 














Prob. 22-48 


22-49. The light elastic rod supports a 4-kg sphere. When 
an 18-N vertical force is applied to the sphere, the rod 
deflects 14 mm. If the wall oscillates with harmonic 
frequency of 2 Hz and has an amplitude of 15 mm, determine 
the amplitude of vibration for the sphere. 





< 0.75 m } 








Prob. 22-49 


22-50. Find the differential equation for small oscillations 
in terms of 0 for the uniform rod of mass m. Also show that 
ifc < Vmk/2, then the system remains underdamped. The 
rod is in a horizontal position when it is in equilibrium. 











Prob. 22-50 
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22-51. The 40-kg block is attached to a spring having a 
stiffness of 800 N/m. A force F = (100 cos 2t) N, where t is 
in seconds is applied to the block. Determine the maximum 
speed of the block for the steady-state vibration. 


| —k = 800 N/m 








F = (100 cos 2t) N 
Prob. 22-51 


*22-52. Using a block-and-spring model, like that shown 
in Fig. 22-13a, but suspended from a vertical position and 
subjected to a periodic support displacement of 6 = 69 cos wot, 
determine the equation of motion for the system, and obtain 
its general solution. Define the displacement y measured from 
the static equilibrium position of the block when t = 0. 


22-53. The fan has a mass of 25 kg and is fixed to the end 
of a horizontal beam that has a negligible mass. The fan 
blade is mounted eccentrically on the shaft such that it is 
equivalent to an unbalanced 3.5-kg mass located 100 mm 
from the axis of rotation. If the static deflection of the beam 
is 50 mm as a result of the weight of the fan, determine the 
angular velocity of the fan blade at which resonance will 
occur. Hint: See the first part of Example 22.8. 


22-54. In Prob. 22-53, determine the amplitude of steady- 
state vibration of the fan if its angular velocity is 10 rad/s. 


22-55. What will be the amplitude of steady-state vibration 
of the fan in Prob. 22-53 if the angular velocity of the fan 
blade is 18 rad/s? Hint: See the first part of Example 22.8. 


[2] 
P um 
p— a 


Probs. 22-53/54/55 
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*22-56. The small block at A has a mass of 4 kg and is 
mounted on the bent rod having negligible mass. If the rotor 
at B causes a harmonic movement 6, = (0.1 cos 157) m, 
where t is in seconds, determine the steady-state amplitude 
of vibration of the block. 














Prob. 22-56 


22-57. The electric motor turns an eccentric flywheel 
which is equivalent to an unbalanced 0.25-Ib weight located 
10 in. from the axis of rotation. If the static deflection of the 
beam is 1 in. because of the weight of the motor, determine 
the angular velocity of the flywheel at which resonance will 
occur. The motor weighs 150 lb. Neglect the mass of 
the beam. 


22-58. What will be the amplitude of steady-state 
vibration of the motor in Prob. 22-57 if the angular velocity 
of the flywheel is 20 rad/s? 


22-59. Determine the angular velocity of the flywheel in 
Prob. 22-57 which will produce an amplitude of vibration 
of 0.25 in. 





Probs. 22-57/58/59 


*22-60. The 450-kg trailer is pulled with a constant speed 
over the surface of a bumpy road, which may be approximated 
by a cosine curve having an amplitude of 50 mm and wave 
length of 4 m. If the two springs s which support the trailer 
each have a stiffness of 800 N/m, determine the speed v 
which will cause the greatest vibration (resonance) of the 
trailer. Neglect the weight of the wheels. 


22-61. Determine the amplitude of vibration of the trailer 
in Prob. 22-60 if the speed v — 15 km/h. 





ml ons 


Probs. 22-60/61 





22-62. The motor of mass M is supported by a simply 
supported beam of negligible mass. If block A of mass m is 
clipped onto the rotor, which is turning at constant angular 
velocity of w, determine the amplitude of the steady- 
state vibration. Hint: When the beam is subjected to a 
concentrated force of P at its mid-span, it deflects 
5 = PL?/A8EI at this point. Here E is Young's modulus of 
elasticity, a property of the material, and / is the moment of 
inertia of the beam's cross-sectional area. 








Prob. 22-62 


22-63. The spring system is connected to a crosshead that 
oscillates vertically when the wheel rotates with a constant 
angular velocity of w. If the amplitude of the steady-state 
vibration is observed to be 400 mm, and the springs each 
have a stiffness of k = 2500 N/m, determine the two 
possible values of w at which the wheel must rotate. The 
block has a mass of 50 kg. 


*22-64. The spring system is connected to a crosshead that 
oscillates vertically when the wheel rotates with a constant 
angular velocity of œ = 5 rad/s. If the amplitude of the 
steady-state vibration is observed to be 400 mm, determine 
the two possible values of the stiffness k of the springs. The 
block has a mass of 50 kg. 





Probs. 22-63/64 


22-65. A 7-lb block is suspended from a spring having a 
stiffness of k — 75 Ib/ft. The support to which the spring is 
attached is given simple harmonic motion which may be 
expressed as 6 = (0.15 sin 21) ft, where t is in seconds. If the 
damping factor is c/c, = 0.8, determine the phase angle ¢ 
of forced vibration. 


22-66. Determine the magnification factor of the block, 
spring, and dashpot combination in Prob. 22-65. 


22-67. A block having a mass of 7 kg is suspended from a 
spring that has a stiffness k = 600 N/m. If the block is given 
an upward velocity of 0.6 m/s from its equilibrium position 
at t — 0, determine its position as a function of time. 
Assume that positive displacement of the block is downward 
and that motion takes place in a medium which furnishes a 
damping force F — (50|v|) N, where v is in m/s. 
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*22-68. The 200-lb electric motor is fastened to the 
midpoint of the simply supported beam. It is found that 
the beam deflects 2 in. when the motor is not running. The 
motor turns an eccentric flywheel which is equivalent to an 
unbalanced weight of 1 lb located 5 in. from the axis of 
rotation. If the motor is turning at 100 rpm, determine the 
amplitude of steady-state vibration. The damping factor is 
c/c, — 0.20. Neglect the mass of the beam. 





























Prob. 22-68 


22-69. Two identical dashpots are arranged parallel to 
each other, as shown. Show that if the damping coefficient 
c < Vmk, then the block of mass m will vibrate as an 
underdamped system. 








Prob. 22-69 
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22-70. The damping factor, c/c,, may be determined 
experimentally by measuring the successive amplitudes 
of vibrating motion of a system. If two of these 
maximum displacements can be approximated by xı 
and x» as shown in Fig. 22-16, show that 
In (x1/x5) = 2z(c/c)/ V 1—(c/c;)?. The quantity In (x1/x2) 


is called the logarithmic decrement. 


22-71. Ifthe amplitude of the 50-Ib cylinder's steady-state 
vibration is 6 in., determine the wheel’s angular velocity œw. 


Ma 9 in. 






k = 200 Ib/ft k = 200 Ib/ft 


Prob. 22-71 


*22-72. The block, having a weight of 12 lb, is immersed in 
a liquid such that the damping force acting on the block has 
a magnitude of F = (0.7|v|) Ib, where v is in ft/s. If the block 
is pulled down 0.62 ft and released from rest, determine the 
position of the block as a function of time. The spring has a 
stiffness of k = 53 lb/ft. Assume that positive displacement 
is downward. 





Prob. 22-72 


22-73. The bar has a weight of 6 Ib. If the stiffness of the 
spring is k = 81b/ft and the dashpot has a damping 
coefficient c = 60lb-s/ft, determine the differential 
equation which describes the motion in terms of the angle 0 
of the bar’s rotation. Also, what should be the damping 
coefficient of the dashpot if the bar is to be critically 
damped? 























Prob. 22-73 


22-74. A bullet of mass m has a velocity of v, just before it 
strikes the target of mass M. If the bullet embeds in the 
target, and the vibration is to be critically damped, determine 
the dashpot’s critical damping coefficient, and the springs’ 
maximum compression. The target is free to move along the 
two horizontal guides that are “nested” in the springs. 


22-75. A bullet of mass m has a velocity vo just before it 
strikes the target of mass M. If the bullet embeds in the 
target, and the dashpot's damping coefficient is 0 < c << Ce 
determine the springs’ maximum compression. The target is 
free to move along the two horizontal guides that are 
“nested” in the springs. 














Probs. 22-74/75 


*22-76. Determine the differential equation of motion for 
the damped vibratory system shown. What type of motion 
occurs? Take k = 100 N/m,c = 200 N:s/m,m = 25 kg. 














= E 





























Prob. 22-76 


22-77. Draw the electrical circuit that is equivalent to the 
mechanical system shown. Determine the differential 
equation which describes the charge q in the circuit. 









F = Fo cos ot 





Prob. 22-77 
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22-78. Draw the electrical circuit that is equivalent to the 
mechanical system shown. What is the differential equation 
which describes the charge q in the circuit? 























Prob. 22-78 


22-79. Draw the electrical circuit that is equivalent to the 
mechanical system shown. Determine the differential 
equation which describes the charge q in the circuit. 





Prob. 22-79 
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CHAPTER REVIEW 


Undamped Free Vibration 


A body has free vibration when 
gravitational or elastic restoring forces Equilibrium 
cause the motion. This motion is position 
undamped when friction forces are x 
neglected. The periodic motion of an k 
undamped, freely vibrating body can be 
studied by displacing the body from the 
equilibrium position and then applying 
the equation of motion along the path. 
For a one-degree-of-freedom system, 
the resulting differential equation can 
be written in terms of its natural 
frequency wy. 











Energy Methods 


Provided the restoring forces acting on 
the body are gravitational and elastic, 
then conservation of energy can also be 
used to determine its simple harmonic 
motion. To do this, the body is displaced 
a small amount from its equilibrium 
position, and an expression for its 
kinetic and potential energy is written. 
The time derivative of this equation can 
then be rearranged in the standard form 
X ax =0. 








Undamped Forced Vibration 


When the equation of motion is applied Equilibrium 
to a body, which is subjected to a periodic position | 
force, or the support has a displacement | 
with a frequency wo, then the solution of 
the differential equation consists of a 
complementary solution and a particular 
solution. The complementary solution is 
caused by the free vibration and can be 
neglected. The particular solution is 
caused by the forced vibration. 


F= Fo sin Wot 


Resonance will occur if the natural Fo/k 
frequency of vibration w, is equal to the Xp = D 
forcing frequency c. This should be 1 = (@o/@n) 
avoided, since the motion will tend to 
become unbounded. 


sin Wot 








Viscous Damped Free Vibration 


A viscous damping force is caused by 
fluid drag on the system as it vibrates. If 
the motion is slow, this drag force will be 
proportional to the velocity, that is, 
F = cx. Here c is the coefficient of 
viscous damping. By comparing its value 
to the critical damping coefficient 
Co = 2mo,, we can specify the type of 
vibration that occurs. If c > ce, it is an 
overdamped system; if c — c,, it is a 
critically damped system; if c < c,, it is 
an underdamped system. 





Viscous Damped Forced Vibration 


The most general type of vibration for a 
one-degree-of-freedom system occurs 
when the system is damped and 
subjected to periodic forced motion. The 
solution provides insight as to how the 
damping factor, c/c,, and the frequency 
ratio, @)/@,, influence the vibration. 


Resonance is avoided provided 
c/c, ** 0 and e/o, # 1. 


Equilibrium 
position S 


k 


CHAPTER REVIEW 


681 











Electrical Circuit Analogs 


The vibrating motion of a complex 
mechanical system can be studied by 
modeling it as an electrical circuit. This is 
possible since the differential equations 
that govern the behavior of each system 
are the same. 
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APPENDIX 


Vector Analysis 





The following discussion provides a brief review of vector analysis. 
A more detailed treatment of these topics is given in Engineering 
Mechanics: Statics. 


Vector. A vector, A, is a quantity which has magnitude and direction, 
and adds according to the parallelogram law. As shown in Fig. B-1, 
A — B -* C, where A is the resultant vector and B and C are 
component vectors. 


Unit Vector. A unit vector, uy, has a magnitude of one “dimensionless” 
unit and acts in the same direction as A. It is determined by dividing A by 
its magnitude A, i.e, 














A 
u 7 ( ) 
A=B+C 
C 
B 
Fig. B-1 
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Cartesian Vector Notation. The directions of the positive x, y, z 
axes are defined by the Cartesian unit vectors i, j, k, respectively. 

As shown in Fig. B-2, vector A is formulated by the addition of its 
X, y, Z components as 


A — Aj * Aj * A;k (B-2) 


The magnitude of A is determined from 


| A = VA? + A? + A? (B-3) 





The direction of A is defined in terms of its coordinate direction angles, a, 
P. y, measured from the tail of A to the positive x, y, z axes, Fig. B-3. These 
angles are determined from the direction cosines which represent the i,j, 
k components of the unit vector u4; i.e., from Eqs. B-1 and B2 





(B-4) 








so that the direction cosines are 


(B-5) 








Hence, u, = cos ai + cos Bj + cos yk, and using Eq. B-3, it is seen that 
2 2 2 zm 
cos’ a + cos“ B + cos* y = 1 (B-6) 


The Cross Product. The cross product of two vectors A and B, 
which yields the resultant vector C, is written as 


C=AXB (B-7) 
and reads C equals A “cross” B. The magnitude of C is 
C = AB sind (B-8) 


where 0 is the angle made between the fails of A and B (0° = 0 = 180°). 
The direction of C is determined by the right-hand rule, whereby the 
fingers of the right hand are curled from A to B and the thumb points in 
the direction of C, Fig. B-4. This vector is perpendicular to the plane 
containing vectors A and B. 








Fig. B-4 
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The vector cross product is not commutative, i.e., A X B # B X A. 
Rather, 


AXB=-BXA (B-9) 


The distributive law is valid; i.e., 
AX(B+D)=AXB+AXD (B-10) 
And the cross product may be multiplied by a scalar m in any manner;i.e., 
m(A X B) = (mA) X B = A X (mB) = (A X B)m (B-11) 


Equation B-7 can be used to find the cross product of any pair of 
Cartesian unit vectors. For example, to find i X j, the magnitude is 
(i)(j) sin 90° = (1)(1)(1) = 1, and its direction +k is determined from the 
right-hand rule, applied to i X j, Fig. B-2. A simple scheme shown in 
Fig. B-5 may be helpful in obtaining this and other results when the need 
arises. If the circle is constructed as shown, then “crossing” two of the 
unit vectors in a counterclockwise fashion around the circle yields a 
positive third unit vector, e.g., k X i = j. Moving clockwise, a negative 
unit vector is obtained, e.g. i X k = —j. 

If A and B are expressed in Cartesian component form, then the cross 
product, Eq. B-7, may be evaluated by expanding the determinant 


(B-12) 





which yields 
C = (A,B; — A,BA — (A,B; — AL + (A.B, — A,BK 


Recall that the cross product is used in statics to define the moment of 
a force F about point O, in which case 


Mo =rxF (B-13) 


where r is a position vector directed from point O to any point on the line 
of action of F. 
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The Dot Product. The dot product of two vectors A and B, which 
yields a scalar, is defined as 


A: B = AB cos0 (B-14) 
and reads A “dot” B. The angle 0 is formed between the tails of A and B 
(0° = 0 = 180°). 
The dot product is commutative; i.e., 
A‘B=B-A (B-15) 
The distributive law is valid; i.e., 
A:(B + D) = A-B+A:D (B-16) 
And scalar multiplication can be performed in any manner, i.e., 


m(A*B) = (mA): B = A- (mB) = (A: By (B-17) 


Using Eq. B-14, the dot product between any two Cartesian 
vectors can be determined. For example, i-i = (1)(1) cos 0° = 1 and 
i-j = (1X1) cos 90° = 0. 

If A and B are expressed in Cartesian component form, then the dot 
product, Eq. C-14, can be determined from 


| A:B = A,B, + A,B, + AB, (B-18) 





The dot product may be used to determine the angle 0 formed between 
two vectors. From Eq. B-14, 


a= coc (42) (B-19) 
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It is also possible to find the component of a vector in a given direction 
using the dot product. For example, the magnitude of the component (or 
projection) of vector A in the direction of B, Fig. B-6, is defined by 
A cos 0. From Eq. B-14, this magnitude is 


B 
A cos = Av = AtW (B-20) 


where ug represents a unit vector acting in the direction of B, Fig. B-6. 


Differentiation and Integration of Vector Functions. The 
rules for differentiation and integration of the sums and products of scalar 
functions also apply to vector functions. Consider, for example, the two 
vector functions A(s) and B(s). Provided these functions are smooth and 
continuous for all s, then 


d A 
—(A + B) = ea + 2B (B-21) 
ds ds ds 


farmas fass [na (B-22) 


For the cross product, 


Lerh x B) = (4 x B) + (a x 2) (B-23) 
ds ds ds 


Similarly, for the dot product, 


A 
fas odora a (B-24) 
ds ds ds 


The Chain Rule px 





The chain rule of calculus can be used to determine the time derivative of 
a composite function. For example, if y is a function of x and x is a function 
of t, then we can find the derivative of y with respect to t as follows 


. dy dy dx 
Y dí dy di 

In other words, to find y we take the ordinary derivative (dy/dx) and 
multiply it by the time derivative (dx/dr). 

If several variables are functions of time and they are multiplied 
together, then the product rule d(uv) = du v + u dv must be used along 
with the chain rule when taking the time derivatives. Here are some 
examples. 


(C-1) 


689 


690 APPENDIX C THE CHAIN RULE 


EXAMPLE | C-1 


EXAMPLE | C-2 


If y = x? and x = f, find y, the second derivative of y with respect 
to time. 


SOLUTION 
Using the chain rule, Eq. C-1, 
ye 
To obtain the second time derivative we must use the product rule 


since x and x are both functions of time, and also, for 3x? the chain rule 
must be applied. Thus, with u = 33? and v = x, we have 


y = [6xx]x + 3x? [X] 
= 3x[222 + xx] 
Since x = f^, then x = 4P and X = 127 so that 
y = 3 pay + r(22)] 
= 2p! 


Note that this result can also be obtained by combining the functions, 
then taking the time derivatives, that is, 


y= x = O = nb 


lene 
ne es Be 


If y = xe’, find y. 


SOLUTION 
Since x and e* are both functions of time the product and chain rules 
must be applied. Have u = x and v = e*. 


y = [xJe* + x[e*x] 


The second time derivative also requires application of the product 
and chain rules. Note that the product rule applies to the three time 
variables in the last term, i.e., x, e", and x. 


y = {[x]e* + xferx]} + (dex + xex]x + xe*[x]} 
= exa + x) + 2722+] 
If x = t? then x = 2t, X = 2 so that in terms in f, we have 


y - epa * 0?) 4?Q 0j 
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EXAMPLE | C-3 


If the path in radial coordinates is given as r = 56°, where 0 is a 
known function of time, find r. 


SOLUTION 
First, using the chain rule then the chain and product rules where 
u = 100 and v = 0, we have 


r= 58 

r= 1060 

r = 10[(0)0 + 0(6)] 
= 106? + 1006 


EXAMPLE | C-4 

If ? = 66°, find F. 

SOLUTION 

Here the chain and product rules are applied as follows. 

= 60° 
2r = 18076 
2[()r  r(7)] = 1812066 + 6°(6)] 
P+ rr = 9200 + 678) 


To find 7 at a specified value of 0 which is a known function of time, 
we can first find Ô and 0. Then using these values, evaluate r from 
the first equation, r from the second equation and 7 using the last 
equation. 








Fundamental Problems 


Partial Solutions And Answers 


Chapter 12 


F12-1. 


F12-2. 


F12-3. 


F12-4. 


F12-5. 


F12-6. 


F12-7. 
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V = Vo t at 
10 = 35 + a(15) 

a, = —1.67 m/s? = 1.67 m/s? —— 
S = sg + Vot + Sat” 

0 — 0 + 15r + 5(-9.8DP 








t — 3.06s 
ds = v dt 
p 4t — 3f) 
[ae e 
ow 
= 32m = 32 m< 


a= 4 = $(05P — 81) 
a= (1.52 — 8) m/s? 
When t = 2s, 

















a= E) — 8 = -2m/s? = 2m/s? — 
v = Ë = 400? — 8t + 6) = (4t — 8) m/s 
v =0= (4t - 8) 

t=2s 

slo = 2(0) — 80) + 6 = 6m 

sl=2 = 2(2) - 82) + 6 = -2m 
sl=3 = 2(3) - 83) +6 = 0m 

(As) = 8m + 2m — 10m 


[ow faas 
f vdv = [co - oases 
5 m/s 


v = (V20s — 0.2s? + 25) m/s 

Ats = 10m, 

v = V20(10) — 0.2(102) + 25 
= 143 m/s > 

v= fo — 2) dt 

v= iP = 2t+ Ci 


s= [(§P- 24a) a 











s= in e t Cit t C5 
t=0,s = -2, 0 = -2 
t = 2, s = -20,C, = —9.67 





t = 4,s = 28.7 m 


Ans. 


Ans. 


Ans. 


Ans. 


Ans. 


Ans. 


Ans. 


Ans. 


F12-8. 


F12-9. 


F12-10. 


a=v% 
= (20 — 0.0552) ( —0.1s) 
Ats = 15m, 


a = —13.1 m/s? = 13.1 m/s? — 
v= €=4(058) = 15? 
v = £= 4 (108) =0 








t (s) 





ds — vdt 


s t 
f ds = 1 (—4t + 80) dt 
0 0 


s = —2P° + 80t 
a = X = £(-4t + 80) = 
Also, 


Av .0- 
a At 


s (ft) 








80ft/s — 





4 ft/s? 


20s — 0 


8005 











t (s) 


a (ft/s?) 


20 
| p i 
-4 





Ans. 


Ans. 


4 ft/s? = 4 ft/s? — 


F12-11. ads = vdv 
a = vẸ = 0.25s4 (0.25s) = 0.0625s 





a|,=40 m = 0.0625(40 m) = 2.5 m/s > 


a (m/s?) 


2.54 





s (m) 
40 





F12-12. For0 s x 10m 


a=s 


v s 
f se fsa 
0 0 


v=s 
ats =10m,v=10m 
For 10m - s = 15 
a — 10 


v Ss 
] vao= f on 
10 10 
l 5 
2" — 50 — 10s — 100 


= V20s — 100 


ats = 15m 


v = 14.1 m/s Ans. 


v (m/s) 


s (m) 








F12-13. 0x t < 5s, 


v t 
dv — adt fa- ] »« 
0 0 


v = (201) m/s 
5s<tst', 


v t 
(4) dv=adt f aw = f -104r 
100 m/s 5s 
v — 100 — (50 — 107) m/s, 
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0 = 150 — 10r" 
t = 15s 
Also, 


Av = 0 = Area under the a—t graph 
0 = (20 m/s? (5 s) + [-(10 m/s)(t' — 5) s] 
t = 15s 


v (m/s) 


100 


t (s) 





F12-14. 0< ts 5s, 


Ss t 
ds = vdt n = / 30t dt 
0 0 


slå 152) 
s — (152) m 
5s«rtzx 15s, 
Ss t 
(4)ds = v dí; f ds = (—15t + 225)dt 
375m 5s 
s = (-7.5° + 225t — 562.5) m 
s = (—7.5)(15)? + 225(15) — 562.5 m 
= 1125m Ans. 
Also, 
As = Area under the v—t graph 
5 (150 m/s)(15 s) 
= 1125m Ans. 


s (m) 








11254 





3754 
t (s) 





x t 
F12-15. h dx = l 32t dt 
(16:2) 
[^ = n 


r=} (2) 


(1) 
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F12-16. 


F12-17. 


F12-18. 


F12-19. 


PARTIAL SOLUTIONS AND ANSWERS 


Substituting Eq. (2) into Eq. (1), get 


y=2Vx 


y = 0.75(8t) = 6t 














v, =X = Ë = 4 (8f) = 8 m/s > 
i dy 
v, =) =F = 46) = 6m/sf 


The magnitude of the particle’s velocity is 
v= Vv + v = V8 m/s)? + (6 m/s)” 
10 m/s 








y = 4) m 
v 2 (41^) = (16:3) m/s — 
,-y-$(427) = (8) m/s Î 


yy =X 








When t = 0.55, 
v= Vv + v = Ve m/s) + (4 m/s? 
= 447 m/s 





a, = Vv, = 4 (162) = (487) m/s? 








a, = by = $ (8) = 8m/s 

When t — 0.55, 

a= Va + a, = V2 m/s? + (8 m/s? 
= 144 m/s 

y = 0.5x 

y = 0.5% 

v=? 

When t = 4s, 

v, = 32 m/s vy = 16 m/s 


v = Vi? + v = 35.8 m/s 
a, = 0, = 4t 


dy = Vy = 2t 





When t = 4s, 
a, = 16 m/s? ay = 8 m/s? 
a= Va H a, = V16 +3" = 17.9 m/s? 





v, = y = 0.5 x X = 0.5(8)(8) = 32 m/s 
Thus, 
v = Vo? + v? = 33.0 m/s 
a, = vy = 0.5 x + 0.5 xX 
= 0.5(8)? + 0.5(8)(4) 
= 48 m/s” 


Ans. 


Ans. 


Ans. 


Ans. 


Ans. 


Ans. 


Ans. 


F12-20. 


F12-21. 


F12-22. 


F12-23. 


F12-24. 


F12-25. 


a, —4Am/s 








Thus, 
a= Va 4 a= V4? + 48? = 482 m/s 
y = 0.1xx 


1.5 m/s = 1.5 m/s 





v, = 04(5)(-3) = 
y 201[xx + xx] 
a, = 0.1[C73? + 5(-1.5)] = 0.15 m/s? Î 








(vg) = (v4; + 2a(yp — ya) 
0? = (5 m/s + 2(—9.81 m/s2))( — 0) 
h=127m 


yo = ya + (Wa)ytac + 3 at AC 

0 = 0 + (5 m/s)tac + 1(-9.81 m/s?)13¢ 
tac = 1.0194 s 

(vo), = (v4), + atac 

(voy = 5m/s + (—9.81 m/s*)(1.0194 s) 
—-5m/s =5m/s | 


vc = Vivo (vo? 





Ans. 


Ans. 


Ans. 


Ans. 


= V/(8.660 m/s) + (5 m/s)” = 10m/s_ Ans. 
R = x4 + (V4)xtac = 0 + (8.660 m/s)(1.0194 s) 





= 8.83 m 
S = sg + vgl 
10 = 0 + v4 cos 30°F 
S = sg + Vot + la? 
3 = L5 + v, sin 307r + 3 (—9.81)£? 
t = 0.93345, v4 = 12.4 m/s 


S = So T Vot 
D = oa) 


S = So + tof + laa 





2 





R(3) = 0 + 20(8)t + 1 (9.81? 
t= 5.10s 
R = 76.5 m 


Xg = x4 + (VA)xtaB 
12ft=0 + (0.8660 Va tap 
UAÍAB = 13.856 


_ 1 2 
yg = ya + (va)yfag + 2 ay Ap 


Ans. 


Ans. 


Ans. 


(1) 


(8 — 3) ft = 0 + O.Svatag + 1(7322 ft/s?)t}g 
Using Eq. (1), 

5 = 0.5(13.856) — 16.1 tg 
tap = 0.3461 s 


v4 = 40.0 ft/s Ans. 


F12-26. yg = ya + (vAMag + b aytis 


—150 m = 0 + (90 m/sytag + 1(—9.81 m/s®t 4p 


fag = 19.89 s 
Xg — x4 + (va)taB 
R — 0 - 120 m/s(19.89 s) = 2386.37 m 


= 2.39 km Ans. 


FI227. a, = ù= ¥ = 1 0.062512) = (0.1251) m/s?| io, 
= 1.25 m/s? 
v? _ (0.06257) 


a, = 


or ae = [97.656(10~%)t*] m/s?|,<10 





0.9766 m/s? 








Va + ad = NV/0.25 m/s’)? + (0.9766 m/s3? 


& 
Il 


1.59 m/s Ans. 





F12-28. v = 25 |,-i9 = 20 m/s 
v  (Q0m/s? 

7p — 50m — 

dv 


a, = v— — 4s 
ds 


a= Vaf + a = \/ (40 m/s”)? + (8 m/s”)? 


Ans. 


2 





m/s 





s=10 — 40 m/s? 





= 40.8 m/s” 


F12-29. v; = v4 + 2a(sc — sa) 
(15 m/s = (25 m/s)? + 2a(300 m — 0) 
a, — —0.6667 m/s? 


vp = và + 2aísg — sa) 


F12-30. 


F12-31. 


F12-32. 
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vj = (25 m/s)? + 2(—0.6667 m/s2)(250 m — 0) 





vg = 17.08 m/s 
2 2 
vg (17.08 m/s) 3 
= oa = 0.9722 
(a5. = | 300 m "s 


ag = V(agy + (ag), 


V/(-0.6667 m/s2}? + (0.9722 m/s3? 














= 1.18 m/s? Ans. 
tnd = R= (a°) = ix 
0-— tan ! (ix) 
x=10 ft 
= tan !() = 39.81° = 39.8? 7 Ans. 
[1 + ay e O [1 (xp? 
P | y/ae| El lon 
= 26.468 ft 


| wv _ (20 ft/s) 
7» ^p 26468 ft 


a= V(a)? + (a)? = V(6 ft/s)? + (15.11 ft/s? 





= 15.11 ft/s? 














= 16.3 ft/s? Ans. 
(ag = —0.001s = (—0.001)(300 m)(¥ rad) m/s? 
= —04712 m/s 
v dv = a ds 
Up 1507 m 
f vdv = » —0.0015 ds 
25 m/s 0 
vg = 20.07 m/s 
2 2 
vg (20.07 m/s) 
(ag), = 7 30m 1.343 m/s? 
dg = V(ag)) + (ag) 
= V(-0.4712 m/s) + (1.343 m/s)? 
= 142 m/s Ans. 


a,ds = v dv 

v # = (0250.2) = (0.04s) m/s? 
a, = 0.04(50 m) = 2 m/s? 

v = 0.2(50 m) = 10 m/s 


a, 
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F12-33. 


F12-34. 


F12-35. 


PARTIAL SOLUTIONS AND ANSWERS 


v — (I0m/s 
p | 500m 
a= Va? +a, = Vve m/s’)? + (0.2 m/s)? 





= 0.2 m/s? 


ay, = 





= 2.01 m/s” Ans. 
vv, =r=0 
vg = rË = (4000) ft/s 
55 ft/s = V0" + [(4000) ft/s? 
6 = 0.1375 rad/s Ans. 


r = 0.14 |,-15, = 0.3375 m 
+ = 0.32|,-15, = 0.675 m/s 
? = 0.6t|<1.5, = 0.900 m/s? 
0 = APP| i, = 7.348 rad 
6 = 61'/?|,_..5, = 7.348 rad/s 
6 = 377-15, = 2.449 rad/s? 
v, = r = 0.675 m/s 
Ug = rÊ = (0.3375 m)(7.348 rad/s) = 2.480 m/s 
a, =F —r8? 

= (0.900 m/s?) — (0.3375 m)(7.348 rad/s)? 

= —17.25 m/s? 
ag = rÓ + 270 = (0.3375 m)(2.449 rad/s?) 

+ 2(0.675 m/s)(7.348 rad/s) = 10.747 m/s? 

v= V/v? "E vg? 


= V(0.675 m/s)? + (2.480 m/s 








= 2.57 m/s Ans. 
a= Va; ub ag. 

= V(-17.325 m/s)? + (10.747 m/s)? 

= 204 m/s” Ans. 
r= 20 
r= 20 
Y = 28 
At 0 = 7/4 rad, 

- (1) = Ff 


r = 2 rad/s) = 6 ft/s 

7 = 2(1 rad/s) = 2 ft/s? 

a, = Ż— rO = 2 ft/s? 
= —12.14 ft/s? 





(F ft) (3 rad/s)? 


F12-36. 


F12-37. 


F12-38. 


F12-39. 


dg — rő + 276 
= (F ft) (1 rad/s’) + 2(6 ft/s)(3 rad/s) 





= 37.57 ft/s? 

= V(-12.14 ft/s)? + (37.57 ft/s’)? 

= 39,5 ft/s? Ans. 
r=é 
r= 9 


$= 6 + 26 
a, =F — r(? = (e0 + e?) — e? = e7/*(4) 
= 8.77 m/s" Ans. 
dy = rö + 2:0 = (66) + (2(€°6)8) = e'(8 + 28?) 
= e"I"(4 + 2(2)) 
= 26.3 m/s? 








Ans. 


r = [0.21 + cos 6)) mj» = 0.3732 m 

į = [-02 (sin 96] m/s|p—s0° 
= —0.2 sin 30°(3 rad/s) 
= —0.3 m/s 

v, — r — —03 m/s 

Vg = rô = (0.3732 m) rad/s) — 1.120 m/s 

v = V v, = V(-03 m/s + (1.120 m/s? 
— 1.16 m/s Ans. 











30m — rsin 0 

r= (385) = 80 csc 4) m 

r = (30 csc O)|g—45e = 42.426 m 

= —30 csc 0 ctn 0 6|p—4se = — (42.4260) m/s 
v, = į = —(424260) m/s 

vy = rÅ = (42.4260) m/s 











v= Vo + vy 

2 = V(—42.4266)? + (42.4260) 

6 = 0.0333 rad/s Ans. 
lr = 3sp + SA 

0 = 3vp + v4 

0 = 3vp + 3 m/s 

vp = —1 m/s = 1 m/s] Ans. 
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F12-40. sp + 2s, + 2h =1 F12-47. v; = v4 + Vaya 
vp + 20, = 0 (Si + 8.660j) = (12.991 + 7.5j) + Vaya 
6+2, =0 v, = -3m/s = 3m/sf Ans. vsa = [—7.990i + 1.160j] m/s 

F12-41. 354 + s = 1 Up = V(—7.990 m/s)? + (1.160 m/s)? 


3v, + Vg = 0 


= 8.074 m/s 
3v, + L5 =0 v, = —0.5 m/s = 0.5 m/s Î Ans. 


dag = UgjAt = (8.074 m/s)4s) = 323m Ans. 











F12-42. lp = 454 + Sp 
0= 4 v4 T Up F12-48. VA — Vp ale VA/B 
0 = 4v, + 3m/s —20 cos 45°i + 20 sin 45°j = 65i + v4/g 
v4 = —0.75 m/s = 0.75 m/s] Ans. 


Vae = —79.14i + 14.14j 
vaya = V(-79.14)? + (14.14? 
= 80.4 km/h Ans. 





F12-43. s, + 2(s4 — a) + (84 — sp) ^ I 
4s, — sp =l t 2a 
4U4 — Up = 0 
4v, — (-4) = 0 





a, = ap t 44/B 














20)? 20)? 
4v, +4=0 v4 =—1m/s =1m/s7 Ans. m cos 45°% + sin 45*j = 12001 + a/s 
F12-44. sc + sp =1 1 í 
eoi a @) aap = 16281 + 2828j 
(sa — Sc) + (sg — Sc) + sg = licpr M T 
Sa + 25g — 2sc = lacpr (2) dajp = V (1628)° + (2828) 
Thus = 3.26(10°) km/h? Ans. 
Vc + Vg = 0 
v4 + 20g — wc = 0 Chapter 13 


Eliminating vc, 





F13-1. s= sọ + vot + 4a,0? 
v, + Avg = 0 o + vol + 5a, 


Thus 6m = 0 + 0 + la(s 
: — 2 
4 ft/s + 4, = 0 a = 1.333 m/s 
vp = —1 ft/s = 1 ft/s * dins EF,-— may  N4-— 20(9.81) N cos 30° = 0 
N, = 169.91 N 


F12-45. Vp — VA sh VB/A 














100i = 80j + vj. $F, = ma, T — 20(9.81) N sin 30 ; 
vg = 100i — 80j — 0.3(169.91 N) = (20 kg)(1.333 m/s?) 
vga = V (vpja)x + WBA) PS UIN is 
= V/(100 km/h)? + (—80 km/h)? 
= 128 km/h E FI3-2. (Fmax = MNA = 0.304525 N) = 73.575 N. 
wpa) 80 km/h Since F = 100 N > (F)max when t = 0, the crate 
0 -— zz Bs | 7 w( ) = 387**5 Ans. will start to move immediately after F is applied. 
(Veja) 100 kinh +135, = ma; N4 — 25(9.81)N = 0 
F12-46. vg = va + Vg Ng = 245.25 N 
(—400i — 692.82j) = (650i) + Vsa 5 EF, ma; 
Va/a = [—1050i — 692.82j] km/h 10r? + 100 — 0.25(245.25 N) = (25 kg)a 
vga = V (veya) + WBa) a = (0.4t? + 1.5475) m/s? 
= V(1050 km/h)? + (692.82 km/h)? dv = adt 
= 1258km/h Ans. v 4s 
wna) 692.82 km/h / dv — f (0.4? + 1.5475 )dt 
0 = tan ! -| = tan! = 33.4° Ans. K 9 
(Upja)x 1050 km/h v = 14.7 m/s > Ans. 
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F13-3. 


F13-4. 


F13-5. 


F13-6. 


F13-7. 


F13-8. 


F13-9. 


F13-10. 


PARTIAL SOLUTIONS AND ANSWERS 


+ SF, = ma; 
($)500 N — (500s)N = (10 kg)a 
a = (40 — 50s) m/s” 


v dv = ads 


v 0.5m 
f vdv = f (40 — 50s) ds 
0 


© 








Elg = (40s — 2552 )|5™ 
v = 5.24 m/s Ans. 
+ 5F,= ma, 100(s + 1)N = (2000 kg)a 
a = (0.05(s + 1)) m/s? 
vdv = a ds 
v 10m 

Í vdv = | 0.05(s + 1) ds 

0 0 
v — 2.45 m/s 
F = k(l — Ip) = (200 N/m)(0.5 m — 0.3 m) 

= 40N 

d= tan ! ($32) = 36.86? 
+ SF, = ma, 
100 N — (40 N)cos 36.86° = (25 kg)a 
a = 2.72 m/s? 
Blocks A and B: 
+ SF, = ma; 6 = 45a; a = 2.76 ft/s? 
Check if slipping occurs between A and B. 
+ DF, = ma; 6 — F = $5 (2.76); 
F = 4.29 lb < 0.4(20) = 81b 
aa = ag = 2.76 ft/s? Ans. 
SF, = m! (0.3)m(9.81) = m= 
v = 2.43 m/s Ans. 
+) SF, = ma, m(32) = m(25) 
v = 89.7 ft/s Ans. 

150 ( (120 

+V EF, = ; 150 + N, = 

VER, = ma, »' 323 ( 400 ) 
N, = 17.7 lb Ans. 
LOXF,-— may 

v 
N, sin 30° + 0.2 N, cos 30° = m—— 
500 

+1 SF, = 0; 
N, cos 30° — 0.2N, sin 30? — m(32.2) = 0 
v = 119 ft/s Ans. 


F13-11. 


F13-12. 


F13-13. 


F13-14. 


=F, = ma; 10(9.81)N cos 45? = (10 kg)a, 

a, = 6.94 m/s? Ans. 
LF, = ma, 

. (3 m/s) 
T — 10(9.81) N sin 45° = (10 kg) —— — 
2m 

T= 114N Ans. 
SF, = ma, 


F, = (500k my = 562.5N 
x DNE a m 

EF, = ma; 

F, = (500 kg)(1.5 m/s?) = 750 N 


F = VF? + F? = V(562.5 N} + (750 N}? 











= 938N Ans. 
a, — P — rÜ) = 0 — (1.5m + (8 m)sin 45°)" 
= (—7.157 67) m/s? 
LF, = ma; 
T cos 45° — m(9.81) = m(0) T = 13.87m 
SF, = ma, 
—(13.87m) sin 45° = m(—7.157 8?) 
6 = 1.17 rad/s Ans. 


0 = a? o5, = (7/4) rad 
ô = 2rtl-05s = 
6 = 2r rad/s? 

r = 0.6 sin 0|g—7/4 rag = 0.4243 m 


a rad/s 


F = 0.6 (cos 0)6|p—/4 ma = 1.3329 m/s 


F = 0.6 [(cos OË — (sin6)67]|p—n/4 aa = —1.5216 m/s? 


a, 


= 7 —ré = —1.5216 m/s? — (0.4243 m)(a rad/s)? 
= —5.7089 m/s? 
dg — rÜ + 276 = 0.4243 m2 rad/s”) 
+ 2(1.3329 m/s)(z rad/s) 
= 11.0404 m/s? 


=F, = ma, 

Fcos 45? — N cos 45? —0.2(9.81)cos 45° 
= 0.2(—5.7089) 

$F = map; 


F sin45° + N sin45? —0.2(9.81)sin 45° 
= 0.2(11.0404) 
F=2.72N 


N = 2.37N Ans. 


F13-15. r= 50e” |p n/ona = [5027/9] m = 142.48 m 
50( 267 6) = 100e” ó|,....s rad 
[ 100e7"/9(0.05) ] = 14.248 m/s 
F = 100( (26°66 + €°(6))|o—n/6 rad 
100| 2e7*/ (0.057) + e"/9(0.01) | 
= 4.274 m/s? 
a, —r —rÜ) = 4.274 m/s? — 142.48 m(0.05 rad/s)" 
= 3.918 m/s? 
ag =r + 276 = 142.48 m(0.01 rad/s?) 
+ 2(14.248 m/s)(0.05 rad/s) 


^4. 
Il 


= 2.850 m/s” 
EF, = ma, 
F, = (2000 kg)(3.918 m/s?) = 7836.55 N 
$F) = mag; 
F, = (2000 kg)(2.850 m/s”) = 5699.31 N 
F = VF} + Fẹ 





= V(7836.55 N} + (5699.31 N} 
= 9689.87 N = 9.69 kN 


F13-16. r = (0.6 cos 20) mp0 = [0.6 cos 2(0°)] m = 0.6m 
+ = (-12 sin266) m/s |) o. 
= [-12in2(0(-3)] m/s = 0 


r 


r= —1.2(sin200 + 2cos200? ) m/s]. 
= —21.6 m/s? 
Thus, 
a, =} — r£) = —21.6 m/s? — 0.6 m(—3 rad/s)? 
= —27 m/s" 


ay —rÜ + 276 = 0.6 m(0) + 2(0)(—3 rad/s) = 0 
“Fy = ma; F — 0.2(9.81) N = 0.2 kg(0) 
F = 1.96N Î Ans. 


Chapter 14 


F141. 7T; + XU, ,- T, 
0 + ($)(500 N(0.5 m) — 5 (500 N/m)(0.5 m)? 
= $ (10 kg? 
v — 524 m/s Ans. 


Fl4-2. XF, = may; N4 — 20(9.81) N cos 30° = 
N, — 169.91 N 
T, + XU = T, 
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0 + 300 N(10 m) — 0.3(169.91 N) (10 m) 
— 20(9.81)N (10 m) sin 30° 
= } (20 kg? 
v = 12.3 m/s Ans. 
F14-3. Ti T XU, = T; 
15m 
OF d f (600 + 252) Nas — 100(9.81) N(15 m) 
0 


= 1 (100 kg)? 
v — 12.5 m/s Ans. 


Fl4-4. T, + SU). = T, 
3 (1800 kg)(125 m/s? 
= 1 (1800 kg? 
v = 8.33 m/s Ans. 





(50000N + 20000 N) 
2 


(400 m | 


F145. 7, + XU, ,— T, 

(10 kg)(5 m/s)? + 100 Ns’ + [10(9.81) N] s’ sin 30° 
—} (200 N/m)(s')? = 0 

s’ = 2.09 m 

s = 0.6m + 2.09 m = 2.69 m Ans. 


Nie 





F14-6. Ta + XUA.p = Tg 


Consider difference in cord length AC — BC, 
which is distance F moves. 


0 + 10 Ib(V/(3 ft + (4 ft)? — 3 ft) 
= i (3i; slug)vi 
vg = 16.0 ft/s Ans. 


F14-7. $ SF, = ma; 
30() =20a a=12m/s? > 
Vv = vo + at 
v = 0 + 1.2(4) = 4.8 m/s 
P=F-v = F (cos 0w 
= 30()(4.8) 
= 115 W Ans. 


F14-8. Ł SF, = ma, 
10s = 20a a = 0.5s m/s? > 


vdv = ads 


v 5m 
f vdv = f 0.5 s ds 
1 0 


v = 3.674 m/s 
P = F-v = [10(5)|(3.674) = 184 W Ans. 
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F14-9. 


F14-10. 


F14-11. 


F14-12. 


F14-13. 


F14-14. 


PARTIAL SOLUTIONS AND ANSWERS 


DEF, = 0; 
T, — 100lb = 0 T, = 100 1b 
(+ DEF, = 0; 





100 Ib + 1001b — T; =0 T; = 2001b 
Pow = Tg * Vg = (200 Ib)(3 ft/s) = 1.091 hp 








Pa = mu 1.36 hp Ans. 
E€ 0.8 
EF, = may; N — 20(9.81) cos 30° = 20(0) 
N = 169.91 N 
EF, = may; 


F — 20(9.81) sin 30° — 0.2(169.91) = 0 
F = 132.08N 
P = F-v = 132.08(5) = 660 W Ans. 
+ PSF, = may; 
T — 50(9.81) = 50(0) T = 490.5N 
Pom = T^v = 490.5(1.5) = 735.75 W 
Also, for a point on the other cable 

490.5 
Pon = (S55) (1.5)(2) = 735.75 W 

Pou — 735.75 


Pin = nd 
E€ 0.8 


2s, + sp—l 





= 920 W Ans. 


2a, + ap = 0 
2a, +6=0 
a, = —3 m/s* = 3 m/s’ Î 








SF, = ma; T4 — 490.5N = (50 kg)(3 m/s’) 
T, = 640.5N 
Po = T- v = (640.5 N/2)(12) = 3843 W 
Pou 4 
P, = ~= = aa = 4803.75 W = 4.80kW Ans. 
€ E 


T4 + V4 = Tg + Vg 
0 + 2(9.81)(1.5) = 1 Q)y(vg? + 0 








Ug = 5.42 m/s Ans. 
^ 5.42» 
+ TSF, = ma, T — 2(9.81) = x — ) 
T = 58.9N Ans. 


Ti V4 = Tg + Vg 
t mavh + mgh, = imgvs + mghg 
[iQ kg)(1 m/s] + [2 (9.81) N(4 m)] 
= [$2 kgv$ ] + [0] 
Up = 8.915 m/s = 8.92 m/s Ans. 
+7SF, = ma; Ng — 2(9.81)N 

(8.915 m/s 
=(2 ko 2 

m 

Ng — 99.1 N Ans. 








F14-15. Ti T Vi = T + Vz 


5 (2)(4 + 3 (30)(2 - 1» 
= (Dw) — 2(9.81)(1) + 1 (30) (V5 — 1X 
v — 526 m/s Ans. 





F14-16. TA mt Va = Tg + Vg 


0 + $ (42.5 — 0.5? + 5(2.5) 
= j (5) +} - 0.5} 
vg = 16.0 ft/s Ani 





F14-17. T, + Vi - T; + V5 


Imvi + mgy,; + iksi 
= j m3 + omgy, + 5 ks} 


[0] + [0] + [0] = [0] 4 
[—75 Ib(5 ft + s)] + [2(4 (1000 Ib/ft)s?) 





+ 3 (1500 Ib/ft)(s — 0.25 ft)? | 


s = sa = sc = 0.580 ft Ans. 
Also, 
Sg = 0.5803 ft — 0.25 ft = 0.330 ft Ans. 


F14-18. TA F Va == Tp + Vp 


$ mo + (4 ks] + mgya) 
= 5 mvp + (3ks + mgyp) 
+ (4kg)(2 m/s}? + $ (400 N/m)(0.1 m — 0.2 mf + 0 
=} (4 kg)og + 1 (400 N/m)( V(0.4 m + (0.3 m}? 


— 0.2 m)? + [4(9.81) NJ(-(0.1 m + 0.3 m)) 








vg = 1.962 m/s = 1.96 m/s Ans. 


Chapter 15 : 
FI5-1. (5) mœ) + X f F, dt = m), 
tl 


(0.5 kg)(25 m/s) cos 45? — J F, dt 

= (0.5 kg)(10 m/s)cos 30° 
I, = J] F, dt = 4.509 Ns 
(+f) mw) + ij F, dt = mw); 


1 
— (0.5 kg)(25 m/s)sin avs [ 5 dt 
= (0.5 kg)(10 m/s)sin 30° 
Le n F, dt = 11.339 Ns 





l= [ra = V(4.509 N- s + (11.339 N- s} 
= 12.2N°s Ans. 


t2 


F15-2. (+t) mw) + X F, dt = mw), 
tl 
0 + N(4 s) + (100 Ib)(4 s)sin 30° 
— (150 Ib)(4 s) = 0 
N = 100 lb 
t2 
(35) m(vi), + X P. dt — m(v5), 
tl 
0 + (100 Ib)(4 s)cos 30? — 0.2(100 Ib)(4 s) 
= (59 slug)v 
v = 572 ft/s Ans. 
F15-3. Time to start motion, 





ETEF, = 0; N —25(9.8N — 0. N = 245.25 N 
+4 XF,—0; 207 — 0.3(245.25N)=0 t= 1918s 
( 


12 
+4) mv), + zf F, dt = m(v2), 
tl 


4s 
0+ J 207 dt — (0.25(245.25 N)\(4s — 1.918 s) 
1.918 s 


= (25 kg)v 
v — 10.1 m/s Ans. 
t2 


F15-4. (4) m(v), + X F, dt = m(vj), 
tl 


(1500 kg)(0) + [3 (6000 N)Q s) + (6000 N)(6 s — 2s) | 





= (1500 kg) v 
v = 20 m/s Ans. 
F15-5. SUV and trailer, 
t2 
m(vi). T X F, dt — MU) 
tl 
0 + (9000 N)(20 s) = (1500 kg + 2500 kg)v 
v = 45.0 m/s Ans. 
Trailer, 
t2 
mV), + xf F,, dt = mw), 
tl 
0 + T(20 s) = (1500 kg)(45.0 m/s) 
T = 3375 N = 3.375 kN Ans. 
F15-6. Block B: 
CF) mv, + [ra = mv, 
0 + 8(5) — T5) = 35 (1) 
T = 7.95 Ib Ans. 
Block A: 
(5) mv, sk F dt = mv», 
0 + 7.95(5) — n, (105) = 35 (1) 
by = 0.789 Ans. 


F15-7. 


F15-8. 


F15-9. 


F15-10. 


F15-11. 
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(35) mg (04) + mp (0g)? = ma (va) + mp (vg) 
(20(10°) kg)(3 m/s) + (15(105) kg)(—1.5 m/s) 

= (20(10%) kg)(v4)2 + (15(10°) kg)(2 m/s) 





(vah = 0.375 m/s > Ans. 
t2 
(4) m(Ug)i sr x Fdt = m(Upg)2 
tl 
(15(105) kg)(—1.5 m/s) + Fag (0.5 s) 
= (15(10°) kg)Q m/s) 
Fyyg = 105(10° N = 105 kN Ans. 
(5) my [wp] T mdM] = (my F Me)V2 
5[10($)] + 0 = (5 + 20v, 
v = 1.6 m/s Ans. 
T, sr Vi = T + V5 
ima (Vai + (Vg) = imwa + (V9) 
2G)». + 5(9.81(1.5) = 2 )v43 + 0 
(v4); = 7.378 m/s 
(4) mwah + mpg(vg)) = (m,  mg)v 
5(7.378) + 0 = (5 + 8v 
v — 2.84 m/s Ans. 


(5) mwa) + mg (vg), = mawa) + mg(vg); 
0 + 0 = 10(v4); + 15(vg); (1) 
T, + Vi = T, + V2 

ymw + 5 mp (vet + (i 

= 4 ma(v4)3 + img (wp) + (Voh 

o +0 +4[5(10°)](0.2?) 
= 7 (10)(v4)3 + 3 (15)(vp)3 + 0 











5(v4)3 + 7.5 (vg; = 100 (2) 
Solving Eqs. (1) and (2), 
(Vg). = 2.31 m/s > Ans. 
(vA) = — 3.464 m/s = 3.46 m/s —— Ans. 
(e) mwa) + mgg) = (mg + mpwa 

0 + 10(15) = (15 + 10w, 
v = 6 m/s 


T, + V, = T; + V 
2 (mg + mg)v3 + (Vo = 3 (ma + mg)vi + (Ve) 
$(15 + 10)(67) +0 =0 + £ [10(109)] 32, 


Smax = 0.3m = 300 mm 





Ans. 
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F15-12. 


F15-13. 


F15-14. 


F15-15. 


PARTIAL SOLUTIONS AND ANSWERS 


(4) 0+0= My (Up) x = MV 
0 = (20 kg) (v), — (250 kgWw. 








(vy), = 12.5 v, (1) 
Vp = Ve + Yp/e 
(oy) + Wp) j = Vi + [(400 m/s) cos 307i 
+ (400 m/s) sin 30°j] 

(v), + (wj = (346.41 — vi + 200j 
(v), = 34641 — v, 
(vy), — 200 m/s 
(vy), — 320.75 m/s v, — 25.66 m/s 
v = Vw + O 

= V(320.75 m/s)? + (200 m/s) 

= 378 m/s Ans. 


u (Ug); — vah 





(5) e= = 
(V4)1 (Vp) 
7 (9 m/s) — (1 m/s) E 
(8 m/s) — (-2 m/s) 
(5) mwa) + mg (vg), = ma(V4)2 + mpg (V~)2 


[15(103) kg](5 m/s) + [25(10°)](—7 m/s) 
= [15(10°) kg](v4)2 + [25(10°)](vg)2 








15(v4); + 25(vg), = —100 (1) 
Using the coefficient of restitution equation, 
(Ug) — (vah 
(4) E (Va) — (?gi 
Up), — (v 

dar" a an 

(Ug) — (v4); = 7.2 (2) 
Solving, 
(Vg). = 02 m/s > Ans. 
(v4) = —7 m/s = 7 m/s < Ans. 


T, + V; = T+ Vp 
5 mwa} + o mg(h4) = j mo} + mg(h4); 
$( 5 slug )(5 ft/s)? + (30 Ib)(10ft) 
= I slug )(v4)3 + 0 

(74) = 25.87 ft/s — 
(4) mwah + mp(Vg)2 = ma(v4)s + mg(vg)s 
(3% slug) (25.87 ft/s) + 0 

= (325 slug) (v4)s + (327 slug) (vg)s 
30(v4), + 80(vg), = 775.95 (1) 


F15-16. 


F15-17. 


F15-18. 


_ (Qg)s — ads 
(v4); — (Ug) 
_ (Ug) — (wah 
0.6 = 2587 ft/s — 0 


(Ug) — (va) = 15.52 (2) 
Solving Eqs. (1) and (2), yields 
(vg = 11.3 ft/s — 
(v4), = —4.23 ft/s = 4.23 ft/s > Ans. 


+D mwl = mio], 
[wl = [Gi], = (20 m/s) sin30° = 10 m/s 1 
(35) PIE (0,)2 ~~ [Qo]. 
Lp). (0,1 
0 — [w]; 
(20 m/s)cos 30?— 0 
[(Up)aly = — 12.99 m/s = 12.99 m/s <— 
(v5); = VU (ral: + w) 


= V/12.99 m/s + (10 m/s)? 


0.75 = 














= 16.4 m/s Ans. 
j= aw) E a-( 10 m/s ) 
[Cool 12.99 m/s 
= 37.06 Ans. 
Xm(v), = Xm(v) 
0 + 0—2(D + 11 Wpy)2 
(Ug) = —0.1818 m/s 
Xm(v), = Xm(v) 
2(3) 0 0 11 wp) 
(vgy) = 0.545 m/s 
(vg, = V (0.1818)? + (0.545)? 
= 0.575 m/s Ans. 


+a 1(3)(3) — 1 (4)(5) 


= 1 (vg)o, +1 (U4) 2x 
^ 05 = [waz wa] OG) - (-4)(§)] 
Solving, 
(V4 )2x = 0.550 m/s, (vg) = —1.95 m/s 
Disc A, 
M -1(4)(3) = 1(v4)5, 
(va) = —2.40 m/s 








(vg)2y = —2.40 m/s 
(v4); = V (0.550)? + (240)? 2246 m/s — Ans. 
(vg), = V/(1.95)? + (240)? = 3.09 m/s Ans. 
F15-19. Ho = Xmud; 
Ho = [2(10)(3)](4) - [200(3))) 
= 28 kg: m?/s 
F15-20. Hp = Xmuvd; 
Hp = [2(15) sin 30°](2) — [2(15) cos 30*](5) 
= —99.9 kg: m? /s = 99.9 kg: m?/s 2 
F15-21. (H), + X J M, dt = (Hj 
5(2)(1.5) + 5(1.5)(3) = 5w(1.5) 
v — 5m/s Ans. 
F15-22. (H), + X J M, dt = (Hj 
4s 
0+ / (105 (3) (1.5)dt = 5v(1.5) 
0 
v — 12.8 m/s Ans. 
F15-23. (H,), + X | M,dt = (Hj; 
5s 
0+ f 0.9? dt = 2w(0.6) 
0 
v = 312 m/s Ans. 
F15-24. (H), + € | M,dt = (Hj; 
4s 
0+ / 8tdt + 2(10)(0.5)(4) = 2[100(0.5)] 
0 
v = 10.4m/s Ans. 
Chapter 16 
F16-1. 0 = (20 rev)(*2") = 407 rad 
w = w + 2a, (0 — Oo) 
(30 rad/s)? = 0? + 2a, [(407 rad) — 0] 
a, = 3.581 rad/s? = 3.58 rad/s? Ans. 
w = wo t ad 
30 rad/s = 0 + (3.581 rad/s?)t 
t = 8.38s Ans. 


-1 (3)(§) = 1(%g)2y 











F16-2. 


F16-3. 


F16-4. 


F16-5. 
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49 = 2(0.0050) = (0.010) 

a = w% = (0.005 ?)(0.010) = 50( 10°) 6° rad/s? 
When 0 = 20 rev(27 rad/1 rev) = 407 rad, 

a = [50(10 9) (407 ] rad/s? 











— 9922 rad/s? — 992 rad/s? Ans. 
w = 491? 
150 rad/s = 4 0"? 
0 = 1406.25 rad 
a=% 
t 0 
/ a I. mE 
th = 30"? od 
[t—d19g/2-1 
t = } (1406.25)! — 1 = 18.25 s Ans. 
w = £ = (1.5? + 15) rad/s 
a = 9? = (3t) rad/s? 
w = [1.5(32) + 15] rad/s = 28.5 rad/s 
a = 3(3) rad/s? = 9 rad/s? 
v = or = (28.5 rad/s)(0.75 ft) = 21.4 ft/s — Ans. 
a = ar = (9 rad/s? (0.75 ft) = 6.75 ft/? ^ Ans. 
w dw = a d0 
w 0 
f wdw = ] osoa 
2 rad/s 0 
E a = 0.250" lh 
w = (0.50? + 4)!” rad/s 
When 0 = 2 rev = 4s rad, 
w = [0.5(4c)) + 4]? rad/s = 9.108 rad/s 
Up = or = (9.108 rad/s)(0.2 m) = 1.82 m/s Ans. 


(ap), = ar = (0.50 rad/s? 0.2 m) yis aa 
= 1.257 m/s” 

(ap), = er = (9.108 rad/s)(0.2 m) = 16.59 m/s? 
= V(1.257 m/s’)? + (16.59 m/s)? 
= 16.6 m/s? 





Ans. 
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TA 
F16-6. ag =a, (2) 


rg 
= (4.5 rad/s) ( 8E) = 1.5 rad/s? 
wg = (@g)o + agt 
wg = 0 + (1.5 rad/s?)(3 s) = 4.5 rad/s 
Og = (85)o + (wat + $ ag? 
05 = 0+ 0 + 4(1.5 rad/s*)(3 s 











0g = 6.75 rad 
Uc = ogrp = (4.5 rad/s)(0.125 m) 

— 0.5625 m/s Ans. 
Sc = Ogrp = (6.75 rad)(0.125 m) = 0.84375 m 

= 844mm Ans. 


F16-7. Vector Analysis 
Vp = Va + œ X Fpya 
—vg j = Gi) m/s 
+ (wk) X (—1.5 cos 307i + 1.5 sin 307j) 
—vgj = [3 — cag (1.5 sin 30*)]i — «(1.5 cos 30°)j 


0 = 3 — o(1.5 sin 30°) (1) 
—vgz = 0 — o(1.5 cos 30°) (2) 
w = 4rad/s Up = 5.20 m/s Ans. 


Scalar Solution 


Vg = Va + VB/A 

[tos = [à] 4 [eas Av 

This yields Eqs. (1) and (2). 
F16-8. Vector Analysis 

Vg = Va + @ X pia 


(vg)d + (p)yj = 0 + (—10k) x (—0.6i + 0.6j) 
(Ug )i + (Up)yd = 6i * 6j 





(vg), — 6 m/s and (vg), — 6 m/s 
Up = Vw? + (vg 
= V6 m/s)? + (6 m/s)” 
= 8.49 m/s Ans. 





Scalar Solution 


Vp — VA + VB/A 


E + [w1] = fol + eas (25). 


(vg), = 0 + 10(0.6/cos 45°) cos 45? = 6 m/s > 
1 (vg), =0 














10(0.6/cos 45°) sin 45? = 6 m/sf 


F16-9. "Vector Analysis 
Vg = Va + œ X rg 
(4 ft/s)i = (—2 ft/s)i + (wk) X (3 fj 
4i = (-2 + 3w)i 
w = 2rad/s Ans. 


Scalar Solution 


Vp — VA + VB/A 


is) - E] tet 


+ 4-—-2-o(3) 





w = 2rad/s 


F16-10. Vector Analysis 

Va = woa X Ta 
= (12 rad/s)k X (0.3 m)j 
— [-3.6i] m/s 

Vg = Va + Og X Ygj 

vgj = (73.6 m/s)i 
+ (wag K) X (0.6 cos 307i — 0.6 sin 30°j) m 

vg j = [wag (0.6 sin 30°) — 3.6]i + wap (0.6 cos 30°)j 


0 = wap (0.6 sin 30°) — 3.6 (1) 
Up = WAB (0.6 COS 30°) (2) 
wag = I2rad/s vg = 6.24 m/s Ans. 


Scalar Solution 


Vp — VA F VB/A 


[ot] = PE 4 [Psowo | 
This yields Eqs. (1) and (2). 


F16-11. Vector Analysis 
Vo = Vg + @gc X Yog 
vcj = (—60i) ft/s 
+ (—wpgckK) X (—2.5 cos 30° + 2.5 sin 30°j) ft 
vcj = (—60)i + 2.165o0gcj + 1.25@gci 


0 = —60 + 1.25wgc (1) 

ve 2.165 WBC (2) 

gc = 48 rad/s Ans. 
vc = 104 ft/s 


Scalar Solution 


Vo = Vp + Vcjg 


ect = | 2 | + [730° w 25)| 
This yields Eqs. (1) and (2). 


F16-12. 


F16-13. 


Vector Analysis 
Vp = VA + œ X Ygj 
—vp cos 30? i + ug sin 30° j = (—3 m/s)j + 
(-wk) X (—2 sin 45°i — 2 cos 45°j) m 
—0.8660vg i + 0.502 j 
= —14142ai + (1.4142 — 3)j 


—0.8660vy = —1.41420 (1) 
0.5ug = 1.41420 — 3 (2) 
w = 5.02 rad/s vg = 820 m/s Ans. 


Scalar Solution 

Vp = Va + Vaya 
ES os| = 13] + E «| 
This yields Eqs. (1) and (2). 


v 6 
Wap = 2 = — = 2 rad/s 
FA/IC 


$ = tan ! (i5) = 53.13° 





Ans. 





roc = V (3)? + (2.5)? — 2(3)(2.5) cos 53.13° = 2.5 m 


F16-14. 


F16-15. 


F16-16. 














Uc = WAB TC/IC = 2(2.5) =5 m/s Ans. 
0 = 90° — $ = 90° — 53.13? = 36.9? SG Ans. 
Ug = Wag rgj, = 12(0.6) = 72 m/s | 
Vc = 0 Ans. 
UB 7.2 
= = — = 6rad Ans. 
Oc fuc 12 rad/s ns. 
v 
e zc = oy gaits Ans. 
TO/IC 0.3 
rajic = V0.3" + 0.67 = 0.6708 m 
$ = tan ! (0$) = 26.57° 
v4 = erajc = 20(0.6708) = 13.4 m/s Ans. 
0-90?—4—90?—26.57 = 63.5 22 Ans. 





The location of /C can be determined using similar 
triangles. 


0.5 = fcc — epic 





lC/IC = 0.1667 m 





3 1.5 
v 1. 
o= = oc 9 rad/s Ans. 
TC/IC 0.1667 


F16-17. 


F16-18. 


F16-19. 
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Also, rojic = 0.3 0.1667 
— 0.1333 m. 


Vo = erojic = 9(0.1333) = 1.20 m/s 


Toc = 0.3 














Up = wrgja = 6(0.2) = 1.2 m/s 
rgjic — 0.8 tan 60° = 1.3856 m 
roic = wey = 1.6m 
Up 1:2 
gc = "m = 13856 ^ 0.8660 rad/s 
= 0.866 rad/s 
Then, 


Uc = WBC 'C/IC = 0.8660(1.6) = 1.39 m/s 


Up = wag rgj4 = 10(0.2) = 2 m/s 
Uc = Mcp cip = cp (0.2) > 
rec = ura = 0.4619 m 


rcjjc = 0.4 tan 30° = 0.2309 m 








v 2 
ogc = —— = = 4.330 rad/s 
TB/IC 0.4619 
= 4.33 rad/s 


Uc = @BC I C/IC 
wcp (0.2) = 4.330(0.2309) 


wcp = 5 rad/s 





v 6 
== e rad/s 
TAsIC 3 
Vector Analysis 


ag =a, t @X rg — 0) YgjA 


agi = —5j + (ak) x Gi — 4j) — 2?Gi — 4j) 





agi = (4a — 12)i + (3a + 11)j 
ag = 4a — 12 
0=3a +11 


a = —3.67 rad/s? 
ag = —26.7 m/s? 
Scalar Solution 


ag — 234 s Ap/A 


— 


This yields Eqs. (1) and (2). 
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Ans. 


Ans. 


Ans. 


Ans. 


Ans. 


(1) 
(2) 
Ans. 
Ans. 


i]-bs] pe] [rero 


706 PARTIAL SOLUTIONS AND ANSWERS 
F16-20. Vector Analysis 

ay — ag t a X Tao — Tajo 
1.8i + (—6k) x (0.3j) — 12? (0.3j) 
{3.6i — 43.2j}m/s? 


Ans. 


Scalar Analysis 


a, — ao ae 94/0 


[e]. [uar] = [962] + [009] 


+[ 1127.3) | 
ay. (aj), = 18+ L8 =3.6m/s? > 
+f (a4), = —432 m/s? 





F16-21. Using 


vo = or, 6 = (0.3) 
w = 20 rad/s 
dg =ar, 3 = a(03) 
a = 10 rad/s? Ans. 
Vector Analysis 
ay = ag t a X Tao — oT alo 
= 3i + (-10k) x (—0.6i) — 20*(—0.6i) 
= (243i + 6j) m/s? Ans. 


Scalar Analysis 


a4 = 8g t 24/0 


e P9] 9] [89 


4+ (a4), = 3 + 240 = 243 m/s? 
+7 (a4), = 10(0.6) = 6m/s? 1 


Tajice — 95 = Tayic 








F16-22. 3 is ^ TAjc = 0.3333 m 
v 3 
o= = = 9rad/s 
ragc 0.3333 
Vector Analysis 


a,=actax Ta/c = @ Fac 








1.51 — (a4,j = —0.751 + (ap, j 
+ (~ak) x 0.5j — 9? (0.5j) 
1.5i — (a4),j = (0.5a — 0.75)i + [ Gc), — 40.5 ]j 
1.5 = 0.5a — 0.75 
a = 4.5 rad/s? Ans. 


Scalar Analysis 


a, — ac F aac 


5] " ew = iud " bes " | 
(9)*(0.5) 
d 15 = —0.75 + a(0.5) ` | | 


a = 4.5 rad/s” 


F16-23. Up = OPl'B/A = 12(0.3) = 3.6 m/s 





Up 3.6 
= = —— = 3 rad 
WBC Wu 12 rad/s 
Vector Analysis 


ap = a X rg — orgy 
= (—6k) x (0.3i) — 127(0.3i) 
= [-432i — 1.8j) m/s 
ac = ag + Gc X Tojs — OBC CB 
aci = (—43.2i — 1.8j) 
+ (agck) X (1.2%) — 37(1.2i) 


aci = —54i + (12agc — 1.8)j 
ac = —54m/s? = 54 m/s — Ans. 
0 = 12agc — 1.8 age = 1.5 rad/s” Ans. 


Scalar Analysis 
ac = ag + ac/B 
| | = es E [02e] ‘ [s] . [eran 
l — 7 P 
— dc = 43.2 + 10.8 = 54 m/s? «— 
+f | 0-2 -6(0.3) + L2agc 


agc = 1.5 rad/s? 


«— 











F16-24. vg = o TBJA 6(0.2) 1.2m/s > 
YB/IC = 0.8 tan 60° = 1.3856m 
UB 1.2 
= = = 0.8660 rad 
WBC rac — 13856 rad/s 
Vector Analysis 


ag = & X Taja T P Y gjA 
(—3k) x (0.2j) — 67 (0.2) 
[0.6i — 7.2j] m/s 
ac = ag + Ac X rog 
ac cos 307i + ac sin 307j 
= (0.6i — 7.2j) + (agc k X 0.8i) — 0.86607(0.8i) 


2 
7 O'YCjg 


| 


0.8660aci + 0.5acj = (0.8agc — 7.2)j 


0.8660ac = 0 (1) 
0.5ac = 0.8agc — 7.2 Q) 
ac = 0 agc = 9 rad/s? Ans. 


Scalar Analysis 


ac = ag t acjg 


s) - PP Pt" 


2 
" poo 09] 


«— 


This yields Eqs. (1) and (2). 


Chapter 17 
F17-1. + SF, = m(ag); 100($) = 100a 
a = 0.8 m/s? > Ans. 
+) 3F, = m(ag)y; 
Na + Ng — 100(2) — 1009.81) = 0 (1) 
G+ EMg = 0; 
NA(0.6) + 100(3)(0.7) 
— N,(0.4) — 100($)(0.7) = 0 (2) 
N4 — 430.4 N — 430N Ans. 
Ng = 610.6 N = 611 N Ans. 
F17-2. XF, = m(ag);; 80(9.81)sin 15° = 80a 
a — 2.54 m/s? Ans. 
EF, = m(ag)y; 
N, + Ng — 80(9.81) cos 15° = (1) 
G--XMg = 0; 
N4(0.5) — N,(0.5) = 0 (2) 
N, = Ng = 379N Ans. 
F17-3. G«-XM,- XOMQu 104) = 34.4.5) 
a — 193 ft/s? Ans. 


5 XF, = mac); Ay + 10(2) = 2509.32) 


A, = 61b ANE 
+ EF, = mag); Ay — 20 + 10(2) = O 
A, = 121b Ans. 


F17-4. 


F17-5. 


F17-6. 
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Fy = Hs NA = 0.2N4 
+ ZF, = m(ag)x; 


Fg = u,Ng = 02Ng 


0.2N, + 0.2Ng = 100a (1) 
+T3F, = mag); 
Na + Ng — 100(9.81) = 0 (2) 
G+ XMg = 0; 
0.2N4(0.75) + N4(0.9) + 0.2Ng (0.75) 

— Na(0.6) = 0 (3) 


Solving Eqs. (1), (2), and (3), 
Na = 2094.3 N = 294N 

Ng = 686.7 N = 687N 

a = 1.96 m/s? 


Since N4 is positive, the table will indeed slide 
before it tips. 


Ans. 


(ag), = ar = a(1.5 m) 


(ag), = er = (5 rad/s)(1.5 m) = 37.5 m/s” 


ZF, = m(ag; 100 N = SOkg[a(1.5 m)] 
a = 1.33 rad/s” Ans. 
EF, = m(dg)ni TAB F Tcp = 50(9.81) N 


= 50 kg(37.5 m/s”) 
Tap dr Tcp — 2365.5 
G-XMg = 0; Tep Um) - Tag (10m) = 0 


Tag = Tcp = 1182.75 N = 1.18 kN Ans. 





G TXMc = 0; 

ag = ap = ag 

D,(0.6) — 450 = 0 D, = 750N 
(ag), = wr = 60.6) = 21.6 m/s” 
(ag); = ar = a(0.6) 

+1 3F, = mag); 

750 — 50(9.81) = 50[a(0.6)] 

a = 8.65 rad/s” 

$ XF, = m(agy; 

Fag + D, = 50(21.6) (1) 
G+3Mg = 0; 

D,(0.4) + 750(0.1) — F4g(0.4) = 0 (2) 
D, = 446.25 N = 446 N Ans. 
Fag = 633.75 N = 634 N Ans. 


Ans. 


Ans. 
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F17-7. 


F17-8. 


F17-9. 


F17-10. 


PARTIAL SOLUTIONS AND ANSWERS 


Io = mk% = 100(0.5° = 25 kg: m? 


C-XMg = Ioa; | —100(0.6) = —25a 
a=24 rad/s? 
w = wo t ad 
w = 0 + 24(3) = 72 rad/s Ani 
Io = im? = 3 (50) (0.3?) = 2.25 kg m? 
G -XMo = Ioa; 
—9t = —2.25a a = (At) rad/s? 
dw = adt 
] ^ = fa dt 
0 0 
w = (2P) rad/s 
w = 2(4^) = 32 rad/s Ans. 


(ag), = arg = a(0.15) 
(ag), = «?rg = 6°(0.15) = 5.4 m/s? 
Io = Ig + md? = $ (300.9?) + 30(0.15?) 


= 2.7 kg: m? 
C-XMo = loa; 60 — 30(9.81)(0.15) = 2.7a 
a = 5.872 rad/s? = 5.87 rad/s? Ans. 
ASF, = m(ag, On = 30(5.4) = 162N Ans. 
+1 3F, = mag); 
O, — 30(9.81) = 30[5.872(0.15)] 
O, = 320.725 N = 321 N Ans. 
(ag); = arg = a(0.3) 
(ag), = e?rg = 10°(0.3) = 30 m/s” 
Io = Ig + md? = 1(30)(0.32) + 30(0.32) 

= 4.05 kg: m? 
G -XMo = Ioa; 
50(3)(0.3) + 50(3)(0.3) = 4.05a 
a = 5.185 rad/s? = 5.19 rad/s? Ans. 
*TZE, = m(ag),; 
O, + 50(3) — 30(9.81) = 30(30) 
O, = 1164.3 N = 1.16kN Ans. 
3, XF, = m(ag)s 
O, + 50(3) = 30[5.185(0.3)] 
O, = 6.67N Ans. 


F17-11. 


F17-12. 


F17-13. 


F17-14. 


F17-15. 


Ig = jm? = $ (15 kg(0.9 m? = 1.0125 kg: m? 
(ag), = 
(ag), = a(0.15 m) 
Io = Ig + mddg 
= 1.0125 kg: n? + 15 kg(0.15 m)? 
= 135kg-n? 
G+2Mo = Ioa; 
[15(9.81) N](0.15 m) = (1.35 kg-m?)a 


erg = 0 


a = 16.35 rad/s? Ans. 
+)3F, = mag}; — O, + 15(9.81)N 
= (15 kg)[16.35 rad/s?(0.15 m)] 
O, = 110.36N = 110N Ans. 
$ XF, = mg 0, = 90 Ans. 
(ag); = arg = a(0.45) 
(ag), = erg = 6°(0.45) = 162 m/s? 
Io = imP = (300.9) = 8.1 kg: m? 
G -EMo = Ioa; 
300($)(0.6) — 30(9.81)(0.45) = 8.1a 
a = 1428 rad/s? = 1.43 rad/s? Ans. 
È EF, = m(ag. On + 300(2) = 30(16.2) 

O, = 306 N Ans. 





+ PXF, = mag); O, + 300(4) — 30.81) 
= 30[1.428(0.45)] 


O, = 73.58 N = 73.6 N Ans. 





Ig = bm? = 603°) = 45 kg: m? 
+P XE, = m(ag)y; 


80 — 20 = 60aç ag = 1 m/s” 








G -XMg = Iga; 80(1) + 20(0.75) = 45a 

a = 2.11 rad/s? Ans. 
G-XM, = (Mp; 

—200(0.3) = —100ag(0.3) — 4.5a 

30ag + 4.5a = 60 (1) 

ag = ar = a(0.3) (2) 

a = 444 rad/s? ag = 1.33 m/s? > Ans. 
+P XF, = m(ag)y; 

N — 20(9.81) =0 N= 196.2N 

$ 5F, = mag); 0.5(196.2) = 20ag 

ao = 4.905 m/s? > Ans. 


F17-16. 


F17-17. 


F17-18. 


G +5Mo = Ioa; 
0.5(196.2)(0.4) — 100 = —1.8o 


a = 33.8 rad/s? Ans. 


Sphere Ig = 2 (20)(0.15)? = 0.18 kg +m? 


G -EXMijc = (Mpc 

20(9.81)sin30*(0.15) = 0.18a@ + (20ag)(0.15) 
0.18a + 3ag = 14.715 

ag = ar = a(0.15) 

a = 23.36 rad/s? = 23.4 rad/s? 

ag = 3.504 m/s? = 3.50 m/s? 


Ans. 
Ans. 


*1ZF, = mac); 
N — 2009.81) =0 N= 1962N 
+ YF, = mag); 
T — 0.2(1962) = 200ag (1) 
Ç +2M, = (Mpa; 450 — 0.2(1962)(1) 

= 18e + 200a,(0.4) (2) 
(a4) =O a4 = (a4) 
ag = 84 + € X rgj, — Q^ rg. 
ak X (—0.4j) 
(0.49? — a,)j 
dg = 04a (3) 
Solving Eqs. (1), (2), and (3), 
a = 1.15 rad/s? ag = 0.461 m/s” 
T = 485N 





agi = —ajj w*(—0.4j) 


agi = 0.4ai 








Ans. 


$ ZF, = m(ag)s; 
GEM, = (Mia 
~12(9.81)(0.3) = 12(ag),(0.3) — (12)(0.6)2a 
0.36a — 3.6(ag)y = 35.316 (1) 
wo =0 


0 = I2(ag. — (ag), = 0 


ag = 84 + @ X rgj, — G^ rG/A 
(ag), j = aai + (~ak) X (0.3i) — 0 
(ag),j = (agi — 0.3j 

a, = 0 Ans. 
(ag), = —0.3o Q) 
Solving Eqs. (1) and (2) 

a = 24.5 rad/s? 

—7.36 m/s? = 7.36 m/s^l 


(ag), = Ans. 
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Chapter 18 

F18-1. lọ = mk = 80(0.2) = 12.8 kg: m? 
Ty e 
T, = lis? = 102.89? = 6.40? 


F18-2. 


F18-3. 


s = 0r = 20(27)(0.6) = 247 m 
T, + LU» = T, 
0 + 50Q4T) = 6.407 








w = 243 rad/s Ans 
T, =0 
T, = 3m(vgJj + 5103 

= (ss slug) (2.5%)? 

+ diss slug) (5 fo? o3 

T, = 6.470005 
Or, 
Io = 4mP = 3 (337 slug) (5 fo? 

= 12.9400 slug - ft? 
So that 
T, = ligo? = } (12.9400 slug - f?)03 

= 6.470003 
Ti + ithe = T, 
T, + [-Wyg + M6] = T; 

+ [7(501b)Q.5 ft) + (100 Ib - ft)(Z) ] 

= 6.4700% 

w = 2.23 rad/s Ans. 


Wa) = e»rgjc = (2.5) 


Ig = bm? = 4(50)(5?) = 10417 kg. m? 
Ti = 0 
T; = 4m(vg@)3 + iIoo? 


= $(50)[ (2.5) |? + $(104.17)w3 = 208.3392 
Up = Psp = 600(3) = 1800J 

Uy = -Wh = —50(9.81)2.5 — 2) = —245.25 J 
T, + LU,» = T, 

0 + 1800 + (—245.25) = 208.3305 
€ = 2.732 rad/s = 2.73 rad/s 





Ans. 
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F18-4. 


F18-5. 


F18-6. 


F18-7. 


PARTIAL SOLUTIONS AND ANSWERS 


T= t moh + 5 Ico? 
= 4 (50 kg)(0.4%w)? + I [50 kg(0.3 my]? 
= 6.25% J 

Or, 


T= 


ico? 


= + [50 kg(0.3 m)? + 50 kg(0.4 m? ] o? 
= 625o?] 


SG 
T, 


= Or = 10227 rad)(0.4 m) = 8% m 
+ LU,_2 = Ty 





T, + Pcos 30? sg = T; 
0 + (50 N)cos 30°87 m) = 6.25? J 


w = 13.2 rad/s 
Ig = km? = 5(30)(32) = 22.5 kg m? 
T=0 
T, = im} + lige? 
= 1(0)[o0(0.5)? + 1(22.5)9? = 150? 
Or, 
Io = Ig + md? = 75(30)(3) + 30(0.5?) 
= 30kg-n? 
T, = lige? = (30) = 15%? 


sı = Or, = 87(0.5) = 4r m 
$5 = 0r, = 87(1.5) = 127m 
Up, = Pisi = 30(47) = 1207 J 


Up 


, = Pas, = 20(127) = 240m J 


Uy = M0 = 20[4(27)] = 1607 J 
Uw = (0 bar returns to same position) 








T, + $U = T, 
0 + 1207 + 2407 + 160r = 15o? 
w = 10.44 rad/s = 10.4 rad/s 
Ug = wr = w(0.4) 
Ig = mk? = 20(0.32) = 1.8kg-m? 
T=0 
T, = imh + ligo? 

= $Q0)[o(0.)]? + £0.89? 

= 2.50" 
Uy = M6 = M(?) = 50(34) = 25007 
T, + LU. = T, 


0 + 2500 = 2.5%? 


w = 31.62 rad/s = 31.6 rad/s 


Ug = or = (0.3) 


Ig 
T, 


= imr? = 1(30)(0.3) = 1.35 kg: 
-0 


Ans. 


Ans. 


Ans. 


F18-8. 


F18-9. 


F18-10. 


T, = }m(vg)3 + jco 
= }(30)[3(0.3) + 1(1.35)92 = 2.02503 
(V) = Wy = 0 
(V,)2 = -Wyz = —30(9.81)(0.3) = —88.29J 
T + V, = T+ Vo 
0 + 0 = 2.02503 + (—88.29) 
@ = 6.603 rad/s = 6.60 rad/s Ans. 


Vo = OFosic = @(0.2) 
Io = mk? = 50(0.32) = 4.5 kg- m? 
f =0 
T, = im(vgÀ + 1199 
= $(50)| w(0.2)|? + 5(4.5)03 
= 3.2505 
(V,)1 = Wy, = 0 
(V,); = -Wyz = —50(9.81)(6 sin 30°) 
= —1471.5] 
T, + Vi = TM + Vo 
0 + 0 = 3.25w5 + (—1471.5) 
€» = 21.28 rad/s = 21.3 rad/s Ans. 





Ug = wrg = (1.5) 
Ig = 4(60)(3?) = 45 kg: m? 
T,-0 
T, = i mw) + 31go? 
= i(60)[o5(1.5)? + $(45)03 
= 903 





Ty = igo? = 5 [45 + 60(1.2)] 92 = 9003 
(V) = Wn =0 
(V,)2 = -Wyz = —60(9.81)(1.5 sin 45°) 
= —624.30 J 
(Ve) = zki = 0 
(V.)2 = ius? = 3(150)G sin 45°) = 337.5 J 
T, + V, = 7) + V» 
0 + 0 = 90w5 + [—624.30 + 337.5] 
œ = 1.785 rad/s = 1.79 rad/s Ans. 





Ug = org = (0.75) 
Ig = $ G0)(1.5) = 5.625 kg: m? 
T, = 0 


F18-11. 


F18-12. 


T, = 3 m(Ug)3 + 5 Ico 
5 (30)[9(0.75)P + 1(5.625)93 = 11.2503 


Or, 
T; = 3 low = } [5.625 + 30(0.757)]a3 

= 11.2503 
(Va) = Wy, = 0 
(V,)2 = -Wyz = —30(9.81)(0.75) 

= —220.725 J 

(V); = ks? = 0 
(V), = ix = 4(80)( V2? + 1.5? — 0.5)? = 1607 
T, + Vi = Ty + Vo 

0 + 0 = 11.253 + (—220.725 + 160) 


€» = 2.323 rad/s = 2.32 rad/s Ans. 


(vg); = w»rgjc = &2(0.75) 
Ig = 5 G0)(1.52) = 5.625 kg- m? 
T,=0 
T, = 5m(v@)3 + 5103 
= $(30)[w (0.75)? + 5 (5.625)w3 = 11.2503 
(V), = Wy, = 3009.81)(0.75 sin 45°) = 156.08 J 
V); = -Wy, = 0 
V) = 3ksi = 0 
(V); = ks} = 1(300)(1.5 — 1.5 cos 45°)? 

= 28.95 J 

T, + V; = T+ Vo 

0 + (156.08 + 0) = 11.253 + (0 + 28.95) 
€), = 3.362 rad/s = 3.36 rad/s 


—_ — 


Ans. 


(Và = —Wy, = —[20(9.81) NJ m) = —196.2 J 
(V5 = 0 
(V)i = ik 


2 
= 5(100 N/m( (3 mY + (2 m — 0.5 n) 


= 482.22 J 
(Vh = 4ks} = $ (100 N/m)(1 m — 0.5 m 
= 12.5J 
T, =0 
T, = Lo? = 3 [} (20 kg)(2 m? Jo? 
= 13.3333% 


Ti T Vi = T, + V; 
0 + [7196.2 J + 482.22 J] 
= 13.3333o3 + [0 + 12.5 J] 


w = 4.53 rad/s Ans. 
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Chapter 19 


F19-1. 


F19-2. 


F19-3. 


F19-4. 


ty 
C+Iow, + E | Mo dt = loo 


a 
o+ f 3? dt = [| 60(0.3)? Jw, 
0 


œ = 11.85 rad/s = 11.9 rad/s Ans. 


CL) + zf M,dt = (H4); 





0 + 300(6) = 300(0.4?)w + 300[0(0.6))(0.6) 
œ = 11.54 rad/s = 11.5 rad/s 


b 
5 m(vi), of xf F dt = M(V2)» 
ti 


0 + F6) = 300[11.54(0.6)] 
F; = 346 N 


Ans. 


Ans. 
UA = O4rA/c = @(0.15) 
G-XMo—0; 9— A(045) 2 0. A, = 20N 
E f "Mc dt = (Ho) 
f 


0 + [20(5)](0.15) 
= 10[w4(0.15)](0.15) 
+ [10(0.12)] o, 
«4 = 46.2 rad/s 








G (He) 





Ans. 


I, = mà = 10(0.08?) = 0.064 kg - m? 
Ig = mk = 50(0.157) = 1.125 kg: m? 


rg 0.2 
QA = m wg = 01 Og = 20p 


C+ L(o4)i + x fm, dt = lwa) 








5s 
0 + 10(5) — f F(0.1)dt = 0.064[2(wp)] 
0 
5s 
f Fdt = 500 — 1.28(@p)2 (1) 
0 


G +wp), + zf Mz dt = I,(wg)> 





5s 
0+ ji F(0.2)dt = 1.125(wp)> 
0 


38 
f Fdt = 5.625(wp) (2) 
0 


Equating Eqs. (1) and (2), 
500 — 1.28(wg)2 = 5.625(wg); 


(wp) = 72.41 rad/s = 72.4 rad/s Ans. 
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F19-5. 


PARTIAL SOLUTIONS AND ANSWERS 


[wo] + x fra = m| (v9, |2 


0 + (150 N)G s) + F463 s) 
= (50 kg)(0.3w2) 
x | Moat = Igw> 
0 + (150 N)(0.2 m)(3 s) — F4(0.3 m)(3 s) 
= [(50 kg)(0.175 m)?] v; 

œ = 37.3 rad/s 

F, = 36.53 N 
Also, 


Tic + x | nca = Tic@> 


(4) 


3 








C tgo, 





Ans. 


F19-6. 


0 + [(150 N)(0.2 + 0.3) m]( s) 
= [(50 kg)(0.175 m)? + (50 kg)(0.3 m) Joy 
€» = 37.3 rad/s Ans. 


(+1) m{(ve)i]) + 2 f Fat = ms): 
0 + N43 s) — (150 1b)(3 s) = 0 
N, = 150 Ib 
C+ (Ayo) + x [nci = (Hich 
0 + (25 1b- ft)(3 s) — [0.15(150 Ib)(3 s)](0.5 ft) 
= | 35 slug(1.25 ft? ] o; (335 slug) [o0 fO] (1 fO 
@ = 3.46 rad/s Ans. 





Preliminary Problems 
Dynamics Solutions 


Chapter 12 


P12-1. a) goa 
dt dt i238 
b) ads = vdv, v = 5s, dv = 5ds 
ads = (5s) 5 ds 


(2°) = e? = 24m/s 











a = 25s = 25 m/s? 
s=l1m 
dv d 
=— = — b t5 -4m/s 
c) a di P. ) m/s 


d) v = v tat 
v = 0 + 22) = 4 m/s 





e) v? = vf + 2a(s — so) 


v) = (3? + 2(2)(4 — 0) 





























v — 5 m/s 
f) ads = vdv 
55 v 
[ 57 fvw 
51 0 
5 v 
S =v 
4 0 
25-16 =% 
v — 3m/s 
1 
g) s so + vot + LN 
1 
s = 2 + 2(3) 5 AG) = 26m 
h) dv =adt 
v T 
f a= fo) dt 
0 0 
1 
v = 2.677] = 2.67 m/s 
0 
ds d 
i) v=—=— BP +2= = 12 
i) v a ue ) Bh oe, m/s 
. As 6m-— (—-1m) 
j Vas = Ar 10s- 0 = 0.7 m/s > 
|. ST 7mt 14m | 
ne Ae ee 0 BIS 


P12-2. a) v —2t 























s=P 
a=2 
s (m) a (m/s?) 
4 2 
t (s) 2 t (s) 
b) s2-2t*2 
v= -2 
a=0 
v (m/s) a (m/s?) 
: t (s) f t (s) 
=2 B 
c) a=-2 
v = —2t 
s=-? 
v(m/s) s (m) 
: t (s) : t (s) 
—4 —4 
d) 





3 
1 
as = | vd = Area = 10) + 2(3 — 2) =4m 
0 
s—0= 4m, s=4m 


a= = slopeatt=3s,a=0 
713 
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e) Fora= 2, P12-6. Xp, Yp, (Ug), 
v=2 xg = 0 + (60 cos 20°)(5) 
When t = 2s, v = 4 m/s. 1 
For a = —2, Yg = 0 + (60 sin 20°)(5) + z 9-8067 
v 
f duc f m dt (vg), = 60 sin 20° + (—9.81)(5) 
a re P12-7 a) a= ù =3m/s? 
EE 2 2 2 
u= 2t + 8 yet SEE laa 
p 1 
v (m/s) a= VBP + 4 = 5m/s? 
4 b) a —0-—4m/s 
v = ve + 2a(s — sg) 
v? = 0 + AA — 0) 
t (5) v —4mj/s 
2 4 v aF 
= = EM 2 
da olt cetur 8 m/s 
v 2 p 2 
f) f ve fads = are c a4=0 
1 0 a\ É 
lu dos d IIO judo 
7 —-z0y--QX4) p= = = 
2 j 7 dy - 4 4 
v = 3m/s de 
v Q». 
g) vdv=ads Ats=1m,v=2m/s. a, = — = ~~ = 16 m/s” 
p 4 
dv 
a= vs = v(slope) = 2(-2) = —4 m/s a= Voy + (16) = 16 m/s? 
P12-3 4 d) ads =vdv 
we i ads = (4s + 14 ds) 
aes = (16s + 4)|s=0 = 4 m/s" 
y = (St + 8x(X) a n m/s 
b) y = 3e pe RE = 0.5 m/s? 
n 2 i 
y = 3ex d 
3 e is e) ads — v dv 
y = Bex) + 3e'(X) * - 
c) y ^6 sinx ] 5e- [vo 
0 1 
y = (6cos x)x 1 
s = 0- 1) 
y = [(—6 sin x)x] x (6 cos x)(X) 2 
P12-4. yas taps (Up), v= V2? +1 = 3 m/s 
: s=2m 
20 = 0 + 40tg a, = ù —20) = 4m/s? 
1 
0 = y, + 0 + 5 (-9.81) ta) pe e aie 
(vp); = 0 + 2(-9.81)0 — ya) i 
P12-5. xp, tag, (ey a= Vy + Gy = 5m/s? 
xg = 0 + (10 cos 30°)(t,4,) f a-6-8 2 8 m/s? 
š S 1 t=1 
0 = 8 + (10 sin 30°)t4g + z (98D tae O UPP : 
q 6 m/s 


(vg); = 0? + 2(-9.81)(0 — 8) ” p 6 


a= V(8y + (6? = 10 m/s? 
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Chapter 13 +3F,=ma; 25s = 10a 
a= 2.5s 
P13-1. a) v dv = ads 


500 N v 8 
f v dv = f 2.5s ds 
3 0 


v — (3)? = 2.5(8 — 0 
v = 13 m/s 


P13-3. 





A 
5 


$ XF, = ma; ( Jew N) — 300N = 10a 


98.1 N 
a = 10 m/s 
4v=v+a,t, v-—0-100Q)-20m/s 


b) 98.1 N 


F = (20) N = ie a = 3.2 m/s? 
— => a 
| P13-4. 98.1 N 
30° 
à - 
0.2N m 
N 


= kx = (10N/m) (5 m — 1 m) = 40N 


4 
LF, = ma; z% N) = 10a 





5 $F, = mas 20t = 10a 











a= 2t 
v 2 
dv = adt; f dv = f 2t dt 
0 0 
=f =e " ? o = 
v — 4m/s NSF, = ma, 98.1 sin 30 0.2N = 10a 
‘ALF, = may; N — 98.1 cos 30° = 0 
P13-2. 
a) UN P13-5. a) 98.1N 
98.1 N 10a, 
= 10a 
N 10a, 
n 
+ — = = 
+.3F, = ma; 40N — 30N = 10a & XF, = ma; 03N = Ne : 
6 
a= | m/s? +L5F, = ma;  981-N-— (6) 
Av) = wt 2a(s — so); v) = y, + 2(1) (8 — 0) 
v = 5m/s b) 4 10a, 
b) 98.1 N 
F- (2.5s) N 0.2N. 
= 10a = 
t 10a 
30° 
N N 


98.1 N 
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N EF, = ma; 98.1 sin 30° — 0.2N = 10a, 
ay 


YSF, = ma; N- 98.1 cos 30° = (S) 


c) n 


* 





10a, 

~ 10a, 

t 60° 
98.1 N 
Z SF, = ma; 98.1 cos 60° = 10a, 
82 
‘SSF, = ma; T — 98.1 sin 60° = (t) 
P13-6. a) b 
fT 10a, 
10a, 
SF, = 0; N-981=0 
SF, = ma; —0.2N = 10a, 
8 2 
=F, = ma, p= io 
b) 
b 
0.3N 
` = oy. 

j 10a, 

t 
98.1 N 
DF, = 0; 0.3N — 98.1 = 0 
EF, = ma; 0-0 
gl 

EF,-— ma, N= 107 











Chapter 14 
P141. a) U= =(500 N)O m) = 600J 
b U=0 
2 
c) U= f 6s" ds = 2(2)° = 16J 
0 
3 3 
d) U=100 n(2e ») = 5000 N)2 m) = 1207 
pecu -43 1)(20) + (1)(20)} = 24J 
e) 5 (Area) = z| 4(DQ0) + (D20) | = 
f) U= 5 (0 N/m)((3 m — (1m?) = 407 
g U= -($)no N)O m) = —160 J 
P142. a) T= Žao kg)2 m/s = 20 J 
b) T= Zao kg)(6 m/s = 180 J 
P14-3. a) V = (100 N)(2 m) = 200 J 
b) V = (100 N)(3 m) = 300 J 
c) V=0 
Pl4-4. a) V= Žao N/m)5m — 4m? = 5J 
b) V= Žao N/m)(10 m — 4m)? = 180J 
c) V= 5 (10 N/mJ5 m —4m?-25] 
Chapter 15 
P15-1. a) J = (100N)2 s) = 200N:s Z 
b) I= (200 N)(2 s) = 400N-sl 
2 
c) I= f 6t dt = 32 = 12 N's N 
0 
d) I= Area = ; (00) + (2)(20) = 50N-s 7 
e) I= (80N)(2s) = 160N:s— 
f) Z= (60N)(2s) = 120N:s 7 
P15-2. a) L = (IO kg)(10 m/s) = 100kg-m/s\ 
b) L = (10 kg)(2 m/s) = 20kg: m/s 
c) L = (10 kg)(3 m/s) = 30kg: m/s 


Chapter 16 


P16-1. a) 


b) 


c) 


d) 


f) 


Vg = VA + VB/A (pin) 


Ug = 18 m/s + 2o 


| l aa 


Also, 


—vpj = -18j 
+ (~k) X (—2 cos 607i) — 2 sin 60°j) 


Vg = + VgjA (pin) 


(vp)x + (vg), = 4(0.5) m/s + 4(0.5) m/s 


Ho 


— — 


Also, 


(vg) + (wg)j = 2i 
+ (—4k) X (—0.5 cos 30°i + 0.5 sin 30*j) 





Vg = V4 + VpjA (pin) 

vp =6m/s + o (5) 
Las wy 
Also, 
Upcos 45° + vgsin 45°j = 6i + (wk) X (4i — 3j) 
Vg = VA + VgjA (pin) 
vg = 6m/s + w (3) 
ad TUN i 
Also, 
vpi = 6 cos 30°% + 6 sin 307j + (wk) X (3i) 
v, =12m/s = o (0.5m) w= 24 rad/s 

Vg = Va + Yaya (pin) 
(vg), + (vg), =12m/s + Q4)(0.5) 








Also, 

(vg)d  (vg),j = 12j + (24k) X (0.5j) 
Vg = VA + VB/A (pin) 

Ug = 6m/s + o(5) 


hs 


3 
Also, 
vpi = 6i + (wk) X (4i + 3j) 
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IC 





r= V(2cos 45 + (2 + 2sin 459? 


b) 0.4m jc 
Qe 
0.3m 
8 m/s Vs 
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ag = 44 + apy, (pin) 
(ag), + (60) = 2(2) + (3)?(2) +a(4) 


| 4 1 





Also, 








(api — 36j = 4i — 18j + (~ak) X (4i) 


ag = 44 + Apa (pin) 


ag = 6 + a(2) + (32 (2) 
E 60^ y^ — 


Also, 





agi = —6 cos 607i — 6 sin 60°j 
+ (~ak) x (—2i) — GY (72i) 








€) ag=ayt 43/4 (pin) 
P16-3. a) 


Ag = 34 + aB /A (pin) ME = + (4200.5) + CUN (115922) 
ag = 2m/s? 4 or H 2a + (2.12)2(2) N 


bf Nas ex 





30° 
Also, 


api = 4j t 
Also, 





8i + (—ak) X (—2 cos 305i — 2 sin 30^j) 
— (1.15)(—2 cos 30*i — 2 sin 30*j) 





agj = —2i + 3j + (~ak) X (2 sin 455i + 2 cos 457j) 
— (2.12)°(2 sin45*i + 2 cos 45?j) 





b) Ap = a4 + ABA (pin) f) Ag = a4 + A5/A (pin) 
(ap) + (ap = Q)Q)m/? + a2) + (ayQ) (ag). + (ag), = 2(0.5) + 2(0.5) + (4)(0.5) 


KAS NEIS | (o7 


Also, 








Also, 





(ag)d + (ag),j = 4i + (~ak) X (—2 cos 45° + 2 sin 45*j) 





(aghi + (ag)j = —1j + (72k) X (0.5) 
-= (4) 0.5j) 
— (4-2 cos 45*i + 2 sin 45*j) 
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Chapter 17 


P17-1. a) 981 N 


100 ag 











b) 981 N 





2m 
100 ag 


100(ag) x 


| 100(4)°(1) 








981 N 
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e) 
A, 
2m 2m B. 8 
30* 
A, B, 100(3)2(3) 
981 N 
f) 
1.5m 4 
100ag 
P172. a) 1 " 
m [ja 
Ho =e 
y 1.5m 
(100)(2)2(1.5)  100(a)(1.5) 
0, 981N 
b) 
A 100(4)?(1.5) 
= 1.5m 
y i a0y] a 
60 N 
100(a)(1.5) Nu. 

c) o 










p (6)(3 j 1) 100 (2)?(2) 


2m 
100(a)(2) 


1 
sao» a 


981 N 
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d) 100 N [+(400)(2)2] 
100(a)(2) 
100(4)2(2) 
e) 
100(3)2(2) 
100(a)(2) 
[1a00y]e 
f) 100(2)2(1) 
[20059)]a 
100(a)(1) 
Chapter 18 Also, 
1| 1002? if 
P18-1. a) T= | ; lo = 900 J Te ji; 00967 T 100115) oy 
= 600 J 


1 2, ll 25-2 
b) T = «(000)[2(0D]* + =] —(000)(6)* |(2) 
2 2:12 1 2, 11 2 l2 
e) T= z COO] + 5 (00902) (4) 


= 8007 
Also, = 4800 J 
1 1 Also, 
T= | Loo, + 10041) lo = 800J 
2|12 EDI 2 2 |a 
T= 2| 3090) + 100(2) jo 
-.l 2, H1 2| 2 
c) T= 5 CORO] + ;| aoo lo — 48001 
= 1200J 


f) T= FWOD = 32007 


Chapter 19 


P19-1. a) Hg = [awole = 600 kg: m?/s2 


Also, 
T- j| joco + 1000» loy 
= 12007 
d)T- 5 a 0p. + H Zaoa [a "uc [jos i o jo 
m = 1800 kg-m?/s 2 
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b) Hg = iz a0» la) = 300 kg - m?/s 2 


Ho — 15000)! + ao sy | 

— 1200 kg: m?/s2 

c) Hg — Liwer | = 800 kg - m?/s 2 
Ho = 50000) $ aowa |w 

= 2400 kg - m?/s 2 


d) Hg — i a0 = 400 kg: m?/s 5 





= | 1 2 2 
Ho = | 15 (1004)? + (1001) IE 


700 kg - m^/s $ 

P19-2. a) J Modt = (Ewoo = 2400N+s+m) 
b) J Modt = [200 + 5G = 2320) |4 

= 200 N-s-m 2 


3 
c) [Moat = ES + 2)dt = 36 N:s:m 2 
0 





3 
d) [Moa = f (307)dt = 270 2 
0 


Review Problem Solutions 


Chapter 12 
R12-1. s — P — 9? + 15t 
ds 
=—=37 - 18+ 1 
v= cd 8 5 
dv 
=—=6-1 
a di 6 8 
d max OCCurs at t = 10 s. 
amas = 6(10) — 18 = 42 ft/s? Ans. 
Vmax occurs when t = 10 s 
Umar = 300% — 18(10) + 15 = 135 ft/s Ans. 
1 
R122 (5) s= s+ vot + zat 
1 
s = 0 + 12(10) 4 51 2)(10)? 
s = 20.0 ft Ans. 
^ 
R12-3. v = — = 1800(1 — e ?*) 
[ou f 1800(1 — e937) dt 
s= 1800( 1 + as) — 6000 
0.3 
Thus, in t = 3s 
1 
=| fe m e) — 60 
s soo(3 a" 6000 
s = 1839.4mm = 1.84m Ans. 
A 20 
R12. 0=7r=5 a= Teas 5 = 4m/s* Ans. 
A 20 — 2 
5=t=20 a= AL Ug = om? Ans. 
Av 0 — 20 
20=ts =— = = —2m/s* Ans. 
t= 30a At 3020 m/s^ Ans. 
At tfj = 5s, b= 20 s, and f; = 30 s, 
1 
E (5)(20) = 50m Ans. 




















59 = Ay t A = 50 t 20(20 





s3 = A1 + A, + A3 = 350 


1 
+ 780 — 20)(20) = 450m Ans. 


5) = 350m Ans. 


R12-5. 


R12-6. 


R12-7. 


R12-8. 


v4 = 20i 
vg = 2121i + 2121j 
tc = 40i 
Av  212li + 2121j — 20i 
AB = Ar 3 
{0.404i + 7.07j} m/s? 





Ans. 


aA B 
Av 40i — 20i 
Mag At 8 


aic = {2.50i} m/s? Ans. 





(4) s=% + vt 


(v9), (3.6) 





126 = 0 + 
(v9), = 35 ft/s 


(+T) s 


1 
So + Uot + at 


O = 0 + (v9, (3.6) + 3(-32.218.6) 


(vo), = 57.96 ft/s 


vo = V (35) + (57.96)? = 67.7 ft/s 
7: 

0 = a 7228 2°) = 58.9° Ans. 
35 


vdv = ads 


v 10 
f vdv = I 0.05s ds 
4 0 


= 


Ans. 


0.5? — 8 = — (10) 


v = 4.583 = 4.58 m/s Ans. 
| v? (4583F 

is p 50 

a, = 0.05(10) = 0.5 m/s? 


= V (0.420) + (0.5? = 0.653 m/s” Ans. 


dv = adt 


Les few 


v = 0.5(e — 1) 





= 0.420 m/s? 





When t = 2s,v = 0.5(e? — 1) = 3.195 m/s 


=3.19m/s | Ans 
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When t = 2s a, = 0.5e? = 3.695 m/s” 
2 1 2 
a, = = z = 2.041 m/s? 
a= Va + & = V3.6952 + 2.041? 
= 422 m/s? 
R12-9. r-2m | 8-56 
je 6 = 10r 
720 6 = 10 
a = (F — rf), + (rü + 2r0)us 
= [0 - 20»? ]u, + [2(10)  0]u; 
= ([-200Pu, + 20u,} m/s” 
TT 
When 0 = 30° = = 0.524 rad 
en 0 = 30 (Z) 0.524 ra 
0.524 = 5° 
t = 0.324 s 
a = [-200(0.324) ]u, + 20w 
= {—20.9u, + 20u }m/s? 
a= V(-20.9% + (20% = 290 m/s 
R12-10. 45g + 54 = 1 
dup = —v4 
4ag = ~a 
4ag = —0.2 
ag = —0.05 m/s? 
(+4) Up = (Vg) + agt 
-8 = 0 — (0.05) 
t= 160s 
R12-11. Vg = Va + VpjA 
75? 
[500 — ] = [600 GO ] + vg 
(£) 500 = -600cos75? + (wga) 
(gj), = 655.29 —— 
(+1) 0 = - 600 sin 75° + (vgj4), 
(vpj4), = 579.56 Î 
(Uga) = V(655.29) + (579.56) 
vgj, = 875 km/h 
79. 
0 = tan ! (2 2) = 4L5? S 
655.29 
Chapter 13 
R13-1. 20km/h = m 5.556 m/ 
. m c 3600 CUN m/s 


v? = vå + 2a.(s — so) 


(4) 


Ans. 


Ans. 


Ans. 


Ans. 


Ans. 


R13-2. 


R13-3. 


R13-4. 


a = — 0.3429 m/s? = 0.3429 m/s? > 





4+,.3F, = mas F = 250(0.3429) = 85.7N Ans. 
\+2F, = ma; Nc — 50(9.81) cos 30° = 0 

No = 424.79 
Z4XF, = ma; 3T —0.3(424.79) — 50(9.81) 

sin 30° = 50ac (1) 


Kinematics, 2sc + (sc — sp) = 1 
Taking two time derivatives, yields 

Jac = a, 

6 

Thus, ac — 3 =2 
Substituting into Eq. (1) and solving, 

T = 158N Ans. 
Suppose the two blocks move together. 
Then 





50 + 20 
Ib = 
i 32.2 
a = 23 m/s? 


Then the friction force on block B is 


50 
Fg = =~ (23) = 35.7 Ib 
573509» 
The maximum friction force between blocks A and 
Bis 
F, 


m 


ax = 0.4(20) = 81b < 35.7 Ib 
The blocks have different accelerations. 
Block A: 


$} XF, = ma;  20(03) = 30.9% 

a, = 70.8 ft/s? Ans. 
Block B: 
AXE, oma; 2000.3) = 25 

ag = 3.86 ft/s? Ans. 


Kinematics: Since the motion of the crate is 
known, its acceleration a will be determined first. 


weno 
a= v4- = (0055?) | (0.05) | 7 Je 


= 0.00375? m/s? 
When s = 10m, 
a = 0.00375(10)) = 0.375 m/s? > 


R13-5. 


R13-6. 


R13-7. 


Free-Body Diagram: The kinetic friction 
Fy = uN = 0.2N must act to the left to oppose 
the motion of the crate which is to the right. 
Equations of Motion: Here, a, — 0. Thus, 
*T1XF,-— ma; N — 209.81) = 20(0) 

N = 196.2N 
Using the results of N and a, 
$ 5F,= ma; T — 0.2(196.2) = 20(0.375) 


T = 46.7N Ans. 


2 
+NEF,= ma; T — 309.8) cos 0 = 20( =) 








JXE, = 30(9.81) sin 0 = 30a, 
a = —9.81 sin 0 


a ds = v dv Since ds = 4 dé, then 


0 v 
-osi f ingaan = | vav 
0 4 


ml sz 
=5 0) 54) 


máy, 





0 
9.81(4) cos 0 
0 


1 
3924(cos0 — 1) + 8 = 5" 




















At 0 = 20° 
v = 3.357 m/s 
a, = —3.36 m/s* = 3.36 m/s / Ans. 
T = 361N Ans. 
LF, = ma; N.— mg =0 N, = mg 
12 
LF, = ma, 0.3(mg) = m "i 
v = V03gr = V/03(322)8) = 538ft/s Ans. 
1 
v=x 
8 
dy 
= tan 0 = -x =-15 6= —56.31° 
dx x=-6 
dy o1 
dà) 4 
dy M2 2 
1+(— 1+ (-1.5) 
= a ME = 23.436 ft 
P diy p ` 
ax? 4 
+/7F, = ma, N — 10 cos 56.31° 





Sealer 
~ (32.2 J \ 23.436 


N = 5.8783 = 5.88 Ib Ans. 


R13-8. 
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+N3F, = ma; —0.2(5.8783) + 10 sin 56.31? 
10 
"sz 

a, = 23.0 ft/s? Ans. 
r=05m 
r — 3m/s — 6rad/s 
7 = 1m/s? 6 = 2rad/s 
a,= ř— rô = 1 — 0.5(6) = —17 
dy = rö + 270 = 0.5(2) + 2(3)(6) = 37 
EF, = ma; F, = 4(—17) = —68 N 
SF} = mag; Nog = 4(37) = 148 N 
LF, = ma; N, = 409.81) = 0 

N, = 39.24N 

F, = —68N Ans. 
N = V (148) + (39.24)? = 153N Ans. 


Chapter 14 


R14-1. 


R142. 


R14-3. 


TNXF, = 0; Nc — 150 cos 30° = 0 
Nc = 129.9 Ib 
T, + XU, = T, 


150 


1 
0 + 150 sin 30°30) — (0.3)129.9(30) = 5 (3) 


32.2 


V2 = 21.5 ft/s Ans. 





4i + 8j — 9k 


TAB — lg ^ Ta = 


r+ 3f ras = n 


0 8 
o+ 200-1 + f 1 [ o 
4 0 


1 
1 2 
+ j 2zdz— = (zz) 
10 2 \32.2 


Up = 47.8 ft/s Ans. 
Ti + Vi = Tə + V5 
l4 15 
0 + L5(10) = 2| —— ]vg 
(o=; (25) 
Up = 25.4 ft/s Ans. 
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R14-4. 


R14-5. 


R14-6. 


R14-7. 


REVIEW PROBLEM SOLUTIONS 


The work done by F depends upon the difference 


in the cord length AC-BC. 
Ta + XU a = Tg 





0+ FL V0.3 + (0.3? — V0.3} + (0.3 — 0.15] 


— 0.5(9.81)(0.15) 


-laooyo 15% = lo 5) 2.5 
2 . — 2 . . 


F(0.0889) — 3.423 
F = 38.5N 
v? = vh + 2a.(s — sg) 
(12)? = 0 + 2a,(10 — 0) 
a, = 7.20 ft/s? 


(+1) 


*[XF,- ma; 2T - 50 = 55020 
T = 30.6 Ib 

sc + (sc — Sy) = 1 

Vy = We 

Vy = 2(12) = 24 ft/s 

Py = T+v = 30.6(24) = 734.2 Ib - ft/s 


734.2 
P; = —— = 992.1 lb- ft/s = 1.80h 
aT 99 /s 80 hp 
+7 3F, = ma; 2(30)— 50 = 323% 
ag = 644 m/s? 





(+1) v = vj + 2a,(s — so) 
vz = 0 + 2(6.44)(10 — 0) 
vg = 11.349 ft/s 
2sp + Sy = 1 
20g = —Vy 
Uy = —2(11.349) = 22.698 ft/s 
P, = F- v = 30(22.698) = 680.94 ft- Ib/s 





680.94 
P; = = 895.97 ft-Ib 
ae eee /s 
P, = 1.63 hp 


TA + Va = Tp + Vp 
0 + (0.25)(9.81)(0.6) + 515006 — 01» 
= 10.2505) + $(150)(0.4 — 0.1} 


Up = 10.4 m/s 


Ans. 


Ans. 


Ans. 


Ans. 


R14-8. 


6 VI? +2? 
z 105 — 
— 5.95 ft 

T, *Vi—- TV, 


xc df 10 os 1/30), 
“ee (a) | (2) 


+ 10(5.95) — 30(5.95) 
Ans. 


N 





v, = 13.8 ft/s 


Chapter 15 


R15-1. 


R15-2. 


R15-3. 


(+1) mœ), + z frat = m(V2)y 
0 + Nf) — 58.86() = 0 
N, = 58.86 N 

[35] m(v), + s ra = m(v;), 


6(3) — 0.2(58.86)(t) = 6(1) 
t= 1.02s Ans. 


+N F, = 0; Ng — 50(9.81) cos 30° = 
Ng = 424.79 N 


(+7) mœ.) + x [ra = m(v,); 


2 
50(2) + / (300 + 120 V)at — 0.4(424.79)(2) 
0 


— 50(9.81) sin 30°(2) = 50v; 
v; = 1.92 m/s Ans. 
The crate starts moving when 
F — F, — 0.6(196.2) — 117.72 N 
From the graph since 


200 
pel 
5 


Ost=5s 
The time needed for the crate to start moving is 
5 
t = —— (117.72) = 2.943 
Tas i 


Hence, the impulse due to F is equal to the area 
under the curve from 2.943 s < t < 10s 


4a m(v,) + x Far = mvh 


5 10 
200 
o+ f 209 ra f 200 dt 
2.943 5 5 


— (0.5)196.2(10 — 2.943) = 20v, 


R15-4. 


R15-5. 


R15-6. 


5 


+ 200(10 — 5) — 692.292 = 20v, 


(22) 
2 2.943 


634.483 — 20v; 
v, = 31.7 m/s 





Ans. 


lh 


(v4), = 20010 js mz) — 5,556 m/s 


(vg) = [sao (E) — 1.389 m/s, 
lh 


3600s ) = 6.944 m/s 


and (vc), = [25002 ss 
For the first case, 

(5)  m4G4)i + mg(vg)i = 
10000(5.556) + 5000(1.389) = (10000 + 5000)v4p 


vag = 4.167 m/s > 


(m4 + mg)v; 


Using the result of v4 g and considering the second 

case, 
(35) (ma + mg)vas + mc(vc)i 

= (m4 + mg + mc)vAsc 

(10000 + 5000)(4.167) + [—20000(6.944)] 

= (10000 + 5000 + 20000)v,42¢ 


—2.183 m/s = 2.18 m/s <— Ans. 





UABC — 


(5) mp(vp)ı + mg(vg); = mp(vp)2 + mg(vg)2 
0.2(900) + 15(0) = 0.2(300) + 15(vg); 








(vg). = 8m/s— Ans. 
(+1) m) + xf F,dt = m(vy), 
15(0) + M(t) — 15(9.81)() = 15(0) 
N — 147.15 N 
(3) m(v), + X | F,dt = m(v,), 
15(8) + [-0.2(147.15)(0)] = 15(0) 
t = 4.077 s = 4.08 s Ans. 
(5) Im = Xmv; 
3(2) +0 = 3(v4)5 oe 2(vg)2 
( d ) Qus | Q3) = (v4)2) 
(v4)i — (vai 
= (vg)o — (va) 
2—0 
Solving 
(v4); = 0.400 m/s > Ans. 
(vg); = 2.40 m/s > Ans. 


R15-7. 


R15-8. 
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Block A: 
Ti + XUT, 
1 
z 3)(0.400)" — 3(9.81)(0.3)d, = 0 
d, = 0.0272 m 
Block B: 
T, + $U = T, 
1 
400.40 — 2(9.81)(0.3)dz = 0 
dg — 0.9786 m 
d = dg — d, = 0.951 m Ans. 
(v4), = —2 cos 40° = —1.532 m/s 
(v4),, = —2 sin 40° = —1.285 m/s 
(5) ma(Va)x, Ld mp(Ug)x, = ma (Va )x, 
g mp(Ug);., 
—2(1.532) + 0 = 02(v4),, 
+ 02(v5),, (1) 
(v, ) 
(5) e=” 
(Vref) 1 
(V4) x, ~ (Ug) x, 
0.75 = ————— —— 2 
1.532 @) 
Solving Eqs. (1) and (2) 
(WA), = —0.1915 m/s 
(Ug), = —1.3405 m/s 
For A: 
(+1) — maQ4),, = maQ4),, 
(v4), = 1.285 m/s 
For B: 
(+1?) mgs), = mgs), 
(ws), = 0 
Hence (vg); = (Vg), = 1.34m/s <— Ans. 
(v4). = V(—0.1915)2 + (1.285? = 1.30 m/s Ans. 
0.1915 
= =} = o 
(04), = tan ( 1585 ) 8.47°4 Ans. 
(H) + X J M.dt = (H,); 
3 
(10)(2)(0.75) 4 oo (Jos + 
2 
f (8Ê + 5)dt = 10v(0.75) 
0 
8 2: 
69 + B + s| = 75v 
3 0 
v — 13.4 m/s Ans. 
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Chapter 16 


R16-1. 


R16-2. 


R16-3. 


R16-4. 


(wa)o = 60 rad/s 


a, = -1 rad/s? 


(wa)o + aat 
wa = 60 + (-1)(3) = 57 rad/s 
v, = re, = (1)(57) = 57 ft/s = vg 


v 
og = A = 57/2 = 28.5 rad/s 


WA 








Vw = roc = (0.5)(28.5) = 14.2 ft/s Ans. 
QA — 1 
dy, = I0) = 1 ft/s? 
1 
Og = >= 0.5 rad/s” 
dy = rog = (0.5)(0.5) = 0.25 ft/s? Ans. 
Qa = 0.604 
0.5 
0c = — — = 6.667 rad 
0.075 
04(0.05) — (6.667)(0.15) 
04 = 20 rad 
ad0 = wdw 
20 (A 
f 0.604d04 = f wadwa 
0 3 
20 wA 
0.304] = co 
0 3 
l 32 
120 — 20 — 45 
wa = 15.780 rad/s 
15.780(0.05) = w(0.15) 
wç = 5.260 rad/s 
Ug = 5.260(0.075) = 0.394 m/s Ans. 


A point on the drum which is in contact with the 
board has a tangential acceleration of 


a, = 0.5 m/s 

c= a F a 
Gy = .5P + a 

a, = 2.96 m/s? 


[2.96 
à, = or, o= 4023 3.44 rad/s 


Ug = wr = 3.44(0.25) = 0.860 m/s Ans. 


Vg = Wap X Ygj 


Vo = Vg + w X Ycjp 


R16-5. 


R16-6. 


vci = (6k) X (0.2 cos 45° + 0.2 sin 45°j) + 

(wk) X (0.5 cos 30*i — 0.5 sin 30%) 
vc = —0.8485 + w(0.25) 
0 = 0.8485 + 0.433 w 





Solving 
w = 1.96 rad/s) 
Uc = 1.34 m/s Ans. 
2 
w = — — = 25 rad/s 
0.08 
Gi 2 
a = —— = 50 rad/s 
0.08 
ac = a4 + (ac), + (acja) 
ac = 4j + (25)0.08)i + 50(0.08)j 
+ accos0 = 0 + 50 
+f acsind=4+0+4 
Solving, ac = 50.6 m/s? Ans. 
6 = 9.09° 26 Ans. 


The cylinder moves up with an acceleration 








dg = (ac); = 50.6 sin 9.09° = 8.00 m/s?T Ans. 
ac = ag + acp 
2.057 + (ac), = 1.8 + 1.2 + ag (0.5) 
— i <— — 5830 
(35) 2.057 = —12 + acp(0.5) cos 30° 
(+1) (ag, = 1.8 + acg(0.5) sin 30° 
acy = 7.52 rad/s? Ans. 
(ac), = 3.68 m/s? 
ac = V 3.68)? + (2.057)? = 4.22 m/s? Ans. 
3.68 " 
0 — tan GE) = 60.8? $% Ans. 
Also, 
ac = ag + acg X Ycjg — w rcg 
00, NE : 
(ac),j + 0175 ^ —(2)°(0.3)i — 6(0.3)j 


+ (acgk) X (—0.5 cos 60°i — 0.5 sin 60*j) — 0 
2.057 = —120 + æcg(0.433) 
—(ac) = —1.8 — agg(0.250) 


acg = 7.52 rad/s? Ans. 

a, = 3.68 m/s” 

ac = V (3.68 + (2.057 = 4.22 m/s” Ans. 

0= a (368) = 60.89 “Go Ans. 
2.057 


R16-7. 


R16-8. 


ac = 0.5(8) = 4 m/s? 
ag = ac + apic 


— | 4 + lod + ew 





2230 N30" 
(2) (@)y = —4 + 4.5 cos 30? + 4 sin 30° 
= 1.897 m/s? 
(+1) (ag), = 0 + 4.5 sin 30? — 4 cos 30? 
= —1214 m/s? 
ag = V (1.897) + (- 1.214) 
= 2.25 m/s Ans. 
1.214 
6 = tan GE) = 32.6? $ Ans. 
Also, 


ag = ac + a X pic — Org jc 

(ag)d + (ag),j = —4i + (8k) X (—0. 5 cos 30% 

— 0.5 sin 30°j) — (3—0.5 cos 307i — 0.5 sin 30°j) 
(4) (ag), = —4 + 8(0.5 sin 30°) + (30.5 cos 30°) 





= 1.897 m/s” 
(+1) (ag), = 0 — 8(0.5 cos 30°) + (3)°(0.5 sin 30°) 
= —1214 m/s 
1.214 
= tan !| ——— | = 32.6? Ans. 
0 an (122) 32.6? ^5 ns. 





dp = V (1.897 + (—1.214)? = 225 m/s? Ans. 


vg = 3(7) = 21in./s — 


Vo = Vg + w X Ycjp 


4 
vd 2) r2)i- 2li + wk X (—5i — 12j) 





(5) —0.8vc = —21 + 120 
(+7) —0.6vc = —5o0 
Solving: 


w = 1.125 rad/s 

Vc = 9.375 in./s = 9.38 in./s YF 

(ag), = GPO) = 63 in./s?l 

(ag), = (2)(7) = 14 in./s? — 

ac = dg + a X Yojg — wrcg 
2 3. : : 

«(s «(y = —14i — 63j + (ak) 

X (-51 — 12) — (1.123) (-51 — 12) 

0.8ac = —14 + 12a + 6.328 


Ans. 








(4) 
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(+1) -0.6ac = —63 — 5a + 15.1875 
ac = 547 in./s? Jf Ans. 
a = —3.00 rad/s? 
Chapter 17 
R17-1. SF, = ma; 50 cos 60° = 200ag (1) 
*TXF,-— ma; N4 + Ng — 200(9.81) 
—50sin60 —0 (2) 
G -XMg = 0; —N,(0.3) + Ng(0.2) + 
50 cos 60°(0.3) 
—50 sin 60°(0.6) = 0 (3) 
Solving, 
ag = 0.125 m/s? 
N, = 7652N 
Ng = 1240 N 
At each wheel 
N= a = 383N Ans. 
N'3= A — 620N Ans. 


Curvilinear Translation: 

(ag), = 8) = 24 ft/s? 

(ag, = (5)°(3) = 75 ft/s? 
o Sxm _ 16) + 2B) — 


x 1.5 ft 
: Em 6 3 


6 
+LEF, = m(agy; E, + 6= 35,50 cos 30° 


R17-2. 





$ $ a5) sin 30° 


32:2 

ESF, = mac); E, = 3509 cos 30° 
= © oy sin 30° 

32.2 
G+=Mg = 0; Mg — E,(10.5) = 0 
E, = 9.87 lb Ans. 
E, = 4.86 Ib Ans. 
Mg = 7.29 lb-ft Ans. 


R17-3. (a) Rear wheel drive 
Equations of motion: 
EF, = m(ag); 


C*XM, = (Mya; 


0.3Nz = L.5(10)'ag (1) 
1.5(10)°(9.81)(1.3) 
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R17-4. 


R17-5. 


R17-6. 
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— Ng(2.9) = —1.5(10)'ag(0.4) (2) 
Solving Eqs. (1) and (2) yields: 
Ng = 6881 N = 6.88 kN 


dg = 1.38 m/s? Ans. 
A EF, = mlao; i P B = 
o G)xs 40 sin 60° + Ne — “ue 
+ XF, = m(ag)y; —40 cos 60° + 0.3Nc 
12 
— 20(9.81) + —T —0 
I3 
C+3M,4 = Lo; 40(0.120) — 0.3Nc(0.120) 
1 
= | 010120 |a 
Solving, 
T = 218N Ans. 
Nc = 4928N 
o = 21.0 rad/s? Ans. 


(ag), = 4a 


0 
EIF, = mages F+20-5= S (o) 








1/ 30 
+3Mo = loa; 208) + F(6) = 4 L— Jy 
C E o = loe; 20Q) (6) (Ge a 
Solving, 
o = 12.1 rad/s? Ans. 
F = 30.0 lb Ans. 
2/ 30 30 
lo = 1*4 5 
e o) ) (So 
1/10 Y 3 " 
+ >| —— = 9, . 
(2 Ja 9.17 slug: ft 
30(3) + 10(1 
x= 6) (0) — 2.5 ft 
30 + 10 





4,3F,= ma; O,=0 
40 





+)/3F= ma; 40-— 0, = 32376 
G--XMo = Ioa; 40Q.5) = 9.17a 
Kinematics 

ag = 25a 

Solving, 


a = 10.90 rad/s” 
dg = 27.3 ft/s? 
0, =0 

O, = 6.14 Ib 


Thus: 
F, = 6.14 lb > Ans. 
R17-7. +Î2F, = m(agy Ng — 2009.81) = 0 
Ng = 196.2 N 
Fg = 0.1(196.2) = 19.62 N 
C+2Mic = X(Myys 30 — 19.62(0.6) 
= 20(0.2a)(0.2) + [20(0.25)?]a 
a = 8.89 rad/s? Ans. 
20 
R17-8. LYF, = m(ags 03N; = 2578 
-TXF,- maoy; Na — 20=0 
C«-XMg-Iga;  0.3N4(0.5) 
2( 20 
-|z|z5)05* 
E (2) » k 
Solving, 
N, = 201b 
ag = 9.66 ft/s? 
a = 48.3 rad/s? 
(G+) w = wo t at 
0 = œ; — 483t 
w, = 48.3t 
(5) v= v + at 
w 
0 = 20 — 9.66| —— 
ok 3) 
w = 100 rad/s Ans. 
Chapter 18 
R18-1. Ti + XU, = T» 
1 
0 + (50)(9.81)(1.25) = H 6030.75) là 
€» = 2.83 rad/s Ans. 
R18-2. Kinetic Energy and Work: The mass moment inertia 


of the flywheel about its mass center is Ig = mk? 
= 50(0.22) = 2 kg- m°. Thus, 
1 1 
T= slow" = zO = w 





Since the wheel is initially at rest, T4 = 0. W, O,, 
and O, do no work while M does positive work. 
When the wheel rotates 


2r rad 
] rev 





0 — (5 rev ) = 1077, the work done by M is 


107 
DU fma > f (90'/2 + 1)q0 
0 
107 


= (60? 
1087.93 J 
Principle of Work and Energy: 
T, + LU\_-2 = T; 
0 + 1087.93 = o 
w = 33.0 rad/s 





Ans. 


R18-3. Before braking: 


R18-4. 


R18-5. 


Tı + XU, = To 


2. 
0 + 15(9.81)(3) = 505» + 5[ 500. ay (SA p ) 


0.15 
Vg = 2.58 hi Ans. 
Spo $c 
015 025 
Set sg = 3 m, then sc = 5m. 
T, + XU,, = T) 
0 — F(5) + 15(9.81)(6) = 0 
F = 176.6N 
eee 353.2N 
0.5 
Brake arm: 
G+ 2M, = 0; —353.2(0.5) + P(1.25) = 0 
P= 14I N Ans. 
SG _ SA 
03 (05 — 0.3) 
sa = 0.66675sgG 
JNXF, = 0; 4 — 60(9.81) cos 30° = 
N, = 5097 N 


T, + Ui.5— T, 
0 + 60(9.81) sin 30°(sg) — 0.2(509.7)(0.66675s5) 


= Z 6000.3)?] ie» 


1 
+ 5 (60)[ 0.3)(6)]” 
Sg = 0.859 m Ans. 


Conservation of Energy: Originally, both gears are 
rotating with an angular velocity of 


2 
€, = ~~ = 40 rad/s. After the rack has traveled 
0.05 


R18-6. 


R18-7. 


R18-8. 
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s = 600 mm, ee em rotate with an angular 


velocity of o» = where v is the speed of the 


0. any 
rack at that moment. 


Ti F Vi = Tə F V2 
100? + 24 £40035} 407} +0 


2 
-E [4(0. oe (c z) \ — 6(9.81)(0.6) 


v; = 3.46 m/s Ans. 
Datum through A. 
Ti RE Vi = Tə sr V5 


= 2 2 = = 2 
"OA lors rou 2) 


€ alte de M" 
shen -Jo Jo + 5(6)(7 — 2)° — 500.5) 
w = 2.30 rad/s 
T, + Vi — T; * V, 


Ans. 


0 + 4(1.5 sin 45°) + 1(3 sin 45°) 


ai 1 2 Uc í fi { 1 ) 2i 
He») "24322, 0 * 0 


Uc = 13.3 ft/s Ans. 








Datum at lowest point. 
Ti =F Vi = T» T V5 


aoo (A) + yao 
212 i 0.3 


+ 40(9.81)d sin 30° = 0 + Zeo? 
100d? — 196.2d — 480 = 0 


Solving for the positive root, 








d = 3.38 m Ans. 
Chapter 19 
R19-1. lọ = mk2, = 1.25 = 7.279 slug: ft? 
o = mko a ) slug + 
low; + af M odt = 1902 
3's 
0- / 107 (1) dt = 7.279o, 
0 
1 p 3 
Ln ie 7.2790 
0 
w = 12.4 rad/s Ans. 
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R19-3. 


R19-4. 


R19-5. 
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+/m(vg) + x fra = m(vg); 
3 
0 + 9(9.81)(sin 30°)(3) — f Fdt = 9(vg); (1) 
0 
G (Hg) + x f uoi = (Ha) 


3 
0 - ( f ra jos = [9(0.225 Jw, (2) 
0 


Since (Vg). = 0.3%, 
3 
Eliminating f F dt from Eqs. (1) and (2) and 
0 
solving for (vc); yields. 
(vg); = 9.42 m/s Ans. 


Also, 
G H4) + x [a = (H4) 


0 + 9(9.81) sin 30°(3)(0.3) = [ 90.225} + 9(0.3) Jo 
w = 31.39 rad/s 











v = 0.3(31.39) = 9.42 m/s Ans. 
h 
ge mw) +È | F.dt = mw) 
0 + 2003) —'100(vo); 
(v9); = 6 m/s Ans. 
and 
h 
Lo, + X | Mt = Lo 
ti 
0 — [200(0.4)(3)] = —9a> 
œ, = 26.7 rad/s Ans. 
(+7) nn + & | Fat = mos 
0 + TG) — 303) + 403) = 25g 
l l i227 
(C) Goi X / Modt = (Ho) 
T(0.5)3 + 40(1)3 | 3 (0 sse 
A T = x w 
32.2 
Kinematics, 
v, = 0.5o 
Solving, 
T = 23.5 lb 
w = 215 rad/s Ans. 


Vo = 108 ft/s 


R19-6. 


R19-7. 


R19-8. 


Also, 
(C+) (ici + = J M;cdt = (Hich 


0 — 30(0.5)(3) + 40(1.5)(3) 





= 30 24 
ES (0.65% 4 


30 in 

322 (0.5) Jo 
w = 215 rad/s 

C+ (H4) + x [ma — (Ha) 


30 sy e — = | 30 ogy 
EX lo l T di(1.2) = 05 je 


C+ (Hg) + X | Mydt = (Hg); 


0+ J T dt(0.4) = 067 Jos 








32.2 
Kinematics: 
1.2m, = 0.40, 
wg = 304 
Thus, 
wa = 1.70 rad/s Ans. 
wg = 5.10 rad/s Ans. 
Hi = H, 
1 1 
( m? jo, -| mr 4 n? Jor 
2 2 
: A 
= > n 
€» 391 S. 
A, = H, 


(0.940)(0.5) + | 52) (075 + 02) 





+ (20)(0.375 + o2 os 


= (0.940)(w) + (i002 + 20,02) Ju 


w = 3.56 rad/s Ans. 


Answers to Selected Problems 


-1. 


12-15. 


12-17. 
12-18. 
12-19. 
12-21. 
12-22. 
12-23. 


12-25. 
12-26. 


12-27. 


12-29. 
12-30. 


12-31. 
12-33. 
12-34. 
12-35. 


12-37. 
12-38. 


12-39. 


Chapter 12 
12 


s = 80.7m 

s = 20 ft 

a = —24 m/s’, As = —880 m, s; = 912m 
Sp = 8m, vy, = 2.67 m/s 

S|,=65 = —27.0 ft, Stot = 69.0 ft 


Vavg = 0, (Us), = 3 m/s, a = 2m/s? 
t=6s 

v = 32 m/s, s = 67m, d = 66m 

v = 1.29 m/s 

Vavg = 0.222 m/s, (Vsp)avg = 2.22 m/s 

Normal: d = 517 ft, drunk: d = 616 ft 

v = 165 ft/s, a = 48 ft/s’, sr = 450 ft, 

Vavg = 25.0 ft/s, (Usp)avg = 45.0 ft/s 





1 -1/2 1 1 1/2 
v= (2+ 4) S= (2x + ;) 
vo k vo 


d = 16.9 ft 
t = 5.62s 
s = 28.4 km 


s = 123 ft, a = 2.99 ft/s? 

h = 314 m, v = 72.5 m/s 

v = (20e ?') m/s, a = (—40e ?") m/s”, 
s = 10(1 — e?) m 

(a) v = 45.5m/s, (b) Umax = 100 m/s 
(a) s = —30.5m, 

(b) spy = 560m, 

(c) v = 10m/s 


Uf 
t = 0.549| — 
g 


h = 20.44m, t = 2s 





Vo 


s = 54.0m 
Vo —kt —kt 
s= ra e "), a= —kvge 
v = 112km/s 
2go(Yo — Y) 302 km/ 
y= = , vimp = 3.02 km/s 
(R + y)(R+ yo) ™ 
t = 273s. 
When t = 27.3s,v = 13.7 ft/s. 
As = 1.11 km 
a|,-o = —4m/s’, al,-25 = 0, 
a|,=4, = 4m/s’, v|;=0 = 3 m/s, 
v|=2s = —1 m/s, v|,-4 = 3 m/s 





= 2sin(Zr) +4 za (Z:) 
s sin 5 F4,v z cos si) 


12-A1. 


12-42. 


12-43. 


12-45. 


12-46. 


12-47. 


12-49. 
12-50. 


12-51. 


12-53. 


12-54. 


12-55. 


12-57. 


t = 7.48 s. When t = 2.145, 

V = Umax = 10.7 ft/s, h = 11.4 ft. 

s = 600m. For0 = t < 40s,a= 0. 

For 40s < t = 80s, a = —0.250 m/s. 

t' = 35s 

For 0 =r < 10s, s = (300r) ft, v = 300 ft/s 
For 10s < t < 20s, 


1 
s {ee 152 + 550t IL 








6 
1 
v= i? — 30r + sso} ft/s 


For 20s «1 < 35s, 

s = {-5P + 350r + 167} ft 

v = (—10r + 350) ft/s 

When t = 0.1 s,s = 0.5 m and a changes from 
100 m/s? to —100 m/s?. When t = 0.2 s, s = Im. 





v = 27.4 ft/s, v 


s=75 ft 


= 37.4 ft/s 








s=125 ft 
1 1 
For 0 = t < 30s, v = {ze} m/s,s = PES 
For 30 = t x 60s, v = {24t — 540} m/s, 
s = (12? — 540t + 7200} m 
Vmax = 100 m/s, t’ = 40s 
For 0 = s < 300 ft, v = (4.90 s?) m/s. 
For 300 ft < s = 450 ft, 
v = {(-0.04s? + 48s — 3600)? ) m/s. 
s = 200 ft when t = 5.77 s. 


1 
For 0 =t< 60s, s = ix^) m,a = 0.1 m/s’. 
For 60s < t < 120s, s = (6t — 180} m,a = 0. 





For 120s < t = 180s,5 = {ae —2t+ 300} m, 
a = 0.0667 m/s”. 

Att = 8s, a = 0 and s = 30m. 

Att = 12s, a = —1 m/s? and s = 48 m. 
For0ü0zt«5s,s— {0.21 } m, 

a — (121) m/s? 


1 
For5s«t- sss (10 cae — ns) m 


a= -1.5 m/s’, 
Att = 15s, s = 100 m, v, = 6.67 m/s 

t = 33.35, s|,-5, = 550 ft, s|,-15, = 1500 ft, 
s| 29s = 1800 ft, s|,-333, = 2067 ft 

1 


(800s — 5j ft/s 


For 0 x s < 100 ft, v = W 
50 


For 100 ft < s = 150 ft, 
1 
v= {EV 3s? + 900s 25000} ft/s 
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734 ANSWERS TO SELECTED PROBLEMS 


12-58. For0 <1 < 15s,v= fie }m/ss = {te 12-106. R = 190m. t = 2.48s 

12-107. 0, = 24.9? 55,0, = 852? Z 

12-109. 6 = 76.0°, v4 = 49.8 ft/s, h = 39.7 ft 

12-110. v = 632 ft/s 

12-111. v = 38.7m/s 

12-113. v = 4.40 m/s, a, = 5.04 m/s”, a, = 1.39 m/s? 

12-114. a, = 8.66 ft/s’, p = 1280 ft 

12-115. v = 97.2 ft/s, a = 42.6 ft/s? 

12-117. When cars A and B are side by side, t = 55.7s. 
When cars A and B are 90° apart, t = 27.8 s. 

12-118. t = 6645 

12-119. h = 5.99 Mm 

12-121. a = 2.75 m/s? 

12-122. a — 1.68 m/s? 

12-123. v = 1.5 m/s, a = 0.117 m/s? 

12-125. v = 430 m/s, a = 6.52 m/s” 

12-126. v = 105 ft/s, a = 22.7 ft/s? 

12-127. a, = 3.62 m/s”, p = 29.6m 


) 12-105. t4 = 0.5535, x = 346m 
m. 


For 15s < t x 40s, 
v — (20t — 187.5 m/s], 
s = (102 — 187.5: + 1125) m 

12-59. sr = 980m 

12-61. Whent = 5s,sg = 62.5 m. 
When: = 10s, v4 = (V4)max = 40 m/s and 
Ssa = 200m. 
When: = 15s, s4 = 400 m and sg = 312.5 m. 
As = s4 — sg = 87.5m 

12-62. v = {5 — 6t} ft/s, a = —6 ft/s? 

12-63. ForO=t<5s, s= P m and a = 4 m/s. 
For5s < t < 20s, s = (20t — 50} m anda = 0. 
For20s < £ = 30s, s = (2? — 60r + 750} m 
and a — 4 m/s?. 

12-65. v = 354 ft/s, t = 5.32 s 

12-66. When s = 100m,t = 10s. 
When s = 400 m, t = 16.9s. 





aliom = 4s, alsan = 16S? 12-129. t = 7.005, s " 98.0 m 
12-67. Ats = 100s, a changes from dmax = 1.5 ft/s? 12-130. a = 7.42 ft/s 
to amin = —0.6 ft/s’. 12-131. a = 236 m/s? 
= 2 
12-69. a = 5.31 m/s*, a = 53.0 12-133. a = 3.05 m/s : 
B = 37.05, y = 90.0? 12-134. a — 0.763 m/s 
0°, = : 
12-70. Ar = (6i + 4j] m 12-135. a — 0.952 m/s 
12-71. 4 ft, 2 ft, 6 ft) 12-137. y = —0.0766x°, v = 837 m/s, 


a, = 938 m/s’, a, = 2.88 m/s” 

12-138. vy = 19.1 m/s, a = 8.22 m/s’, 6 = 17.3? 
up from negative—f axis 

12-139. amin = 3.09 m/s? 

12-141. (a,), = g = 322 ft/s’, (a)4 = 0, 


12-73. (5.15 ft, 1.33 ft) 

12-74. r= (lli + 2j + 21k) ft 
12-75. (vy), = 4.28 m/s 

12-77. v = 8.55 ft/s, a = 5.82 m/s? 
12-78. v = 1003 m/s, a = 103 m/s? 


12-79. d = 400 ft, a = 37.8 ft/s? 


12-81. (Vgc)avg = (3.88i + 6.72j) m/s (a)g = 29.0 ft/s?, pg = 8.51(10?) ft 
12-88. v= Vc KE + b, a= c 12-142. t = ner 
12-83. v — 104 m/s, a — 385 m/s? 12-143. apx = 
12-85. d= 204m, v = 41.8 m/s a = 4.66 m/s? ie 
12-86. 0 = 58.35, (Vo) min = 9.76 m/s 12-145. d = 11.0m, a, = 19.0 m/s’, ag = 12.8 m/s? 
12-87. 0 = 76.0°, v, = 49.8 ft/s, h = 39.7 ft 12-146. t = 2.51s, a4 = 22.2 m/s’, ag = 65.1 m/s” 
12-89. Rmax = 102m, 0 = 45? 12-147. 0 = 10.6? 
12-90. R = 883m 12-149. a — 0.511 m/s? 
12-91. (13.3 ft, —7.09 ft) 12-150. a — 0.309 m/s? 
12-93. d= 166 ft 12-151. a = 322 mm/s’, 0 = 26.6 7 
12-94. t= 3.57 s, ug = 67.4 ft/s 12-153. v, = 0, v, = 721 m/s, 
12-95. v, = 36.7 ft/s, h = 11.5 ft à, = 0.555 m/s”, a, = 2.77 m/s? 
12-97. wv, = 19.4 m/s, vg = 40.4 m/s 12-154. a = 7.48 ft/s? 
12-98. v4 = 39.7 ft/s, s = 6.11 ft 12-155. a = 14.3 in./s* 
12-99. vg = 160 m/s, hg = 427 m, 12-157. v, = 5.44 ft/s, vy = 87.0 ft/s, 
hc = 1.08km, R = 2.98 km a, = —1386 ft/s, ay = 261 ft/s? 
12-101. vnin = 0.838 m/s, Vmax = 1.76 m/s 12-158. v = 464 ft/s, a = 43.2(10°) ft/s? 
12-102. 0, = 11.6°,t = 0.408 s, 05 = 11.6? 5G 12-159. v = (—142u, — 24.0u,} m/s 
12-103. 0, = 78.4°, t = 2.00 s, 05 = 78.4? G a = {-3.6lu, — 600) m/s? 


pa = 699 ft, (a,)p = 14.0 ft/s”, 


12-161. 


12-162. 


12-163. 


12-165. 


12-166. 
12-167. 


12-169. 


12-170. 


12-171. 
12-173. 
12-174. 


12-175. 
12-177. 


12-178. 
12-179. 


12-181. 
12-182. 
12-183. 
12-185. 
12-186. 
12-187. 
12-189. 


12-190. 


12-191. 
12-193. 


12-194. 
12-195. 
12-197. 
12-198. 
12-199. 
12-201. 
12-202. 
12-203. 
12-205. 
12-206. 
12-207. 


vU, = —2sinf, Vg = cost, 
a, = —~ cost, dg = —2 sint 
2 
at at 


v, = ae", Ve = e^, 
a, = e”(@—1), ay = 2ae^ 

v, = 0, Vg = 10 ft/s, 

a, = —0.25 ft/s”, ay = —3.20 ft/s? 
a = (r — 3r6° — 3r68)u, 





+ (370 + r0 + 370 — r?)u, + (z)u, 


a = 48.3 in./s? 

v, = 1.20 m/s, vg = 1.26 m/s, 
a, = —3.77 m/s”, dg = 720 m/s” 
v, = 1.20 m/s, vg = 1.50 m/s, 
a, = —4.50 m/s”, dg = 720 m/s” 
v, = 16.0 ft/s, vg = 1.94 ft/s, 

a, = 7.76 ft/s”, ay = 1.94 ft/s? 

v = 424 m/s, a = 17.6 m/s? 

a = 27.8 m/s? 

v, = 0, Vg = 12 ft/s, 

a, = —216 ft/s”, ay = 0 

v = 12.6 m/s, a = 83.2 m/s? 

v, = —1.84 m/s, vg = 19.1 m/s, 
a, = —229 m/s”, ay = 4.60 m/s” 
v, = —242 ft/s, v = 25.3 ft/s 
v, = 0, va = 4.80 ft/s, 


v, = —0.664 ft/s, a, = —2.88 ft/s? 


ag = 0, a, = —0.365 ft/s? 


v = 10.7 ft/s, a = 24.6 ft/s? 

v = 10.7 ft/s, a = 40.6 ft/s? 

6 = 0.333 rad/s, a = 6.67 m/s” 
v = 1.32 m/s 

a = 8.66 m/s” 

6 = 0.0178 rad/s 

v 


r = 32.0 ft/s, vy = 50.3 ft/s, 
a, = —201 ft/s?, ay = 256 ft/s? 
v, = 32.0 ft/s, vy = 50.3 ft/s, 
a, = —161 ft/s”, ay = 319 ft/s? 
v = 5.95 ft/s, a = 3.44 ft/s? 
v, = 0.242 m/s, vg = 0.943 m/s, 
a, = —2.33 m/s”, ay = 174 m/s? 


6 = 10.0 rad/s 
vg = 0.5 m/s 

v = 24 ft/s 

Up = 1.67 m/s 
Asg = 1.33 ft—> 
t = 3.835 

Ug = 0.75 m/s 
t = 5.00s 

UBic = 39 ft/s t 
vg = 1.50 m/s 


va = 133 m/s 


ANSWERS TO SELECTED PROBLEMS 


12-209. 
12-210. 
12-211. 
12-213. 
12-214. 


12-215. 
12-217. 
12-218. 
12-219. 


12-221. 
12-222. 
12-223. 
12-225. 


12-226. 
12-227. 


12-229. 
12-230. 
12-231. 
12-233. 
12-234. 


12-235. vg, = 11.2 m/s, 0 = 50.3? 
Chapter 13 

13-1. s = 97.4ft 

13-2. T = 5.98 kip 

13-3. v = 3.36 m/s, s = 5.04m 
13-5. F=637N 

13-6. v = 59.8 ft/s 

13-7. v = 60.7 ft/s 

13-9. t= 204s 

13-10. s = 8.49 m 

13-11. + = 02495 

13-13. a, = 9.66 ft/s? ——, ap = 15.0 ft/ > 
13-14. T = 11.25 KN, F = 33.75 kN 
13-15. A, = 685N, Ay = 1.19 KN, My = 474kN* m 
13-17. a= i — py) g 

13-18. R = 5.30 ft, tc = 1.82s 
13-19. R = 5.08 ft, rnc = 1.48s 
13-21. 0 = 22.6° 

1322. vg = 570 m/s 

13-23. v = 3.62 m/s] 

13-25. R —245m, ts = 1.728 
13-26. R = (1501) N 

13-27. r2211s 

13-29. v = 2.01 ft/s 


Op = 8 ft/s}, ag = 6.80 ft/s? ff 

va = 2.5 ft/s], a4 = 244 ft/s?] 
Ug = 240 m/s 1, ag = 325 m/s? ] 
va = Aft/s 


Vajp = 13.4 m/s, 0, = 31.7 & 
y/p = 4.32 m/s’, 0, = 79.0° $ 


va = 10.0 m/s —, a, = 46.0 m/s? — 
vc = 1.2m/sÎ, ac = 0.512 m/s?] 


Upja = 1044 km/h, 0 = 54.522 
Upja = 28.5 mi/h, 0, = 44.5 Z, 
agja = 3418 mi/h’, 6, = 80.02 


Up = 13.5 ft/s, 0 = 84.8°, t = 1.85 min 


v, = 58.3km/h, 0 = 59.0° 5. 


vaje = 15.7 m/s, @ = 7.11° 27, t = 38.1 s 


vag = 98.4 ft/s, 0, = 67.6 27, 
aag = 19.8 ft/s’, 0, = 5782 
Vm = 16.6 km/h, 0 = 25.0755 
Upj, = 20.5 m/s, 0, = 43.1° 27 
agja = 4.92 m/s”, 0, = 6.04? 27 
v, = 34.6 km/h} 

Uy = 4.87 ft/s, t = 10.3 s 

Vy/s = 19.9 m/s, 0 = 74.0° 27 
Yes, he can catch the ball. 

Ug = 5.75 m/s, Vcg = 17.8 m/s, 
0 = 76.2°%, acjg = 9.81 m/s^l 
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13-30. 
13-31. 


13-33. 


13-34. 
13-35. 
13-37. 
13-38. 


13-39. 


13-41. 
13-42. 


13-43. 


13-45. 
13-46. 


13-47. 


13-49. 
13-50. 


13-51. 


13-53. 
13-54. 
13-55. 
13-57. 
13-58. 
13-59. 
13-61. 
13-62. 
13-63. 
13-65. 
13-66. 
13-67. 
13-69. 
13-70. 
13-71. 
13-73. 
13-74. 


13-75. 


ANSWERS TO SELECTED PROBLEMS 


v — 0.301 m/s 
T — 1.63 kN 


sin 0 + ps cos 0 
P — 2mg : ; 
cos 0 — py sin 0 


(= + acne) 
a= : $ 
cos 0 — p, sin 0 








v — 2.19 m/s 
t = 5.66s 

t = 0.519 s 

s = 167m 





1 
v= —V1.09F? Ü + 2Fotmvy + mvs, 
m 


2 
ge me ii p” 
03 V 0.3F5 


kd? 
ma + mpg 
x = d for separation. 


A gi / mg/k ET 
k 
er N m9] 





x=d,v= 








v= 


_ [mg 

vU = ? 

v — 322 ft/s 
P = 2mg tan 0 





sin @ + p, cos 0 
P = 2mg : 
cos 0 — mw, sin 0 


ag = 7.59 ft/s? 


v = 5.13 m/s 

dz (m4 * mg)g 

r — 1.36m 

v — 10.5 m/s 

N = 6.18 kN 

v = 1.68 m/s, N = 736N 
v — 0.969 m/s 

v — 1.48 m/s 

v = 9.29 ft/s, T = 38.0 lb 
v = 2.10 m/s 


T = 0, T = 10.6 1b 

v = 630 m/s, F, = 283N, F, = 0, F, = 490N 
v = 22.1 m/s 

0 = 26.7° 

F; = 1.11 kN, N = 6.73 kN 

vc = 19.9 ft/s, Nc = 7.91 lb, vg = 21.0 ft/s 

N = 277 lb, F = 13.4 1b 








v = Vgr, N = 2mg 
v — 49.5 m/s 
«-«( E )v- vy gx? 
ML deat 
bo 
m vo gx 
N= g | 
1+ x? ] X 





13-77. F, = 4.90 lb 
13-78. v = 40.1 ft/s 
13-79. Np = 2.65 kN, p = 683m 
13-81. 0 = 37.7° 
13-82. N; = 804N, a, = 1.92 m/s? 
13-85. F, = 4.46 lb 
13-86. F =210N 
13-87. F = 1.60 lb 
13-89. F, = —20.4N, Fy = 0, F, = 392 N 
13-90. F,— 102N, F, = 375 N, Fy = 79.7N 
13-91. N = 490N,F = 4.17N 
13-93. Fo, = 12.0 lb 
13-94. F = 507 kN, N = 2.74 kN 
13-95. F—170N 
13-97. (N)max = 36.0 N, (N)min = 4.00 N 
13-98. N, = 3.72N, F, = 744N 
13-99, F, = —900N, Fy = —200 N, F, = 1.96 kN 
(476 
13-101. 0 = tan (=) 
13-102. N = 0.883 N, F = 3.92 N 
13-103. N = 2.95 N 
13-105. F, = 1.78 N, N, = 5.79 N 
13-106. F, = 2.93 N, N, = 6.37 N 
13-107. F = 0.163 Ib 
13-109. F, = 25.6 N, Foa =0 
13-110. F, = 207 N, Fo, = 0 
13-111. r = 0.198m 
13-113. v, = 30.4km/s, 
2 = 0.348 (1072) cos 0 + 6.74 (10°!) 
13-114. h = 35.9 mm, v, = 3.07 km/s 
13-115. v, = 7.45 km/s 
13-118. vg = 7.71 km/s, v4 = 4.63 km/s 
13-119. v, = 6.67(10°) m/s, vg = 2.77(10°) m/s 
13-121. v, = 7.47 km/s 
13-122. rj = 11.1 Mm, Av, = 814 m/s 
13-123. (vi)c = 5.27(10°) m/s, Av = 684 m/s 
13-125. (a) r = 194 (10°) mi 
(b) r = 392 (103) mi 
(c) 194 (10°) mi < r < 392 (10°) mi 
(d) r > 392 (107) mi 
13-126. v4 = 4.89(10)) m/s, vg = 3.26(10°) m/s 
13-127. v, = 11.5 Mm/h, d = 27.3 Mm 
13-129. v, = 2.01(10)) m/s 
13-130. v4. = 521 m/s, t = 21.8h 
13-131. v, = 701(10)) m/s 
Chapter 14 
14-1. v= 10.7 m/s 
14-2. Xmax —324ft 


14-3. 
14-5. 
14-6. 
14-7. 


14-9. 


14-10. 
14-11. 
14-13. 
14-14. 
14-15. 
14-17. 
14-18. 
14-19. 
14-21. 
14-22. 
14-23. 
14-25. 
14-26. 
14-27. 
14-29. 
14-30. 
14-31. 
14-33. 
14-34. 
14-35. 
14-37. 
14-38. 
14-39. 
14-41. 
14-42. 
14-43. 
14-45. 
14-46. 
14-47. 
14-49. 
14-50. 
14-51. 
14-53. 
14-54. 
14-55. 
14-57. 
14-58. 
14-59. 
14-61. 


14-62. 
14-63. 
14-65. 
14-66. 
14-67. 
14-69. 
14-70. 


s = 1.35m 
= 39.3 m, p = 26.2 m 
d=12m 


Observer A: v) = 6.08 m/s, 
Observer B: v = 4.08 m/s 


Xmax = 0.173 m 
s = 205m 
v = 4.08 m/s 


Up = 31.5 ft/s, d = 22.6 ft, vc = 54.1 ft/s 
v4 = 7.18 ft/s 
v, = 3.52 ft/s 
Vg = 278 ft/s 
y = 3.81 ft 
Up = 3.34 m/s 
v4 — 0.771 ft/s 
Srp = 3:88 tt 
x = 0.688 m 
s = 0.0735 ft 
va = 283 m/s 
Ug = 18.0 m/s, Ng = 12.5 kN 
s — 0.730m 
s = 3.33 ft 
R = 2.83 m, vc = 7.67 m/s 
= 36.2 ft 
s = 1.90 ft 
Vg = 42.2 ft/s, N = 50.6 lb, a, = 26.2 ft/s? 
ha = 22.5 m, he = 125m 
vg = 14.9 m/s, N = 1.25 kN 


Up = 5.42 m/s 
l = 2.77 ft 
0 = 47.2° 
P; = 4.20 hp 
P = 8.32 (10°) hp 
t = 46.2 min 
P= 12.6kW 
Prax = 113 KW, Payg = 56.5 kW 
P, = 4.36 hp 
P = 92.2 hp 
P; = 483 kW 
i = 622kW 
P; = 22.2 kW 
P = 0.0364 hp 
P = 0.231 hp 
P = 12.6 kW 


= {400(10°)r} W 
P= (160: — 5332) kW, U = 1.69 XJ 


Pa = 10.7 KW 
P = 58.1 kW 
F=227N 

h = 133 in. 

N = 694N 

6 = 48.2° 


ANSWERS TO SELECTED PROBLEMS 


14-71. Vc = 177 ft/s 
14-73. Nz = 0,h = 18.75 m, Nc = 17.2 kN 
14-74. wv, = 1.54 m/s, vg = 4.62 m/s 
14-75. sg = 5.70 m 
14-77. h = 23.75 m, vc = 21.6 m/s 
14-78. vg = 15.5 m/s 
14-79. l= 2.77 ft 
14-81. 6 = 118° 
14-83. F = GM,m (+ = +) 
Ty — T$ 
14-85. vg = 348 Mm/h 
14-86. s — 130m 
14-87. sg = 0.638 m, s4 = 1.02m 
14-89. = 22.3?, s = 0.587 m 
14-90. N = 78.6N 
14-91. y — 5.10m, N = 153 N, a = 9.32 m/s N 
14-93. v = 1.68 m/s 
2 

14-94. w=, IgG — 28r 
14-95. v = 6.97 m/s 
14-97. d — 134m 
Chapter 15 
15-1. v= 175 N:s 
15-2. v = 29.4 ft/s 
15-3. F = 24.8 kN 
15-5. 1-— 568N's 
15-6. F = I9.4 kN, T = 12.5 kN 
15-7. Faz = 1671b,v = 13.4 ft/s 
15-9. v = 6.62 m/s 
15-10. P = 205N 
15-11. v = 60.0 m/s 
15-13. 1, = 0.340 
15-14. I= 15 kN*s in both cases. 
15-15. v = 4.05 m/s 
15-17. v — 8.81 m/s, s — 248m 
15-18. v|,-3, = 5.68 m/s |, v|. s, = 21.1 m/s f 
15-19. v — 4.00 m/s 
15-21. T = 14.9 kN, F = 24.8 kN 
15-22. Vmax = 108 m/s, s = 1.83 km 
15-23. v — 10.1 ft/s 
15-25. v = 721 m/s 
15-26. Observer A: v = 7.40 m/s, 

Observer B: v — 5.40 m/s 
15-27. v — 5.07 m/s 
15-29. += 10251 = 162N<s 
15-30. v = 16.1 m/s 
15-31. (v4) = 10.5 ft/s —> 
15-33. v = 7.65 m/s 
15-34. v = 0.6 ft/s — 
15-35. v = 18.6 m/s > 
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15-37. 
15-38. 
15-39. 
15-41. 
15-42. 
15-43. 


15-45. 


15-46. 
15-47. 
15-49. 
15-50. 
15-51. 
15-53. 
15-54. 
15-55. 
15-57. 
15-59. 
15-61. 
15-63. 


15-65. 
15-66. 
15-67. 


15-69. 


15-70. 


15-71. 
15-73. 
15-74. 
15-75. 
15-77. 
15-78. 
15-79. 


15-81. 


15-82. 
15-83. 
15-85. 
15-86. 


15-87. 
15-89. 
15-90. 
15-91. 
15-93. 
15-94. 
15-95. 


ANSWERS TO SELECTED PROBLEMS 





v = 521 m/s < , AT = —32.6kJ 
v = 0.5 m/s, AT = —16.9 kJ 
v — 733 m/s 
Up = 3.48 ft/s, d = 0.376 ft 
Ug = 3.48 ft/s, Nayg = 504 lb, t = 0.216 s 
s = 400m 
v, = Va? + 2gh,0, = sin( me ) 
2 i + 2gh, 0» TEREF 
0 = = 9.52° 
Smax = 481 mm 
x = 0.364 ft —— 
x = 1.58 ft > 
Sg = 6.67 m — 
Sg = 71.4 mm > 
Sg = 71.4 mm — 
v, = 5.04 m/s — 
d — 6.87 mm 
e = 0.75, AT = —9.65 kJ 
Xmax = 0.839 m 
Uc = 0.18750 — , Up = 0.5625v >, 
Ug = 0.81250 >, v4 = 0.43750 > 
t = 0226s 
(Ug) = $ aei + e) 
(va) = 1.04 ft/s, (vg)3 = 0.964 ft/s, 
(vc)3 = 11.9 ft/s 
v'g = 222 m/s, 0 = 13.0 
e(1 + e) 
(vg); = - 3 v 
va = 29.3 ft/s, 0g; = 33.1 ft/s, 0 = 27.7° £ 
v4 = 1.35 m/s —, vg = 5.89 m/s, 0 = 32.9° SX 
e = 0.0113 
h = 157m 
(Vg)3 = 3.24 m/s, 0 = 43.9° 
v'g = 31.8 ft/s 
(vah = 3.80 m/s =; 
(ug); = 6.51 m/s, (05); = 68.6? 
(a) (vg); = 8.81 m/s, 0 = 10.5? 4, 
(b) (vg); = 4.62 m/s, 6 = 20.3? S, 
(c)s = 3.96m 
s = 0.456 ft 
(vA); = 42.8 ft/s <—, F = 2.49 kip 
uk = 0.25 
(vg). = 1.06 m/s —— , (v4); = 0.968 m/s, 
(8,3, = 5.1194 
(va) = 4.06 ft/s, (vg); = 6.24 ft/s 
(v4). = 12.1 m/s, (vg). = 12.4 m/s 
d = 1.15 ft, h = 0.770 ft 
(vg); = 1.50 m/s 
(va) = 8.19 m/s, (ug) = 9.38 m/s 
(—9.17i — 6.12k] slug: ft/s 
(—9.17i + 4.08j — 2.72k} slug - f /s 


15-97. 


15-98. 
15-99, 


15-101. 
15-102. 
15-103. 
15-105. 
15-107. 
15-109. 


15-110. 
15-111. 
15-113. 
15-114. 
15-115. 
15-117. 
15-118. 
15-119. 
15-121. 
15-122. 
15-123. 
15-125. 
15-126. 
15-127. 
15-129. 


15-130. 
15-131. 


15-133. 
15-134. 
15-135. 
15-137. 
15-138. 
15-139. 


15-141. 


15-142. 
15-143. 
15-145. 
15-146. 


15-147 


15-149. 


(H4)p = {—52.8k} kg m/s, 

(Hg)p = {—118k} kg: m?/s 

(-21.5i + 21.5j + 37.6} kg- m?/s 

{21.5i + 21.5j + 59.1k} kg: m?/s 

v = 20.2 ft/s, h = 6.36 ft 

t=119s 

v = 922 ft/s, XU, = 3.04 ft: Ib 

v = 9.50 m/s 

v = 3.33 m/s 

Uc = 44.0 ft/s, H4 = 8.19 slug - ft? /s. 

The cord will not unstretch. 

v = 4.03 m/s, LU)» = 725] 

Up = 10.8 ft/s, Uag = 11.3 ft Ib 

vg = 10.2 km/s, rg = 13.8 Mm 

T = 40.1 kN 

C, = 4.97 KN, D, = 223 kN, D, = 7.20 kN 
F = 303 Ib | 
F = 50.0 Ib 

F, = 9.87 Ib, F, 
F, = 19.5 1b, F, 
F=200lb — 
F = 224]b 

T = 82.8N, N = 396N 

F = 6.24N, P = 3.12N 

d = 2.56 ft 

C, = 426 kN, C, = 2.12 kN, Mc = 5.16kN* m 


{ 8000 - ) 
U—d——— ——— p m/s 

2000 + 50r 

Ay = 4.18 kN, B, = 65.0N >, 
B, = 3.72 kNT 

a = 0.125 m/s”, v = 4.05 m/s 
Umax = 2.07 (10?) ft/s 

452 Pa 

R = (20t + 248] Ib 

a; = 133 ft/s”, ap = 200 ft/s? 
Umax = 580 ft/s 


2 y? z I? 
| V EN y ) 
Fp = 11.5kN 
a = 375 ft/s? 

a = 0.0476 m/s” 

Umax = 2.07(10)) ft/s 
F = (7.85t + 0.320} N 
F=m'v 


4.93 Ib 
1.96 Ib 





Chapter 16 


16-1. 
16-2. 


16-3. 


va = 2.60 m/s, a, = 9.35 m/s? 

va = 22.0 m/s, 

(a4), = 12.0 m/s”, (a4), = 968 m/s? 
va = 26.0 m/s, 

(aa), = 10.0 m/s”, (a4), = 1352 m/s” 


16-5. 
16-6. 
16-7. 
16-9. 


16-10. 
16-11. 
16-13. 
16-14. 
16-15. 
16-17. 
16-18. 
16-19. 
16-21. 


16-22. 
16-23. 
16-25. 
16-26. 
16-27. 
16-29. 


16-30. 
16-31. 
16-33. 
16-34. 


16-35. 


16-37. 
16-38. 


16-39. 


16-41. 
16-42. 
16-43. 


16-45. 


16-46. 


16-47. 
16-49. 


16-50. 


16-51. 


16-53. 


16-54. 


16-55. 


0 = 5443 rev, c) = 740 rad/s, a = 8 rad/s” 


0 = 3.32 rev, t = 1.67 s 
t = 6.98 s, 0p = 34.9 rev 
ag = 29.0 m/s? 

ag = 16.5 m/s? 


a = 60 rad/s?, w = 90.0 rad/s, 0 = 90.0 rad 


wg = 180 rad/s, wc = 360 rad/s 

w = 42.7 rad/s, 0 = 42.7 rad 

a, = 2.83 m/s”, a, = 35.6 m/s” 

og = 219 rad/s 5 

wg = 31.7 rad/s 5 

wg = 156 rad/s 

va = 8.10 m/s, 

(a4), = 4.95 m/s”, (a4), = 437 m/s? 
wp = 4.00 rad/s, ap = 0.400 rad/s” 
wp = 12.0 rad/s, ap = 0.600 rad/s” 
Up = 2.42 ft/s, ap = 34.4 ft/s? 

Wc = 1.68 rad/s, 0c = 1.68 rad 

w = 148 rad/s 

r4 = 31.8 mm, rg = 31.8 mm, 

1.91 canisters per minute 

(@g)max = 8.49 rad/s, (vc), = 0.6 m/s 
Sw = 2.89 m 

wg = 312 rad/s, ag = 176 rad/s? 
Ug = 3 m/s, 

(ag), = 2.70 m/s”, (ag), = 600 m/s” 
vc = {-4.8i — 3.6j — 12k] m/s, 
ac = (384i — 64.8j + 40.8k} m/s? 
Uc = 2.50 m/s, ac = 13.1 m/s? 

v = 721 ft/s, a = 912 ft/s? 











TUA rva(2y” - 7) 
w = ,Q& = 
y /y2 = E yy? E ry? 


w = 8.70 rad/s, a = —50.5 rad/s” 
w = —192 rad/s, a = —183 rad/s? 
OAB — 0 














( rio sin 20 
p 
wre cos?8 + r? + 2nr, 
d sin 2 
v= od (sino + PU : ) 
2V(R + r} — dsin2 0 


vU = —ro sin 0 
vc = Lot, ag = 0.577 Lo? 


2, we 
w = — sin? 0/2, a = — (sin 0 (sin? 0/2) 
r i 


jz v sin $ 
B Lcos (¢ — 0) 
v 
w = — 
2r 


, (R+ro , (R + ra 
w = ,a = 


r F 





+ ryw sin 0) 


ANSWERS TO SELECTED PROBLEMS 


16-57. 
16-58. 
16-59. 
16-61. 
16-62. 
16-63. 
16-65. 
16-66. 
16-67. 
16-69. 
16-70. 
16-71. 
16-73. 
16-74. 
16-75. 
16-77. 
16-78. 
16-79. 
16-82. 
16-83. 
16-85. 


16-86. 


16-87. 
16-89. 
16-90. 


16-91. 


16-93. 
16-94. 
16-95. 


16-97. 
16-98. 
16-99. 
16-101. 
16-102. 
16-103. 
16-105. 
16-106. 
16-107. 


16-109. 


16-110. 
16-111. 


16-113. 


Up = 12.6 in./s, 65.7° SS 

wag = 2.00 rad/s 

Uc = 1.06 m/s —, wgc = 0.707 rad/s 2 
gc = 2.31 rad/s), wag = 3.46 rad/s 9 
c4 = 32.0 rad/s 

wcg = 2.45 rad/s Ý, vc = 2.20 ft/s — 
w = 20rad/s, v4 = 2 ft/s —> 

w = 3.11 rad/s, vo = 0.667 ft/s > 

va = 5.16 ft/s, 0 = 39.8° Z 

vc = 24.6 m/s 4 

gc = 10.6 rad/s Ù, vc = 29.0 m/s > 
Up = 4.88 m/s <— 

Ug = 4.00 m/s, 0 = 52.7? S 

wg = 90 rad/s 2, wa = 180 rad/s Ý 
wcp = 4.03 rad/s 

wp = Srad/s, wa = 1.67 rad/s 

wp = 105 rad/s 2 

Up — 7.07 m/s 

wag = 1.24 rad/s 

wgc = 6.79 rad/s 





va = 2 ft/s —>, vg = 10 ft/s < 
The cylinder slips. 
Ug = l4in./s}, 


va = 10.8 in./s, 0 = 21.8? SG 

pc = 8.66 rad/s 5, wag = 4.00 rad/s 2 
va = or, — n) 

Uc = 2.50 ft/s — , 

Up = 9.43 ft/s, 0 = 55.8? N 

Uc = 2.50 ft/s — , 

vg = 7.91 ft/s, 0 = 18.4°A 

ppp = 3.00 rad/s 2, vp = 1.79 m/s —— 
wg = 6.67 rad/s 

va = 60.0 ft/s — , vc = 220 ft/s<—, 
vg = 161 ft/s, 0 = 60.3° Ss 

ws = 57.5 rad/s), woa = 10.6 rad/s Ý 
ws = 15.0 rad/s, wr = 3.00 rad/s 

cp = 57.7 rad/s 9 

Wr = 4rad/s 

wr = 4rad/s 

Uc = 3.86 m/s —, ac = 17.7 m/s? —— 
a = 0.0962 rad/s? D, a, = 0.385 ft/s? > 
ac = 13.0 m/s? Z, agc = 124 rad/s” 2 
w = 6.67 rad/s 5, vg = 4.00 m/s N 

a = 15.7 rad/s” 2,ag = 24.8 m/s? N 
pc = 0, Wp = 4.00 rad/s 2, 


apc = 6.16 rad/s? 2, acp = 21.9 rad/s” 2 


oc = 20.0 rad/s 5, oc = 127 rad/s 2 
aag = 4.62 rad/s? 5, 

dp = 13.3 m/s, 0 = 37.0? $ 

va = 0.424 m/s, 0, = 45°, 

a, = 0.806 m/s”, 6, = 7.13° Z 
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ANSWERS TO SELECTED PROBLEMS 














16-114. vg = 0.6 m/s J, 

ag = 1.84 m/s’, 0 = 60.6? 5G 
16-115. vg = w>, 

va = 2V20,0 = 4522, 

2v? 29? 
ag = —1l,a4— > 
r cr 

16-117. aç = 10.0 m/s’, 0 = 202? 27 
16-118. a = 40.0 rad/s”, a4 = 2.00 m/s? <— 
16-119. vg = 1.58wa, ag = 1.58aa — 1.77oa 
16-121. wac = 0, wp = 10.7 rad/s 2, 

aac = 28.7 rad/s? 2 
16-122. wcp = 7.79 rad/s 9, acp = 136 rad/s? 2 
16-123. vc = 1.56 m/s —, 

ac = 29.7 m/s), 0 = 24.1? 5% 
16-125. w = 4.73 rad/s 5, a = 131 rad/s? 2 
16-126. wag = 7.17 rad/s), og = 23.1 rad/s?5 
16-127. a4, = 3.70 rad/s? 2 
16-129. v, = (0.6i + 24j) m/s, 

ag = (—142i + 840j) m/s? 
16-130. vg = 1.30 ft/s, ag = 0.6204 ft/s? 
16-131. v, = {7.5i — 5j} ft/s, a, = {5i + 3.75j} ft/s? 
16-133. v, = (—172i + 12.5j} m/s, 

a, = (349i  597j) m/s? 
16-134. a, = (—5.60i — 16j} m/s? 
16-135. vc = 240 m/s, 0 = 60? 3. 
16-137. (Vp/4) xyz = (31.0i] m/s, 

(agja xyz = {—14.0i — 206] m/s? 
16-138. vg = 7.7 m/s, ag = 201 m/s? 
16-139. weg = 1.33 rad/s 2, acp = 3.08 rad/s” 2 
16-141. wcp = 3.00 rad/s 2, acp = 12.0 rad/s? 2 
16-142. vç = {—0.944i + 2.02j} m/s, 

ac = (-112i — 4.15j} m/s? 
16-143. «45 = 5rad/s D, aag = 2.5rad/s? 2 
16-145. vc = (—7.00i + 17.3j) ft/s, 

ac = (—34.6i — 15.5j} ft/s? 
16-146. vc = (—7.00i + 17.3j) ft/s, 

ac = (—38.8i — 6.84j] ft/s? 
16-147. «45 = 0.667 rad/s Ý, a4, = 3.08 rad/s? 2 
16-149. (Vrevxyz = 0, (args: = {1i} m/s? 
16-150. «pc = 2.96 rad/s 2 
16-151. wac = 0, aac = 144 rad/s? 2 
Chapter 17 
171. I= me 

2 4 2 
17-2. m= zie ps E LEAK [ zum | 
2p* 2 3 

17-3. 1, = mR? 
17-5. k, = 1.20 in. 
17-6. I,=—=mr 


5 


17-7. 


17-9. 


17-10. 
17-11. 
17-13. 
17-14. 
17-15. 
17-17. 
17-18. 
17-19. 
17-21. 
17-22. 
17-23. 
17-25. 
17-26. 
17-27. 
17-29. 
17-30. 
17-31. 
17-33. 
17-34. 
17-35. 
17-37. 
17-38. 
17-39. 
17—41. 
17-42. 


17-43. 
17-45. 
17-46. 
17-47. 
17-49. 
17-50. 
17-51. 
17-53. 
17-54. 
17-55. 
17-37. 
17-58. 


17-59. 


17-61. 
17-62. 
17-63. 
17-65. 
17-67. 
17-69. 
17-70. 
17-71. 
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I, = —mb* 

70 
i= zu +1) 
ko = 2.17 m 


Io = 136 kg: n? 

I, = 7.67kg-m? 

I, = 222 slug: ft? 

Io = 6.23 kg * m? 

Ig = 0.230 kg: m? 

Io = 0.560 kg: n? 

Ig = 118 slug: ft 

y= 1.78 m, Ig = 445kg- n? 

1, —325g:m? 

I, = 719g:m? 

F = 5.96 lb, Ng = 99.0 lb, N4 = 101 Ib 

Ay = 72.6kN, B, = 71.6KN, ag = 0.250 m/s? 
N, = 1393 lb, Ng = 857 lb, t = 2.72 s 

a = 2.74 m/s’, T = 25.1 kN 

N = 29.6kN, V = 0, M = 51.2kN-m 

h = 3.12 ft 

P = 579N 

a=4m/s’ >, Ng = 1.14kN, Ny = 327 N 
dg = 13.3 ft/s? 


P = 785N 

P = 314N 

N = 0.433wx, V = 0.25wx, M = 0.125wx? 
B, = 73.9 Ib, B, = 69.7 Ib, N4 = 120 lb 


a = 2.01 m/s’. 

The crate slips. 

a = 2.68 ft/s?, Ny = 26.9 lb, Ng = 123 lb 
T = 15.7 KN, C, = 8.92 KN, C, = 16.3 KN 
a = 9.81 m/s’, C, = 123 KN, C, = 12.3 kN 
hmax = 3.16 ft, F4 = 248 lb, N4 = 400 lb 
Fyp = 112N, C, = 26.2 N, C, = 49.8 N 

P = 765N f 

T = 1.52 kN, 0 = 18.6° 

a = 9.67 rad/s” 

Fc = 16.1 lb, Nc = 159 Ib 

a = 2.62 rad/s? 

w = 56.2 rad/s, A, = 0, A, = 98.1 N 

a = 14.7 rad/s’, A, = 88.3 N, A, = 147N 


3 
F, = 3 ng 
a = 0.694 rad/s? 
w = 10.9 rad/s 
w = 9.45 rad/s 
M = 0.233 Ib: ft 
a = 8.68 rad/s”, A, = 0,A, = 106 N 
a = 7.28 rad/s” 
F = 22.1 N 
w = 0.474 rad/s 


17-73. t= 6715s 
17-74. o = 142 rad/s” 
17-75. A, = 89.2N, A, = 669N, t = 1.25s 
17-77. t= 1.09s 
17-78. v — 488 ft/s 
17-79. a = 297 m/s? 
17-81. A, = 0, A, = 289 N, a = 23.1 rad/s” 
17-82. N, = 177KN, V, = 5.86 kN, M4, = 50.7 kN- m 
17-83. M = 0.3gml 
[Sle - 5) + me] 
17-85. N = wx L + cos@], 
g 2 
V = wxsin0, M = swe sin 0 
17-86. o = 12.5 rad/s2, ag = 18.75 m/s? | 
17-87. Ng = 2.80 kN, 
A, = 0, A, = 2.89 kN 
17-89. œ = 800 rad/s 
17-91. a = 5.62 rad/s’, T = 196 N 
17-93. a = 2.45 rad/s? 2,Ng = 2.23 N, N4 = 33.3 N 
17-94. a = 4.32 rad/s? 
17-95. 6 = 46.9° 
17-97. a = 0.500 rad/s? 
17-98. a = 15.6 rad/s” 
17-99. a, = 26.7 m/s? 
17-101. F — 423N 
17-102. a = 4.01 rad/s? 
17-103. A, = 15.0 lb, A, = 0.776 lb, a = 1.67 rad/s? 
17-105. a = 18.9 rad/s’, P = 76.4 Ib 
17-106. a = a ag = = 
mL m 
TE m 6(P — ui mg - 2(P — py mg) 
mL m 
17-109. a = 3 rad/s? 
17-110. a = 14.5 rad/s”, t = 0.406 s 
17-111. The disk does not slip. 
17-113. aç = mga = ™ ) 
Wor 
17-114. w = >w, t = 
3 Sugg 
17-115. o, = 43.6 rad/s? 2, ag = 43.6 rad/s? 5, T = 19.6 N 
17-117. T, = “Ww 
17-118. a = 23.4 rad/s, B, = 9.62 Ib 
17-119 10g | 
119. a = 
Ewe r 
Chapter 18 
18-2. w = 14.0 rad/s 
18-3. œ = 14.1 rad/s 

















18-5. 
18-6. 
18-7. 
18-9. 


18-10. 
18-11. 
18-13. 
18-14. 
18-15. 


18-17. 


18-18. 
18-19. 
18-21. 
18-22. 
18-23. 
18-25. 
18-26. 
18-27. 
18-29. 
18-30. 
18-31. 
18-33. 
18-34. 
18-35. 
18-37. 
18-38. 
18-39. 
18-41. 
18-42. 
18-43. 
18-45. 
18-46. 
18-47. 
18-49. 
18-50. 
18-51. 
18-53. 
18-54. 
18-55. 
18-57. 
18-58. 
18-59. 
18-61. 
18-62. 
18-63. 
18-65. 
18-66. 
18-67. 


ANSWERS TO SELECTED PROBLEMS 


w = 2.02 rad/s 
w = 1.78 rad/s 
T = 283 ft-lb 
w = 21.5 rad/s 
s = 5.16m,T = 785N 
w = 14.9 rad/s 
w = 6.11 rad/s 
w = 8.64 rad/s 
w = 3.16 rad/s 
w = |wh + = sin 0 
vc = 7.49 m/s 
w = 6.92 rad/s 
s — 0.304 ft 

vc — 19.6 ft/s 
0 = 0.445 rev 
$G = 1.60 m 
œ = 5.37 rad/s 
w = 44.6 rad/s 
vg = 11.9 ft/s 
w = 2.50 rad/s 
w = 5.40 rad/s 


0 = 0.891 rev, regardless of orientation 


w = 5.74 rad/s 

wag = 5.92 rad/s 

Sc = 78.0 mm 

s = 0.301 m, T = 163N 


va = 1.29 m/s 
Sp = 242mm, T = 67.8N 
vy = 2.52 m/s 
= 48.2? 
w = 3.78 rad/s 
w = 3.75 rad/s 
w = 3.28 rad/s 


(eap) = (wgc)2 = 1.12 rad/s 
va = 1.40 m/s 


0o = 8.94 rev 
gc = 1.34 rad/s 
vy = 1555 ft/s 
v4 = 4.00 m/s 
w = 12.8 rad/s 
k — 184 N/m 
w = 2.67 rad/s 
wag = 3.70 rad/s 
w = 1.80 rad/s 
v4 = 21.0 ft/s 

w = 2.71 rad/s 
k = 100 lb/ft 


(v4); = 724 m/s 
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Chapter 19 19-57. (Vg) y2 = e(vc)y f. 

5 2 
19-5. fma = 0.833kg+m?/s (vg) = (CN tor) < 
19-6. œ = 0.0178 rad/s 19-58. 6, = 39.8° 


19-7. vg = 24.1 m/s 

19-9. œ, = 103 rad/s 

19-10. ż = 0.6125s 

19-11. œ, = 53.7 rad/s 
2 


Chapter 20 
20-1. (a) a = a,0,j, 
(b) a = —o,o,k 









































19-13. y= >I 20-2. v4, = {—0.225i} m/s, 
a, = (—0.1125j — 0.130k} m/s? 
19-14. d—-I1 20-3. v4 = (—520i — 12j + 20.8k} ft/s, 
3 a, = {—24.li — 13.3j — 7.20k} ft/s? 
19-15. (a) wgc = 68.7 rad/s, 20-5.  (wo)pg = 40 rad/s, (vpg), = 5 rad/s 
(b) @gc = 66.8 rad/s, 20-6. œ = {—8.24j} rad/s, œ = {24.71 — 5.49j} rad/s? 
(c) ogc = 68.7 rad/s 20-7. v, = {-7.79i — 225j + 3.90k} ft/s, 
19-17. vg = 268 ft/s a, = (830i — 35.2j + 7.02k} ft/s? 
19-18. vg = 2m/s, o = 3.90 rad/s 20-9. vz, = {-0.4i — 2j — 2k} m/s, 
19-19. v, = 24.1 m/s aj = [—820i + 40.6j — k} rad/s” 
19-21. w = 12.7 rad/s 20-10. œ = (42.4j + 43.4k} rad/s, 
19-22. wy = 47.3 rad/s œ = {—42.4i} rad/s? 
19-23. + = 1.32s 20-11. w = (2i + 42.4j + 43.4k} rad/s, 
19-25. t= 1.04s a = {—42.4i — 82.9j + 84.9k} rad/s? 
19-26. œw = 9 rad/s 20-13. vg = 0, vc = 0.283 m/s, ag = 1.13 m/s’, 
19-27. vg = 1.59 m/s ac = 1.60 m/s 
19-29. w = 1.91 rad/s 20-14. vc = {1.8j— 1.5k} m/s, 
19-30. œ, = 0.656 rad/s, 0 = 18.8? ac = {—36.6i + 0.45j — 0.9k} m/s? 
19-31. w) = 0.577 rad/s, 0 = 15.8° 20-15. v, = (-8.66i + 8.00j — 13.9k} ft/s, 
19-33. w = 2.55 rev/s a, = {—24.8i + 829j — 30.9k} ft/s? 
19-34. w = 0.190 rad/s 20-17. v, = {—1.80i} ft/s, 
19-35. w = 0.0906 rad/s a, = (—0.750i — 0.720j — 0.831k} ft/s? 
19-37. w = 22.7 rad/s 20-18. wp = {—40j} rad/s, a, = {—6400i} rad/s” 
19-38. hc = 0.500 ft 20-19. w = {4.35i+ 12.7j} rad/s, 
19-39. œ, = 1.01 rad/s a = {—26.1k} rad/s? 
19-41. 6 = 66.9" 20-21. w = (30j — 5kj rad/s, œ = {150i} rad/s? 
19-42. œ, = 57 rad/s, Up = 367J 20-22. v, = {10i+ 14.7j — 19.6k} ft/s, 
19-43. œ, = 3.47 rad/s a, = {—6.12i + 3j — 2k} ft/s? 
19-45. v = 5.96 ft/s 20-23. w, = 47.8 rad/s, wp = 7.78 rad/s 
19-46. h— ^r 20-25. «gc = {0.204i — 0.612j + 1.36k} rad/s, 
5 vg = {-0.333j}m/s 
19-47. 6 = 50.2° 20-26. «4p = {—1.00i — 0.500j + 2.50k} rad/s, 
19-49. (vp) = 1.54 m/s, w = 0.934 rad/s vg = (-2.50j — 2.50k} m/s 
19-50. œw; = 7.17 rad/s 20-27. s = (—7.9i — 3.95j + 4.75k} rad/s’, 
"T un (2e) ay = {—19.75j — 19.75k} m/s? 
5 20-29. a, = {—37.6j} ft/s? 
19-53. œw, = 2.73 rad/s 20-30. vs = (—1.92j + 2.56k} m/s 
= g 20-31. vg = 5.00 m/s, 
19-54. ea wag = {—4.00i — 0.600j — 1.20k} rad/s 





19-55. hg = 0.980 ft 20-33. «pp = (—1.20j } rad/s 



















































































20-34. agp (-8.00j] rad/s” 
20-35. «45 = {—0.500i + 0.667j — 1.00k} rad/s 
vg = (—7.50j) ft/s 
20-37. vc = {-1.00i + 5.00j + 0.800k} m/s, 
ac = {—28.8i — 5.45j + 323k] m/s? 
20-38. vc = {-lit+ 5j+ 0.8k} m/s, 
ac = (-282i — 545j + 323k] m/s? 
20-39. vg = {-2.75i — 2.50j + 3.17k} m/s, 
ag = {2.50i — 2.24j — 0.00389k} ft/s? 
20-41. vo = {3i + 6j — 3k} m/s, 
ac = (—13.0i + 28.5j — 10.2k} m/s? 
20-42. vg = (—17.8i — 3j + 5.20k} m/s, 
ap = (9i — 29.4j — 1.5k} m/s? 
20-43. vg = (—17.8i — 3j + 5220k] m/s, 
ag = {3.051 — 30.9j + 1.10k} m/s? 
20-45. vp = (—0.849i + 0.849j + 0.566k} m/s, 
ap = (—5.09i — 7.35j + 6.79k} m/s? 
20-46. v4 = (—8.66i + 2.26j + 2.26k} m/s, 
a, = {—22.6i — 47.8j + 45.3k} m/s” 
20-47. v4 = (—8.66i + 2.26j + 2.26k} m/s, 
a, = (—26.li — 44.4j + 7.92k} m/s 
20-49. vp = (—9.80i + 14.4j + 48.0k} ft/s, 
ap = {—160i + 5.16j — 13k} ft/s? 
20-50. vp = (-25.5i — 13.4j + 20.5k} ft/s, 
ap = (161i — 249j — 39.6k} ft/s? 
20-51. vp = {-25.5i— 13.4j + 20.5k} ft/s, 
ap = [161i — 243j — 33.9k } ft/s? 
20-53. v, = {8.661 + 8j — 13.9k} ft/s, 
a, = (—179i + 829j — 30.9k} ft/s”, 
20-54. vc = (—1.73i — 5.77j + 7.06k) ft/s, 
ac = (9.88i — 72.8j + 0.365k} ft/s? 
Chapter 21 
| 23m, om 2 
212. = m (P + 4e), Iy = zm 3d) 
21-3. I, = 2614 slug ft 
m 
21-5. m = s 
21-6 I, = Ze 
y 12 
21-7. Ly = 636p 
21-9. Typy = 0.0961 slug - ft? 
21-10. k, = 2.35 ft, k, = 1.80 ft 
21-11. Ia = por + Al!) 
21-13. 1,,=0 
21-14. 1, = 0.32kg-m’, Z, = 0.08kg-m’, 1, = 0 
21-15. I. = 0.0595 kg+ m? 
21-17. y = 0.5 ft, x = —0.667 ft, I = 0.0272 slug - ft^, 


ly = 0.0155 slug: f, Iy = 0.0427 slug: ft? 


ANSWERS TO SELECTED PROBLEMS 


21-18. 
21-19. 
21-21. 
21-25. 
21-26. 
21-27. 
21-29. 
21-30. 
21-31. 
21-33. 
21-34. 
21-35. 
21-37. 
21-38. 
21-39. 
21-41. 


21-43. 


21-45. 
21-46. 


21-47. 


21-49. 


21-50. 


21-51. 


21-53. 


21-54. 
21-55. 


21-57. 


21-58. 
21-59. 
21-61. 
21-62. 
21-63. 


21-65. 
21-66. 


1, = 0.455 slug - ft? 
La 1.13 slug: f£ 
I, = 0.0880 slug : f 
H = (-477(10 $) i + 198(10 75) j + 0.169 k} kg -m?/s 
w, = 61.7 rad/s 

w, = 872 rad/s 

w, = 19.7 rad/s 

h = 2.24 in. 

T = 0.0920 ft - Ib 

wp = 4.82 rad/s 

H, = (-2000i — 55000j + 22500k] kg: m?/s 
T = 37.0 MJ 

@ = (—0.750j + 1.00k} rad/s 


T = 1.14J 
H, = 0.4575 kg: m?/s 
XM, = (CRON = Ly®y zd 10;), 


ini Qoy = lw; s Ty), 

+ O(a, — Lo; — lywy) 

Similarly for XM, and XM.,. 

B, = 41b, A, = —2.001b, A, = 0.627 Ib, 

B, = 2.001b, B, = —1.37 lb 

Az = 1.46 lb, Bz = 13.315, Ay = Ay = By = 0, 
, = —14.7 rad/s’, B, = 77.7 N, By = 3.33 N, 
«x = 0, A, = 6.67 N, A, = 81.75 N 

= 9.285 rad/s, B, = 97.7 N, B, = 3.33 N, 

, = 0, A, = 6.67 N, A, = 122N 

ù, = 200 rad/s”, D, = —12.9 N, D, = —37.5 N, 
C, = —37.5N, C, = —11.1 N, C, = 36.8 N 

Tg = 47.1 1b, M, = 0, M, = 0, A, = 0, 

A, = —93.2 lb, A, = 57.1 lb 

à, = —102 rad/s?, A, = B, = 0, A, = 0, 

A. = 297 N, B, = —143N 

M, = 0, A, = 0, M, = 0,0 = 64.1°, 

A, = 1.30 1b, A, = 20.2 Ib 

N = 148 N, F; = 0 

(Mo), = 72.0 N- m, (Mj), = 0 














4 a 
M, = =mi @,@, COS 0, 


M, 


y 


B, = 0, B, = —3.901b, A, = —1.69 Ib, 
A, = B, = 7.51b 

EM, = 0, M, = (—0.036 sin 0) N-m, 
EM, = (0.003 sin 20) N* m 

a = 69.3°,B = 128°, y = 45°. No, the 
orientation will not be the same for any order. 
Finite rotations are not vectors. 

wp = 279 rad/s 

Wr = 368 rad/s 

wp = 1.19 rad/s 

M, = 338N:m 


1 
- gin oy sin 20, M, — 0 


743 


744 ANSWERS TO SELECTED PROBLEMS 


i : 2gcos@ M2 

as, qi (- + rcos ;) 

21-69. w, = 3.63(10°) rad/s 

21-70. 0 = 68.1? 

21-71. ó = 8177 rad/s, = 212 rad/s, 
regular precession 

21-74. | = 235 rev/h 

21-75. a = 90°, B = 9.12°, y = 80.9? 

21-77. Hg = 12.5 Mg: m?/s 

21-78. $ = 3.32 rad/s 

Chapter 22 

22-1. y + 56.1 y= 0, y |=0.225 = 0.192 m 


22-2. x = —0.05 cos (202) 
22-3. y = 0.107 sin(7.007) + 0.100 cos(7.00%), 
$ = 43.0 
22-5. wo, = 49.5 rad/s, T = 0.127 s 
22-6. x = {—0.126 sin(3.167) — 0.09 cos(3.167)) m, 
C = 0.155m 
w, = 19.7 rad/s, C = 1 in. 
y = (0.0833 cos 19.71) ft 
22-9. | o, = 8.16 rad/s, x = —0.05 cos(8.167), C = 50 mm 


22-7. 








22-10. + = 20 M 
3mg + 6kL 
22-11. r = 1.45s 
k +e 
22-13. Tr = 2m 
gd 


22-14. k = 90.8 Ib- ft/rad 





22-15. k= 136 N/m, mg = 3.58 kg 
22-17. kı = 2067 N/m, k, = 302 N/m, or vice versa 
22-18. mg = 21.2kg, k = 609 N/m 
22-19. y — 503 mm 
22-21. x = 0.167 cos 6.55 t 
2. gun 
Sir. is cea ERIT 
” e" — P 
22-23. 7 = 1.66s 
22-25. f = 0.900 Hz 
m 

22-26. 7 — NI 
22-27. w, = 3.45 rad/s 
22-29. r= am |> 

2g 
22-30. X + 333x = 0 
22-3. 7 = 1.52s 
22-33. 7 = 0.77458 
22-34. 0 + 4680 = 0 
22-35. 7 = 0487s 


22-37. 
22-38. 
22-39. 
22-A1. 


22-42. 
22-43. 


22-45. 


22-46. 


22-47. 
22-49. 
22-50. 


22-51. 
22-53. 
22-54. 
22-55. 
22-57. 
22-58. 
22-59. 
22-61. 


22-62. 


22-63. 
22-65. 
22-66. 
22-67. 


22-69. 


22-71. 
22-73. 


22-74. 


22-75. 


22-77. 


22-78. 


22-79. 


E = 0.1756? + 1067, 7 = 0.830 s 


-r |” 
T MN] Te 


f = 1.28 Hz 

, Fo/k 
x — A sin of + Bcosa@,t + + — — — 3 c0s wt 

1 — (w/o) 

! Fo 
y = A sin w,t + B cos wt + 3 
y = (—0.0232 sin 8.97 t + 0.333 cos 8.971 

+ 0.0520 sin 4t] ft 
ôo 
= A sin wt + B cos wt + — — — — — sin wt 

? i T I= (o/o) 


y = (361 sin 7.75t + 100 cos 7.75t, 
— 350 sin 8t) mm 
u 3Fo 
3 (mg + Lk) — mLo? 
(Xp)max = 29.5 mm 





ee 4c . k. 
0+ —0+—0=0 
m m 


(Vp)max = 0.3125 m/s 


w = 14.0 rad/s 
(Xp)max = 14.6 mm 
p)max = 35.5 mm 
w = 19.7 rad/s 

C = 0.490 in. 

w = 19.0 rad/s 
(Xp)max = 4.53 mm 
_ mro L? 

48EI — MoL? 
w = 12.2 rad/s, w = 7.07 rad/s 
p’ = 9.89° 
MF = 0.997 


y = (-0.0702 e 3" sin (8.540)) m 
[k 

F — 2cy, c, — 2m ,c < Vmk 
m 


w = 21.1 rad/s 
1.550 + 5400 + 2000 = 0, 
(Cap)e = 3.92 Ib - s/ft 


m | 1 
= V + j = 
Ce 8(m + M)k, Xmax | eM kin + al 











a 2mvg g "cO SI | M)-d ) 
“max 
8k(m + M) - c 
1 
Lq + Rq + | g j4 5 Eo cos wt 


és : 2 
Lq + Rg *|—]q—0 
q q (5). 


1 
Lg +RQ+ =q=0 
d* Rà * c4 


Index 


A 
a-s (acceleration-position) graphs, 22 
a-t (acceleration-time) graphs, 20-21 
Absolute acceleration, 91, 373 
Absolute dependent motion analysis, 
see Dependent motion analysis 
Absolute motion analysis, 338-341, 404 
Absolute velocity, 91, 347 
Acceleration (a), 7-8, 20-22, 35, 37, 
57-58, 73, 92, 106, 112-177, 321, 
323, 325-326, 373—380, 392-393, 
404—405, 408-471, 563—564, 580 
absolute, 92, 373 
angular (a), 73, 323, 409, 563-564 
average, 7, 35 
centripetal, 58 
circular motion and, 325-326, 
373-375 
constant, 8, 323 
continuous motion and, 7-8 
Coriolis, 393, 405 
curvilinear motion and, 35, 37, 
57-58, 73 
cylindrical components and, 73, 
152-156, 175 
equations of motion for, 116-126, 
138-143, 152-156, 175, 423- 
431, 441-447, 456-461, 469 
erratic motion and, 20-22 
fixed-axis rotation and, 323, 
325-326, 404, 441—447, 469 
fixed-point rotation and, 563—564 
force (F) and, 112-177 408-471 
general plane motion and, 
373—380, 392-393, 404—405, 
456—461, 469 
graphs of variables, 20-22, 106 
gravitational (g), 115 
hodographs and, 35 
inertia and, 113 
instantaneous, 7, 35 
kinematics of particles and, 7-8, 
35-37, 57-58, 73, 92, 106 
kinetics of particles, 112-177 
magnitude of, 37 57-58, 73, 373, 
392, 441-442 
mass (m) and, 113-114 
moment of inertia (I) 
and, 409-417 442-443, 
456-457, 469 











normal (n) components of, 57-58, 
138-143, 175, 325-326, 441-442 
normal force (N) and, 152-156 
planar kinetics of rigid bodies, 
408-471 
planar kinematics of rigid bod- 
ies and, 321, 323, 325-326, 
373-380, 404—405 
procedure for analysis of, 375 
rectangular components and, 37, 
120-126, 175 
rectilinear kinematics and, 7-8, 
20-22, 106 
relative, 92 
relative-motion analysis and, 92, 
373—380, 392-393, 405, 580 
resistance of body to, 409 
rotating axes, 392—393, 405, 580 
rotation and, 323, 325-326, 373-380, 
405, 424—425, 441-447 469 
sign convention for, 7 
tangential (r) components of, 
57-58, 138-143, 175, 325-326, 
441-442 
tangential force (tan) and, 152-156 
three-dimensional rigid-body 
motion, 563—564, 580 
time derivative and, 564 
translating axes, 92, 373—380, 
405, 580 
translation and, 321, 380—381, 405, 
423, 426—431, 469 
velocity (v) and, 7-8 
Amplitude of vibration, 645—646 
Angular acceleration (œ), 73, 323, 409, 
563—564 
Angular displacement (d0), 322 
Angular impulse, 284—289 
Angular momentum (H), 280—289, 
315, 518—522, 523-524, 540—543, 
544—547, 556-557, 601—604, 
629, 640 
angular impulse and, 284—289, 315 
arbitrary point A for, 602 
center of mass (G) for, 601—602 
conservation of, 286, 540—543, 557 
eccentric impact and, 
544—541, 557 
fixed-axis rotation and, 520, 556 
fixed-point O for, 602 








free-body diagrams for, 
280—281, 286 
general plane motion and, 
521,556 
gyroscopic motion and, 629 
kinetics of a particle, 280—289 
magnitude of, 280 
moment of a force relations with, 
281—283 
moment of momentum, 280, 315 
principle axes of inertia from, 603 
principle of impulse and, 284-289, 
315, 523-524, 604, 640 
procedures for analysis of, 
286,541 
rectangular components of 
momentum, 602-603 
right-hand rule for, 280 
rigid-body planar motion, 
518-522, 523-524, 540-547, 
556-557 
scalar formulation, 280, 285 
system of particles, 282, 284—285 
three-dimensional rigid bodies, 
601—604, 629, 640 
translation and, 520, 556 
units of, 280 
vector formulation, 280, 285 
Angular motion, 322-323, 327, 338, 
404, 563—564 
Angular position (0), 322 
Angular velocity (w), 72, 322, 544—547, 
563—564, 626-628 
Apogee, 169 
Areal velocity, 164 
Average acceleration, 7, 35 
Average speed, 6 
Average velocity, 6, 34 
Axes, 91-95, 109, 320, 322-329, 346- 
352, 373-380, 389-397, 404—405, 
441-447, 469, 475, 511, 520, 556, 
594-595, 612-616 
angular motion and, 322-323, 327 
circular motion and, 324—327, 
373-375 
coordinating fixed and translat- 
ing reference frames, 346-352, 
373-380, 404—405 
equations of motion for, 441-447, 
469, 612—616 
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Axes (continued) 

Euler's equations for, 614-615 

fixed, rotation about, 320, 
322-329, 404, 441—447, 469, 475, 
614-616 

fixed reference frame, 91-95 

impulse and momentum of, 
520, 556 

inertia (7), principle axes of, 594—595 

kinematics of a particle, 91—95, 109 

kinematics of rigid bodies, 320, 
322-329, 346-352, 373—380, 
389-397, 404—405 

kinetic energy and, 475,511 

moments of inertia (7) about, 
442-443, 594—595 

planes of symmetry, 595 

pinned-end members, 346-352, 
373-380 

relative-motion analysis of, 
91—95, 109, 346-352, 373-380, 
389-397, 405 

rigid-body planar motion, 
441-447, 469, 475, 511, 520, 556 

rotating, 389-397, 405, 612-613 

rotation about, 320, 322-329, 
346—352, 373-380, 404, 441-447, 
469, 475, 511, 520, 556 

symmetrical spinning axes, 
615-616 

three-dimensional rigid-body 
motion, 594—595, 612-616 

translating, 91-95, 109, 389-397, 405 

translation for, 346—352, 
373-380, 405 

Axis of rotation, 564, 569 





B 
Body cone, 634 


C 
Cartesian vector notation, 685 
Center of curvature, 56 
Center of mass (G), 119, 518—519, 
601—602, 605 
Central impact, 266—268, 269, 314-315 
Central-force motion, 164—170, 175 
areal velocity, 164 
circular orbit, 168 
directrix, 166 


eccentricity (e), 166-167 
elliptical orbit, 169-170 
equations of motion, 164-166 
focus (F), 166 
gravitational (G) attraction, 165—166 
Kepler's laws, 170 
parabolic path, 168 
path of motion, 164-165 
space mechanics and, 164-170 
trajectories, 165-170, 175 
Centripetal acceleration, 58 
Centripetal force, 138-143 
Centrode, 362 
Chain rule, 689—691 
Circular motion, 324-327, 347—348, 
360—366, 373-375, 405 
acceleration (a), 325-326, 373-375 
instantaneous center (IC) of zero 
velocity, 360—366, 405 
planar rigid-body motion, 
324—326, 347-348, 373-375 
position and displacement 
from, 324 
procedures for analysis of, 327 362 
relative-motion analysis of, 
347-348, 373-375 
relative velocity and, 347-348 
rotation about a fixed axis, 
324-327 
slipping and, 348, 374 
velocity (v), 324, 347-348, 
360—366, 405 
Circular orbit, 168 
Circular path of a point, 324—326, 360, 
374, 441 
Closed volume, 295 
Coefficient of restitution, 267—269, 
297, 315, 544-547, 557 
Coefficient of viscous damping, 667 
Composite bodies, moment of inertia 
for, 415 
Conservation of energy, 217-221, 233, 
496—501, 513, 657—660, 680 
conservative forces and, 217-221, 
233, 496—501, 657 
differential equations for, 657 
elastic potential energy, 496, 513 
gravitational potential energy, 
496, 513 
kinetic energy and, 217-218 





kinetics of a particle, 
217-221, 233 
natural frequency (w,,) from, 
657—660, 680 
potential energy (V) and, 
217—221, 233, 496—501, 513 
procedures for analysis using, 218, 
498, 658 
rigid-body planar motion, 
496—501, 513 
system of particles, 218 
vibration and, 657—660, 680 
weight (W), displacement of, 217 
work (W) and, 217—221, 233, 
496—501, 513 
Conservation of momentum, 254-260, 
267, 269—272, 286, 314—315, 
540—543, 557 
angular, 286, 540—543, 557 
impact and, 267 269-272, 314-315 
impulsive forces and, 254-255 
kinetics of particles, 254—260, 267, 
269—272, 268, 296 
linear, 254—260, 267, 269-272, 314, 
540—543, 557 
particle systems, 254—260, 286 
procedures for analysis of, 255, 
269, 286, 541 
rigid-body planar motion, 
540—543, 557 
Conservative force, 213-221, 233, 
496—501, 513, 657 
conservation of energy, 217—221, 
233, 496—501, 513,657 
elastic potential energy, 
214, 496, 513 
friction force compared to, 213, 233 
gravitational potential energy, 
213, 496, 513 
potential energy (V) and, 
213-216, 233, 496—501, 513 
potential function for, 215-216 
spring force as, 213-216, 233, 
496, 513 
vibration and, 657 
weight (W), displacement of, 213, 
215-216, 233 
work (U) and, 213-216, 
496-501, 513 
Constant acceleration, 8, 323 


Constant force, work of, 181, 213, 232, 


476, 512 
Constant velocity, 7 
Continuous motion, 5-14, 106 


equations of motion and, 
120-126, 138-143, 152-156, 
175, 423-426, 614—616, 641 
fixed origin (O), 5 





acceleration (a), 7-8 

displacement (A), 5 

particle rectilinear kinematics 
and, 5-14 

position (s), 5, 8 

procedure for analysis of, 9 

rectilinear kinematics of, 
5-14,106 

velocity (v), 6-8 


Control volume, 295-304, 315 


fluid streams, 295-299 
gain of mass (m), 301-302, 315 
kinematics of a particle, 
295-304, 315 
loss of mass (m), 300—301, 315 
mass flow, 296-297, 300—302 
principles of impulse and 
momentum for, 295-299 
procedure for analysis of, 297 
propulsion and, 300-304, 315 
steady flow, 295-299, 315 
thrust (T), 300-301 
volumetric flow (discharge), 297 


Coordinates, 5, 36—40, 56-58, 71-78, 





85-91, 107-109, 120-126, 138 
143, 152-156, 175, 322, 324-326, 
346, 404, 423-426, 569—571, 578, 
601—603, 614—616, 641 
acceleration (a) and, 37 57-58, 
73, 120-126, 138-143, 152-156, 
175, 325-326 
angular motion, 322 
angular momentum (H) and, 
601—603 
centripetal force, 138-143 
circular motion, 324—326 
continuous motion, 5 
coordinating fixed and 
translating reference frames, 
346, 404 
curvilinear motion, 36—40, 56-58, 
71-78, 107-108 
cylindrical (r, 0, z), 74, 152-156, 175 
dependent motion analysis and, 
85-90, 109 
directional angle (4), 152-153 





force (F) and, 120-126, 138-143 

frictional forces (F) and, 152 

kinematics of a particle, 5, 36-40, 
56—58, 71—78, 85-90, 107-109 

kinetics of a particle, 120-126, 
138-143, 152-156, 175 

normal (n), 56-58, 108, 138-143, 
175, 325-326 

normal forces (N) and, 152 

planar motion, 56-58 

polar, 67-70 

position (s),5 

position-coordinate equations, 
85-90, 109 

position vector (r), 36, 72, 91, 324 

procedures for analysis using, 38, 
58, 74, 120-121, 139, 153 

radial (r), 71-73 

rectangular (x, y, z), 36-40, 
107 120-126, 175, 423-426, 
602—603, 614—616, 641 

relative-motion analysis and, 91, 
109, 346, 578 

rigid-body planar motion, 
423-426 

tangential (t), 56-58, 108, 138-143, 
175, 325-326 

tangential forces (tan) and, 
152-153 

three-dimensional motion, 
58, 569-571, 578, 601—603, 
614—616, 641 

translating axes and, 91, 109 

translating systems, 569—571, 578 

transverse (0), 71—73 

velocity (v) and, 36-37, 56, 72, 324 





Coriolis acceleration, 393, 405 
Couple moment (M), work (W) of a, 


478-479, 512 


Critical damping coefficient, 668 
Critically damped vibration systems, 668 
Cross product, 685-686 

Curvilinear motion, 34—40, 56-62, 


71-78, 107-108 
acceleration (a), 35, 37, 57-58, 73 
center of curvature, 56 
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coordinates for, 36—40, 56—59, 
71-78, 107-108 

cylindrical components, 71-78, 108 

cylindrical (r, 0, z) coordinates, 74 

displacement (A), 34 

general, 34-40 

normal (n) axes, 56-62, 108 

kinematics of a particle, 34-40, 
56-62, 71—78, 107-108 

planar motion, 56—58 

polar coordinates, 71—73, 108 

position (s), 34, 36, 72 

procedures for analysis of, 38, 
59, 74 

radial coordinate (r), 71-73 

radius of curvature (p), 56 

rectangular (x, y, z) coordinates, 
36-40, 107 

tangential (t) axes, 56-62, 108 

time derivatives of, 74 

three-dimensional motion, 58 

transverse coordinate (0), 71-73 

velocity (v), 34-37, 56, 72 


Curvilinear translation, 320—321, 404, 


427, 469 


Cycle, 646 
Cylindrical components, 71—78, 108, 


152-156, 175 
acceleration (a) and, 
73, 152-156, 175 
curvilinear motion, 71-78, 108 
directional angle (ys), 152-153 
cylindrical (r, 0, z) coordinates, 74, 
152-156, 175 
equations of motion and, 
152-156, 175 
normal force (N) and, 152-156 
polar coordinates for, 71—73, 108 
position vector (r) for 72 
procedures for analysis using, 74, 153 
tangential force and, 152-156 
time derivatives of, 74 
velocity (v) and, 72 


D'Alembert principle, 116 
Damped vibrations, 643, 667—672, 681 


critically damped systems, 668 
motion of, 643 
overdamped systems, 668 
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Damped vibrations (continued) 
resonance from, 665, 681 
underdamped systems, 669 
viscous forced, 670-672, 681 
viscous free, 667—669, 681 

Damping factor, 669 

Dashpot, 667 

Deceleration, 7 

Deformation, 186-187, 266—272, 544—547 
angular velocity (w) and, 544—547 
coefficient of restitution (e), 

267—268, 544—547 
eccentric impact and, 544—547 
friction force and, 187 
impact and, 266-272, 544—547 
localized, 187 
maximum, 266 
period of, 266 
principles of work and energy 
and, 186-187 
restitution phase, 266—269, 544 
separation of contact points, 546 

Dependent motion analysis, 85—90, 109 
particles, 85-90, 109 
position coordinates for, 85-86, 109 
procedure for, 86 
time derivatives for, 86, 109 

Derivative equations, 682 

Diagrams for impulse and 

momentum, 238-239 

Directional angle (ys), 152-153 

Directrix, 166 

Disk elements, moment of inertia for, 411 

Displacement (A), 5, 21, 34, 179-180, 

322, 324, 346, 477-478, 512, 
644—651, 665 
amplitude, 645-646 
angular (d@), 322 
circular motion and, 324 
couple moment (M) and, 478, 512 
curvilinear motion, 34 
erratic motion, 21 
kinematics of a particle, 5,21, 34 
periodic support and, 665 
planar kinematics of rigid bodies 
and, 322, 324, 346 
position change as, 5, 322, 324 
relative-motion analysis and, 346 
right-hand rule for direction of, 
322, 324 


rotation about a fixed point, 322, 324 
simple harmonic motion, 644 
spring force, 477 
translation and rotation causing, 346 
vertical, 477 
vibrations and, 644—651, 665 
work of a force and, 179-180, 
477-478 

work of a weight and, 477 

Dot notation, 36-37 

Dot product, 180, 687-688 

Dynamic equilibrium, 116 

Dynamics, 3-4 
principles of, 3-4 
procedure for problem solving, 4 
study of, 3 


E 
Eccentric impact, 544—547, 557 
Eccentricity (e), 166-167 
Efficiency (e), 204-207, 233 
energy (E) and, 204—207 233 
mechanical, 204—205 
power (P) and, 204—207 233 
procedure for analysis of, 205 
Elastic impact, 268 
Elastic potential energy, 214, 233, 496, 513 
Electrical circuit analogs, vibrations 
and, 673, 681 
Elliptical orbit, 169—170 
Energy (£), 178-235, 472-515, 
604—607, 640-641, 657—660 
conservation of, 217-221, 233, 
496—501, 513, 657—660 
efficiency (e) and, 204—207 233 
elastic potential, 213-214, 496, 513 
gravitational potential, 213, 496, 513 
internal, 187 
kinetic, 184—185, 213, 217-221, 
232, 473—476, 480—486, 498, 
511, 604—607 640 
kinetics of a particle, 178—235 
natural frequency (w,,) and, 
657—660, 680 
potential (V), 213-221, 233, 
496—501, 513 
power (P) and, 204-207 233 
principle of work and, 184-192, 
232—233, 480-486, 513, 615, 
640-641 





procedures for analysis of, 185, 
205, 218, 481, 498 
rigid-body planar motion and, 
472—515 
systems of particles, 186-192 
three-dimensional rigid bodies, 
604—607 640—641 
work (U) and, 178-235, 472-515 
vibration and, 657—660 
Equations of motion, 114-115, 116- 
126, 138-143, 152-156, 164-166, 
175, 237-239, 423-431, 441-447, 
456—461, 469, 612-621, 641 
acceleration (a) and, 114-126, 
138-143, 152-156, 423-431, 
441-447, 469 
central-force motion, 164—166, 
175 
centripetal force, 138-143 
cylindrical (r, 0, z) coordinates, 
152-156, 175 
equilibrium and, 116 
external force, 118-119, 424—425 
fixed-axis rotation, 441—447, 469, 
614-616 
force (F) and, 114-126, 138-143, 
152-156, 423-431 441-447, 469 
free-body diagrams for, 116-117, 
175, 423-428 
friction (F) force, 121, 152 
general plane motion, 426, 
456—461, 469 
gravitational attraction, 114-115 
inertial reference frame for, 
116-117 175, 423-426, 
612-613 
instantaneous center (IC) of zero 
velocity and, 456 
internal force, 118-119, 424—425 
kinetic diagram for, 116 
kinetics of a particle, 114—126, 
138-143, 152-156, 164-166, 
175 
linear impulse and momentum, 
237-239 
mass (m) and, 113-115, 118-119 
moment equations, 442, 456 
moments of inertia (J) and, 
442-443, 456-457 
Newton's second law, 115, 175 

















normal (n) coordinates, 138-143, 
175, 441-442 
normal (N) force, 152-156, 175 
procedures for analysis using, 
120-121, 139, 153, 428, 443, 
457, 616 
rectangular (x, y, z) coordi- 
nates, 120—126, 175, 423-426, 
612-615, 641 
rigid-body planar motion, 423- 
431, 441-447, 456-461, 469 
rotational motion, 424—425, 
441—447 469, 612-613, 641 
slipping and, 456 
spring force, 121 
static equilibrium conditions, 116 
symmetrical spinning axes, 
615-616 
symmetry of reference frames for, 
423-426 
systems of particles, 118-119 
tangential (r) coordinates, 
138-143, 175, 441-442 
tangential force, 152-156, 175 
three-dimensional rigid bodies, 
612-621, 641 
trajectories, 165-166 
translational motion, 423, 
426—431, 469, 612, 641 
Equilibrium, equations of motion 
and, 116 
Equilibrium position, vibrations, 
644—646 
Erratic motion, 20-25, 106 
a-s (acceleration—position), 22 
a-t (acceleration-time), 20-21 
integration of equations for, 21 
particle rectilinear kinematics for, 
20-25, 106 
s-t (position-time), 20-21 
v-s (velocity—position), 22 
v-t (velocity-time), 20-21 
Escape velocity, 168 
Euler angles, 626 
Euler's equations, 614—615 
Euler's theorem, 562 
External force, 118-119, 282, 240, 
423-425 
External impulses, 254 
External work, 187 


Finite rotation, 562 
Fixed-axis rotation, 320, 322-329, 404, 


441-447, 469, 475, 511, 520, 556, 
614-616 

acceleration (a) of, 323, 325-327, 
404, 441-447 469 

angular acceleration (a) 323 

angular displacement (d0), 322 

angular motion and, 322-323, 
327, 404 

angular position (0), 322 

angular velocity (w), 322 

circular motion, 324—327 

circular path of a point, 324—326, 441 

equations of motion for, 441-447, 
469, 614—616 

Euler's equations for, 615-616 

force (F) of, 441-447, 469 

impulse and momentum for, 520, 
556 

kinetic energy and, 475,511 

magnitude of, 441—442 

moment equation about point 
O, 442 

normal (n) coordinates, 325—326, 
441-442 

position and displacement, 322, 324 

procedure for analysis of, 327, 443 

right-hand rule for, 322, 324 

rigid-body planar motion, 320, 
322-329, 404, 441—447, 475, 511, 
520, 556 

tangential (r) coordinates 
325-326, 441-442 

three-dimensional rigid bodies, 
614-616 

velocity (v) of, 322, 324, 404 


Fixed origin (O), 5 
Fixed-point rotation, 561—568, 589, 


602, 605, 626-631 

acceleration (a) and, 564 

angular acceleration (a) of, 
563-564 

angular momentum (H) and, 602 

angular velocity (w) of, 563-564, 
626-628 

Euler’s angles for, 626 

Euler’s theorem for, 562 

finite rotation, 562 
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gyroscopic motion, 626-631 
infinitesimal rotation, 563 
kinetic energy and, 605 
rotational displacements, 560—564 
sphere as representation of, 
563, 589 
three-dimensional rigid bodies, 
561—568, 589, 602, 605, 626—631 
time derivatives for, 564—568, 589 
velocity (v) and, 564 


Fixed reference frame, 91-95 
Fluid stream, steady flow of, 295-299, 


315 


Focus (F),166 
Force (F), 112-177, 179-192, 213-221, 








232-233, 254-255, 281—283, 300. 
304, 408-471, 476—479, 496—501, 
512, 643-644, 657, 663-667. See 
also Central-force motion 
acceleration (a) and, 112-177, 
408-471 
angular momentum relations 
with, 281—283 
central-force motion and, 164—170 
centripetal, 138-143 
conservation of energy and, 
217—221, 233, 496-501, 657 
conservation of linear momentum 
and, 254-255 
conservative, 213-221, 233, 
496—501, 657 
constant, 181, 213, 232, 476, 512 
couple moment (M) and, 
478-479, 512 
displacement (A) of, 478, 512 
equations of motion for, 114, 
116-126, 138-143, 152-156, 
423-431, 441-447, 456-461, 469 
external, 118-119, 240, 282, 
423-425 
fixed-axis rotation and, 441—447 469 
free-body diagrams for, 116-117, 
175, 423-428 
friction (F), 121, 152, 187 213, 233 
general plane motion and, 456-461 
gravitational attraction and, 
114-115 
impulsive, 254-255 
inertia force vector, 116 
internal,118-119, 282, 424-425 











750 INDEX 


Force (F) (continued) 
particle kinetics, 112-177 179-192, 
213-216, 232—233, 281-283 
potential energy (V) and, 
213-216, 233, 496—501 
mass (m) and, 113-114 
moments of a, 281—283 
moments of inertia (7) and, 
409-417, 456-457, 469 
Newton’s laws and, 113-115, 175 
normal (N), 152 
periodic, 663-666 
planar motion and, 408-471, 
476-479, 512 
potential energy (V) and, 
213-216, 233 
propulsion and, 300-304 
resultant, 116, 187 281-282 
rigid-body kinetics, 408-471, 
476-479, 512 
rotation and, 424—425, 441—447, 469 
slipping (no work) and, 456, 477, 
512 
spring, 121, 182-183, 214, 232-233, 
471,512, 644 
system of particles, 118-119, 
184-192, 254-255 
tangential, 152-153 
thrust, 300-301 
trajectories, 165-170, 175 
translation and, 423, 426-431, 
469 
unbalanced, 113-114 
units of, 180 
variable, 180, 476 
vibrations and, 643—644, 657, 
663—667 
viscous damping, 667 
weight (W), 115, 181, 213, 
215-216, 232-233, 471 512 
work (U) of, 179-192, 213-216, 
232-233, 476-479, 512 
Forced vibrations, 643, 663—666, 
670—672, 680—681 
forcing frequency (wọ) for, 
663—665, 680 
motion of, 643 
periodic force and, 663-666 
periodic support displacement 
of, 665 





undamped, 663—666, 680 
viscous damped, 670-672, 681 
Free-body diagrams, 116-117, 175, 241, 
280-281, 286, 423-428 
angular momentum, 280-281, 286 
equations of motion and, 116-117, 
423-428 
inertial reference frames, 116-117, 
423-426 
kinetics of particles using, 
116-117 175 
linear momentum, 241 
rigid-body planar motion, 423-428 
rotational motion, 424—425 
translational motion, 423, 426-428 
Free-flight trajectory, 166 
Free vibrations, 643—651, 667—669, 
680-681 
motion of, 643 
undamped, 643-651, 680 
viscous damped, 667—669, 681 
Frequency (f), 644, 646-647, 657-660, 
663—665, 669, 680 
damped natural (w4), 669 
forcing (wọ), 663-665, 680 
natural (w,,), 644, 646-647, 
657-660, 680 
vibration and, 644, 646-647, 
663-665, 680 
Friction force (F), 121, 152, 187, 213, 
233 
conservative forces compared to, 
213, 233 
equations of motion for, 121, 152 
work of caused by sliding, 187 


G 
General plane motion, 320, 338-397, 
404—405, 456-461, 469, 475, 511, 
521,556. See also Planar motion 
absolute motion analysis for, 
338-341, 404 
acceleration (a), 373-380, 
373-380, 392-393, 405, 456-461 
displacement (A) from, 346 
equations of motion for, 
456-461, 469 
force (F) and, 456-461 
impulse and momentum for, 
521,556 


instantaneous center (IC) of zero 
velocity, 360—366, 405, 456 
kinetic energy and, 475,511 
moment equation about the 
instantaneous center (IC), 456 
procedure for analysis of, 338, 
349, 375, 394, 457 
relative-motion analysis for, 
346-352, 373-380, 389-397, 
404—405 
rigid-body kinematics, 320, 338-352 
rigid-body kinetics, 456—461, 469, 
475, 511, 521, 556 
rotating axes, 389-397, 405 
rotation and translation of, 
338-341 
slipping and, 456 
velocity (v), 346-352, 360-366, 
390-391, 405 
General three-dimensional motion, 
564—568, 589 
Graphs, 20—25, 106, 238, 314 
erratic motion represented by, 20-25 
impulse represented by, 238, 314 
magnitude represented by, 238 
rectilinear kinematic solutions 
using, 20-25, 106 
Gravitational acceleration (g), 115 
Gravitational attraction (G), 114-115, 
165-166 
central-force motion and, 165-166 
Newton’s law of, 114-115 
Gravitational potential energy, 213, 
233, 496, 513 
Gyroscopic motion, 615-616, 626—631, 
641 
angular momentum (H) and, 629 
angular velocity (w) and, 626-628 
equations of motion for, 615-616 
Euler angles for, 626 
gyro, 629 
gyroscopic effect, 628-629 
symmetrical spinning axes, 615-616 





H 
Heat, friction forces from sliding 
and, 187 
Hertz (Hz), unit of, 646 
Hodographs, particle acceleration and, 35 
Horizontal projectile motion, 41—45 


Horsepower (hp), unit of, 204 
Hyperbolic functions, 682 


Impact, 266-272, 314—315, 544—547, 557 





central, 266—268, 268, 314—315 

coefficient of restitution (e), 
267—269, 315, 544-547, 557 

conservation of momentum, 267, 
269-272, 314—315 

deformation and, 266-272, 544—547 

eccentric, 544—547 557 

elastic, 268 

energy loss from, 268, 270 

kinetics of a particle, 266-272, 
314-315 

line of impact, 266, 269, 314—315, 544 

oblique, 266, 269, 315 

plastic (inelastic), 268 

procedures for analysis of, 269 

restitution from, 266-269, 544 

rigid-body planar motion, 
544-547, 557 

separation of contact points due 
to, 546 


Impulse, 236—317, 516—559, 604, 640 


angular, 284—289, 296, 315, 523-524 

conservation of angular momen- 
tum and, 286 

conservation of linear momentum 
and, 254-255 

control volumes, 295—304, 315 

diagrams, 239-240 

equations of motion, 238-239 

external forces, 240, 254 

graphical representation of, 
238,314 

impact and, 266-272, 314-315, 
544—547 

internal forces, 255-256 

kinetics of a particle, 236-317 

linear, 237-244, 296, 314, 523-524 

magnitude of, 238 

momentum and, 236-317 516-559 

principle of momentum and, 
237-244, 284—289, 295-299, 
314-315, 523-530, 556, 604, 640 

procedures for analysis of, 241, 
255, 286, 525 

propulsion and, 300-304, 315 





restitution, 266, 545 

rigid-body planar motion, 516-559 

steady flow and, 295-299, 315 

three-dimensional rigid bodies, 
604, 640 


Impulsive forces, 254-255 
Inertia (I), 409-417, 456—457, 469, 


591—596, 604, 640 

acceleration (a) and, 409-417, 
456-457, 469 

angular acceleration (œ) and, 409 

angular momentum (H) and, 604 

arbitrary axis, moment of about, 595 

composite bodies, 415 

equations of motion and, 456-457 

integration of, 410-411, 592 

mass moments of, 409-417 

moment of, 409-417, 456—457, 469, 
592, 592-597, 640 

parallel-axis theorem, 414-415, 593 

parallel-plane theorem, 594 

principle axes of, 594—595, 603 

procedure for analysis of, 411 

product of, 592—593, 640 

radius of gyration, 415 

resistance of body to 
acceleration, 409 

rigid-body planar motion and, 
409-417, 456-457, 469 

tensor, 594—595 

three-dimensional rigid-body 
motion, 591—596, 640 

volume elements for integration 
of, 410-411 


Inertial reference frames, 116-117, 


175, 423-426, 473-474, 612-613 
angular momentum (H), 601—602 
equations of motion, 116-117 175, 

423-426, 612-613 
force vector, 116 
kinetic energy, 473-474 
kinetics of a particle, 116—117 175 
rigid-body planar motion, 
423-426, 473 
rotational motion, 424—425 
slab in, 473-474 
symmetry of, 423-426 
three-dimensional rigid-body 
motion, 612-613 
translational motion, 423 
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Infinitesimal rotation, 563 
Instantaneous acceleration, 7, 35 
Instantaneous center (IC), 360—366, 
405, 456 
centrode, 362 
circular motion and, 360—366, 405 
general plane motion, 456 
location of, 361—366 
moment equation about, 456 
procedure for analysis of, 362 
zero velocity, 360—366, 405, 456 
Instantaneous velocity, 6, 34 
Integral equations, 683 
Integration of equations, 21, 410-411, 
592, 604—605 
erratic motion, 21 
kinetic energy, 604—605 
moment of inertia, 410—411, 592 
Internal energy, 187 
Internal force, 118-119, 282, 424—425 
Internal impulses, 254—255 


K 
Kepler's laws, 170 
Kinematics, 2-111, 318—407, 560—589. 
See also Planar motion 
continuous motion, 5-14 
coordinates for, 36-38, 56—58, 
71-78, 107-108, 569-571 
curvilinear motion, 34—40, 56-62, 
71-78, 107-108, 320-321 
cylindrical components, 71-78, 108 
cylindrical (r, 0, z) coordinates, 74 
dependent motion analysis, 
85-90, 109 
erratic motion, 20-25 
fixed-axis rotation, 320, 322-329, 404 
fixed-point rotation, 561—568, 589 
graphs for solution of, 20-25, 106 
normal (n) axes, 56-62, 108 
particles and, 2-111 
planar, 318-407 
polar coordinates, 71-73 
procedures for analysis of, 9, 38, 
42, 59, 86, 92, 327, 338, 349, 362, 
375, 394, 581 
projectile motion, 41-45, 107 
radial (r) coordinate, 71-73 
rectangular (x, y, z) coordinates, 
36-40, 107 
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Kinematics (continued) 


rectilinear, 5-15, 20-25, 106, 320-321 

relative-motion analysis, 91-95, 
109, 346-352, 373-380, 389-397, 
405, 578-585, 589 

rigid bodies, 318-407, 560—589 

rotating axes, 389-397, 405, 
564—568, 578-585, 589 

rotation and, 320, 322-329, 
338-341, 346-352, 404 

sign conventions for, 5-7 

tangential (t) axes, 56-62, 108 

three-dimensional motion, 560—589 

time derivative, 564—568 

translating axes, 91-95, 109, 
389-397, 578-585, 589 

translating-rotating systems, 
564-568 

translation and, 320-321, 338-341, 
346-352, 404—405 

transverse (0) coordinate, 71—73 





Kinetic diagram, 116 
Kinetic energy, 184-185, 213, 217-218, 


232, 473-476, 480—486, 511, 
604—607, 640-641 

conservation of, 217-218 

center of mass (G) for, 605 

fixed-point O for, 605 

general plane motion and, 475,511 

integration for, 604—605 

particles, 184—185, 213, 217-218, 232 

potential energy and, 213, 217-218 

principle of work and energy, 
184—185, 232, 480—486, 605, 
640-641 

procedure for analysis of, 481 

rigid-body planar motion and, 
473—476, 480-486, 511 

rotation about a fixed axis and, 
475,511 

slab in inertial reference for, 
473-474 

system of bodies, 476 

three-dimensional rigid-body 
motion, 604—607, 640-641 

translation for, 475, 511 





Kinetics, 3, 112-177, 178-235, 236-317, 


408-471, 472—515, 516-559, 
590—641. See also Planar 
motion; Space mechanics 





acceleration (a) and, 112-177, 
408-471 

angular momentum (H), 280-289, 
315, 518—522, 523-524, 540 
543, 556—557, 601—604, 640 

central-force motion, 164-170, 175 

conservation of energy, 217—221, 233 

conservation of momentum, 
254—260, 286, 314, 540—543, 557 

conservative forces and, 
213-221, 233 

control volumes, 295—304, 315 

cylindrical (r, 0, z) coordinates, 
152-156, 175 

efficiency (e) and, 204—207 233 

energy (E) and, 178-235, 472—515, 
604—607 

equations of motion, 114-126, 138- 
143, 152-156, 423-431, 441-447, 
456-461, 469, 612-621, 641 

force (F) and, 112-177 179-183, 
213-221, 232-233, 408-471 

free-body diagrams for, 116-117, 
175, 423-428 

gyroscopic motion, 615-616, 
626-631, 641 

impact and, 266—272, 314-315, 
544-547, 557 

impulse and momentum, 236-317, 
516—559, 640 

inertia (7), 409—417, 456—457, 469, 
591—596, 640 

inertial reference frame for 
116-117 175 

linear momentum, 517 520—522, 
540-543 

mass moments of inertia, 
409-417, 469 

Newton's laws and, 113-115, 175 

normal (7) coordinates, 138-143, 175 

particles, 112-177 178-235, 
236-317 

planar motion, 408-471, 472—515, 
516-559 

power (P), 204-207 233 

principle of, 3 

principle of impulse and momen- 
tum, 523—530, 640 

principle of work and energy, 
184-192, 232, 605, 640-641 











procedures for analysis of, 
120-121, 139, 153, 185, 205, 218, 
241, 255, 269, 286, 297, 411, 428, 
443, 457, 481, 525,616 

propulsion, 300-304, 315 

rectangular (x, y, z) coordi- 
nates, 120—126, 175, 602—603, 
614—616, 641 

rigid-bodies, 408-471, 472—515, 
516-559, 590-641 

rotation and, 424-425, 441-447, 
469, 520, 556 

steady flow, 295-299, 315 

tangential (t) coordinates, 
138-143, 175 

three-dimensional rigid bodies, 
590-641 

torque-free motion, 632-635, 641 

trajectories, 165-170, 175 

translation and, 423, 426—431, 469, 
520, 556 

work (U) and, 178—235, 472-515, 
605, 640-641 


Line of action, 361, 425 
Line of impact, 266, 269, 314, 544 
Linear impulse and momentum, 237- 


244, 254—260, 314, 517, 520-522, 
523-524, 540-543, 556-557 

conservation of momentum, 
254—260, 540—543, 557 

diagrams for, 239-241 

external force and, 240 

fixed-axis rotation and, 520, 556 

force (F) and, 237-244 

impulsive forces and, 254-255 

general plane motion and, 521, 556 

kinetics of a particle, 237—244, 
254-260, 314 

principle of impulse and, 237—244, 
523-524, 556 

procedures for analysis of, 241, 
255,541 

rigid-body planar motion, 517, 
520—522, 540—543 

systems of particles, 240—244, 
254—260, 314 

translation and, 520, 556 

vector, 238 
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diagrams, 234 

equations of, 239 

fixed-axes rotation and, 520 

general plane motion and, 521 

impact (eccentric) and, 266-272, 
314-315, 544-547, 557 

impulse and, 236—317 516-559 

kinetics of a particle, 236-317 

linear (L), 237—244, 254-260, 296, 
314, 517 520-522, 523-524, 
540—543, 556-557 

moments of force and, 281—283 

principle of impulse and, 237-244, 
284—289, 295-299, 314—315, 


M rigid-body planar motion, 
Magnification factor (MF), 664—665, 671 409-417, 517-522 
Magnitude, 5-7, 34, 36-37, 56-58, steady flow of fluid systems and, 
72-73, 108, 238, 280, 322, 361, 296-297, 315 
373, 390, 392, 441—442, 478, 512 system of particles and, 118-119 
acceleration (a), 7 37, 57-58, 73, Mass flow, 296-297, 300—302 
373, 392, 441-442 Mathematical expressions, 682—683 
angular displacement and, 322 Maximum deformation, 266 
angular momentum (H), 280 Mechanical efficiency, 204—205 
average speed, 6 Mechanical energy, 217—221. See also 
constant, 478, 512 Conservation of energy 
couple moment (M), work of and, Mechanics, study of, 3 
478, 512 Moment arm, 410 
curvilinear motion and, 34, 36-37, Moment of inertia, 409-417, 442-443, 








56-58, 72-73, 108 

distance as, 5 

fixed-axis rotation and, 441—442 

graphical representation of, 238 

impulse, 238 

instantaneous center (IC) 
location from, 361 

position vector (r) and, 36 

rectilinear kinematics and, 5-7 

relative-motion analysis and, 373, 
390, 392 

rotating axes, changes in motion 
from, 390, 392 

rotation, changes in motion 
from, 322 

speed as, 6, 34, 36, 57-58, 72 

time rate of change of, 58 

velocity (v), 6, 34, 36-37, 56, 72, 
361, 390 





Mass (m), 113-115, 118-119, 296—297, 


300—304, 315, 409-417, 517—522 
center (G) of, 119, 518—519 
continuity of, 297 
control volumes and, 296-297, 
300-304, 315 

equations of motion and, 114-115, 
118-119 

gain of, 301—302, 315 

gravitational attraction and, 
114-115 

loss of, 300-301, 315 

moments (M) of inertia (7), 400-417 

momentum and, 517-522 

particle body, 113-115 

propulsion and, 300—304, 315 

Newton's laws and, 113-115 


456—457, 469, 592-597, 640 

acceleration (a) and, 409-417, 
442-443, 456-457, 469 

arbitrary axis, about, 597 

body resistance to acceleration, 409 

composite bodies, 415 

disk elements, 411 

equations of motion and, 
442-443, 456-461 

fixed-axis rotation, 442—443 

force (F) and, 456-457 

integration of, 410-411, 592 

mass, 409-417 

parallel-axis theorem for, 
414-415, 593 

parallel-plane theorem for, 594 

principal, 594, 640 

procedure for analysis of, 411 

radius of gyration for, 415 

rigid-body planar motion, 
409—417 442-443, 456—461, 469 

shell elements, 411 

slipping and, 456 

three-dimensional rigid-body 
motion, 592—597, 640 

volume elements for integration 
of, 410-411 





Moments, work of a couple, 478-479, 512 
Momentum, 236-317, 516-559, 


601—604, 640 
angular (H), 280—289, 296, 315, 
518—522, 523-524, 540-543, 
556-557, 601—604, 640 
conservation of, 254—260, 267, 
269-272, 286, 314, 540-543, 557 
control volumes, 295-304, 315 





N 


523—530, 556, 604, 640 
procedures for analysis of, 241, 
255, 269, 286, 525, 541 
propulsion and, 300-304, 315 
rigid-body planar motion, 516-559 
steady flow and, 295-299, 315 
systems of particles, 240—244, 
254—260, 282, 314 
three-dimensional rigid bodies, 
601—604, 640 
translation and, 520 
vector form, 238 


Natural frequency («,), 644, 646-647, 


657—660, 680 
energy conservation and, 657—660 
procedures for analysis of, 647 658 
undamped free vibration, 644, 
646-647, 680 


Newton's laws, 113-116, 175 


body mass and weight from, 115 
equation of motion, 114, 175 
first law of motion, 116 
gravitational attraction, 114—115 
kinetics of particles and, 

113-115, 175 
second law of motion, 113-115, 175 
static equilibrium and, 116 


Nonconservative force, 213 
Nonimpulsive forces, 254 
Nonrigid bodies, principle of work and 


energy for, 186 


Normal (n) coordinates, 56-62, 


138-143, 175, 325-326, 441—442 
acceleration (a) and, 57—58, 
325-326, 441-442 
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Normal (n) coordinates (continued) 
circular motion components, 
325-326 
curvilinear motion components, 
56-62 
equations of motion and, 
138-143, 175 
particle kinetics, 138-143, 175 
planar motion and, 56 
procedure for analysis of, 59 
rigid-body planar motion, 
325-326, 441-442 
rotation about a fixed axis, 
325-326, 441-442 
three-dimensional motion, 58 
velocity (v) and, 56 
Normal (N) force, 152 
Nutation, 626 


o 

Oblique impact, 266, 269,315 
Orbit, trajectory and, 158-170 
Osculating plane, 56 

Overdamped vibration systems, 668 


P 
Parabolic path, 168 
Parallel-axis theorem, 414—415, 593 
Parallel-plane theorem, 594 
Particles, 2-111, 112-177, 178-235, 
236-317 
acceleration (a), 7-8, 35, 37, 57-58, 
73, 92, 106, 112-177 
angular momentum (H) of, 
280—289, 314 
central-force motion of, 164—170, 175 
conservation of energy, 217-221, 233 
conservation of angular 
momentum, 286, 315 
conservation of linear momen- 
tum, 254-260, 267, 269—272, 315 
conservative forces and, 
213-221, 233 
continuous motion of, 5-14 
control volume, 295—304, 315 
coordinates for, 36-38, 56—58, 
71-78, 107-109, 120-126, 
138-143, 152-156 
curvilinear motion of, 34—40, 
56-62, 71—78,107-108 





dependent motion analysis, 
85-90, 109 

deformation of, 186-187, 266—272 

displacement (A), 5, 34 

energy (E) and, 178-235 

equations of motion, 114-126, 
138-143, 152-156, 164—165, 175 

erratic motion of, 20-25, 106 

force (F) and, 112-177 179-183, 
213-221, 233 

free-body diagrams, 116-117 175 

gravitational attraction (G), 
114-115, 165-166 

hodographs, 35 

impact, 266-272, 314-315 

impulse and momentum of, 
236-317 

inertial reference frame, 116-117 175 

kinematics of, 2-111 

kinetic energy of, 184—185, 213, 
217—218 

kinetics of, 112-177 178-235, 
236-317 

mass (m), 113-115 

Newton’s second law of motion, 
113-115, 175 

planar motion of, 56-58 

position (s), 5, 8, 34, 36, 72, 91, 106 

position-coordinate equations, 
85-90 

potential energy of, 213-221 

power (P) and, 204—207 233 

principle of work and energy for, 
184-192, 233 

principles of impulse and 
momentum, 237—244, 284—289 

procedures for analysis of, 9, 38, 
42, 58, 74, 86, 92, 120-121, 139, 
153, 185, 205, 218, 241, 255, 269, 
286, 297 

projectile motion of, 41-45, 107 

propulsion of, 300-304, 315 

rectilinear kinematics of, 5-14, 
20—25, 106 

relative motion analysis, 91—95, 109 

speed (magnitude), 6, 34, 36, 37, 72 

system of, 118-119, 186-192, 
240-244, 254—260, 314 

three-dimensional motion of, 58 

time derivatives, 74, 86 





translating axes, two particles on, 
91—95, 109 

velocity (v), 6-8, 34—37 56, 72, 91, 106 

work (U) and, 178-235 


Path of motion, 164-165 

Perigee, 169 

Period of deformation, 266 

Period of vibration, 646 

Periodic force, 663-666 

Periodic support displacement, 665 
Phase angle (6), 647 

Pinned-end members, 346-352, 373—380 


acceleration (a) and, 373-380 

relative-motion analysis of, 
346-352, 373-380 

velocity (v) and, 346-352 


Planar motion, 56-58, 318-407, 


408-471, 472—515, 516-559 
absolute (dependent) motion 
analysis, 338-341, 404 
acceleration (a) and, 57-58, 
321, 323, 325-326, 373-380, 
392-393, 404—405, 408-471 
angular motion and, 322-323, 404 
conservation of energy, 496—501, 513 
conservation of momentum, 
540—543, 557 
couple moment (M) in, 478-479, 512 
curvilinear, 56—58 
displacement, 322, 324, 346 
energy (E) and, 472-515 
equations of motion for, 423-431, 
441—447, 456—461, 469 
fixed-axis rotation, 320, 322-329, 
404, 441—447, 469, 520, 556 
force (F) and, 408-471, 476—479, 512 
general, 320, 338-397 404—405, 
456—461, 469, 521, 556 
impact (eccentric), 544—547 557 
impulse and momentum, 516-559 
instantaneous center of zero 
velocity, 360—366, 405, 456 
kinematics, 56-58, 318—407 
kinetic energy and, 473-476, 
480-481, 511 
kinetics, 408-471, 472—515, 516-559 
moment of inertia (I) for, 409—417, 
442-443, 456-457, 469 
normal component (n) coordi- 
nates, 56-58, 441—442 








position (r) and, 321, 322, 324, 
346, 389 
potential energy (V) of, 
496—501, 513 
principles of impulse and 
momentum, 523-530, 556 
principle of work and energy, 
480—486, 513 
procedures for analysis of, 327 
338, 349, 362, 375, 394, 411, 
428, 443, 457, 481, 498, 525, 541 
relative-motion analysis, 346-352, 
373-380, 389-397, 405 
rigid bodies, 318-407 408-471, 
472—515 
rotation and, 320, 322-329, 338- 
341, 346—352, 373-380, 404-405, 
424—425, 441-447, 469, 520 
rotating axes, 389-397, 405 
tangential component (t) 
coordinates, 56-58, 441—442 
translation, 320-321, 338-341, 338 
341, 346—352, 373-380, 404—405, 
423, 426—431, 469, 520, 556 
velocity (v) and, 56, 321, 322, 324, 
346—352, 360—366, 390—391, 
404—405 
work (U) and, 472—515 
Plastic (inelastic) impact, 268 
Polar coordinates, 71—73, 108 
Position (s), 5, 8, 20—22, 34, 36, 72, 
85-90, 91-95, 106, 109, 321, 322, 
324, 346, 389, 579 
absolute dependent motion and, 
85-90 
angular (0), 322 
continuous motion and, 5,8 
coordinate, 5 
curvilinear motion and, 34, 36, 72 
dependent-motion analysis and, 
85-90, 109 
displacement (A) from changes of, 
5,322, 324 
erratic motion and, 20-22 
graphs of variables, 20-22 
kinematics of particles and, 5,8, 
34, 72, 91-95 
magnitude and, 36 
planar kinematics of rigid bodies 
and, 321, 322, 324, 346, 389 














position-coordinate equations, 
85-90, 109 
rectangular components, 36 
rectilinear kinematics and, 5,8, 
20-22, 106 
relative-motion analysis and, 
91—95, 109, 346, 389, 579 
rotating axes, 389, 579 
rotation about fixed axis, 
322, 324, 346 
three-dimensional rigid-body 
motion, 579 
time (7), as a function of, 8 
translating axes, 91-95, 579 
translation and, 321, 346 
vectors (r), 34, 36, 72, 91, 321, 
346, 389 
velocity (v) as a function of, 8, 91 
Position coordinate origin (O), 5 
Potential energy (V), 213-221, 233, 
496—501, 513 
conservation of energy and, 
217-221, 233, 496—501, 513 
conservative forces and, 213-216, 
233, 496—501, 513 
elastic, 214, 233, 496, 513 
equations for conservation of, 497 
gravitational, 213-214, 233, 496, 513 
kinetic energy and, 213, 217-218 
particles, 213-216, 233 
potential function for, 215-216 
procedure for analysis of, 218, 498 
rigid-body planar motion, 
496—501, 513 
spring force and, 213-216, 233, 
496, 513 
weight (W), displacement of, 213, 
215-216, 233, 496 
work (U) and, 213-216 
Power (P), 204-207, 233 
efficiency (e) and, 204—207 233 
energy (E) and, 204-207, 233 
procedure for analysis of, 205 
units of, 204 
Power-flight trajectory, 167 
Power-series expansions, 682 
Precession, 626, 633-634 
Principal moments of inertia, 594, 640 
Principle axes of inertia (7), 
594—595, 603 
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Principle of work and energy, 184-192, 
232-233, 480—486, 513, 605, 
640-641 

deformation and, 186-187 

equation for, 184, 232 

kinetic energy and, 184-185, 232, 
480—486, 513, 605, 640—641 

kinetics of particles, 184-192, 
232-233 

procedures for analysis using, 
185, 481 

rigid-body planar motion, 
480—486, 513 

three-dimensional rigid bodies, 
605, 640-641 

systems of particles, 186—192 

units of, 184 

work of friction caused by 
sliding, 187 

Principles of impulse and 
momentum, 237—244, 284—289, 
295-299, 314—315, 523-530, 
556, 604, 640 

angular, 284—289, 296, 315, 
523-530, 556 

diagrams for, 238-239 

external forces, 240 

kinetics of particles, 237—244, 
284-289, 314—315 

linear, 237—244, 296, 314, 523-530, 
556 

procedures for analysis using, 241, 
286, 525 

steady flow and, 295-299 

systems of particles, 240-244 

three-dimensional rigid-body 
motion, 604, 640 

Problem solving procedure, 4 

Product of inertia, 592—593, 640 

Projectile motion, 41—45, 107 

horizontal, 41 

particle kinematics and, 
41-45, 107 

procedure for analysis of, 42 

vertical, 41 

Propulsion, 300-304, 315. See also 
Control volume 





Q 
Quadratic formula, 682 
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R 
Radial component (v,), 72 
Radial coordinate (r), 71-73 
Radius of curvature (p), 56 
Radius of gyration, 415 
Rectangular (x, y, z) coordinates, 
36-40, 107, 120-126, 175, 
602—603, 614—616, 641 
angular momentum components, 
602—603 
curvilinear motion, 36—40, 107 
dot notation for, 36-37 
equations of motion and, 
120-126, 175, 614—616, 641 
kinematics of a particle, 36—40, 107 
kinetics of a particle, 120-126, 175 
procedures for analysis using, 38, 
120-121 
three-dimensional rigid-plane 
motion and, 602-603, 
614—616, 641 
Rectilinear kinematics, 5-15, 
20—25, 106 
acceleration (a), 7-8, 20-22, 106 
continuous motion, 5-15 
displacement (A), 5 
erratic motion, 20-25 
graphs for solution of, 20-25, 106 
particles and, 5-15, 20-25, 106 
position (s), 5, 8, 20-22, 106 
procedure for analysis of, 9 
sign conventions for, 5-7 
time (t) and, 8, 20-21, 106 
velocity (v), 6-8, 20-22, 106 
Rectilinear translation, 320—321, 404, 
426-427, 469 
Reference frames, 91—95,116-117, 
175, 322-329, 346—352, 404-405, 
423-426, 564—568 
angular motion and, 322-324 
axis of rotation, 564 
circular path, 324—326 
coordinating fixed and translating 
axes, 346—352, 405 
equations of motion and, 116-117, 
175, 423-426 
fixed, 91-95, 322-329, 404, 564-568 
inertial, 116—117 175, 423 
kinetics of particles, 116-117, 175 
relative-motion analysis, 346-352 





relative motion of particles using, 
91-95 

rigid-body planar motion, 423-425 

rotation about fixed axis, 322-329 

rotational motion, 424—425 

three-dimensional rigid-body 
motion, 564—568 

time derivative from, 564—568 

translational motion, 423 

translating, 91-95 

translating-rotating systems, 
564—568 

symmetry of, 423-426 


Relative acceleration, 92, 405 
Relative-motion analysis, 91-95, 109, 





346-352, 360-366, 373—380, 
389-397, 405, 578-585, 589 

acceleration (a) and, 92, 373-380, 
392-393, 405, 580 

circular motion, 347-348, 
360—366, 373-375, 405 

coordinating fixed and translat- 
ing reference frames, 346-352, 
373—380, 405 

displacement and, 346 

instantaneous center (IC) of zero 
velocity, 360—366, 405 

kinematics of a particle, 
91—95, 109 

pinned-end members, 346-352, 
373-380 

position vectors (r) and, 91, 346, 
389, 579 

procedures for analysis using, 92, 
349, 375, 394, 581 

rigid-body planar motion, 
346—352, 360-366, 373—380, 
389-397, 405 

rotating axes, 389-397, 405, 
578-585, 589 

rotation and, 346-352, 373-380, 405 

three-dimensional rigid-body 
motion, 578—585, 589 

translating axes, 91-95, 109, 346— 
352, 373-380, 405, 578-585, 589 

translating coordinate system 
for, 578 

velocity (v) and, 91, 346-352, 
360—366, 390—391, 405, 579 





Relative velocity, 91, 347-348, 405 


Resonance, 665, 681 
Restitution, 266—269, 544—547 


angular velocity (w) and, 544-547 

coefficient (e) of, 267—269, 544—547 

deformation from impact, 
266—269, 544—547 

eccentric impact and, 544—547 

impulse, 266, 545 

period of, 266, 544 

rigid-body planar motion, 544—547 


Resultant force, 116, 187, 281—282 
Retrograde precession, 634 
Right-hand rule, 280, 322, 324 

Rigid bodies, 186, 318-407, 408-471, 


472—515, 516—559, 560-589, 
590-641 

absolute (dependent) motion 
analysis, 338-341, 402 

acceleration (a) and, 321, 322, 
325-326, 373-380, 392-393, 
404—405, 408-471, 580 

angular motion, 322-323, 327 
561—564 

circular motion, 324—327, 347-348, 
360—366, 373-375, 404-405 

conservation of energy, 
496—501, 513 

conservation of momentum, 
540—543, 557 

couple moment (M) in, 
478-479, 512 

displacement (A) of, 322, 324, 
477-478, 512 

energy (E) and, 472-515 

equations of motion for, 
421-431, 441—447, 456-461, 
469, 612-621, 641 

fixed-axis rotation, 320, 322-329, 
404, 441—447, 469, 475, 511, 556 

fixed-point rotation, 561—568, 589, 
602, 605 

force (F) and, 408-471, 476-479, 512 

free-body diagrams for, 423-428 

general plane motion, 320, 
338-352, 456—461, 469, 475, 
511, 521,556 

gyroscopic motion, 626—631, 641 

impact (eccentric), 544—547 557 

impulse and momentum, 516-559, 
601—604, 640 














inertia and, 591—596, 640 

instantaneous center (IC) of zero 
velocity, 360—366, 405, 456 

kinematics of, 318-407 560—589 

kinetic energy and, 473-476, 511, 
604—607, 640-641 

kinetics of, 408-471, 472—515, 
516—559, 590-641 

moments of inertia (1) for, 
409—417 442-443, 456—457, 469 

planar motion, 318-407 408-471, 
472-515 

position (r), 321, 322, 324, 389, 579 

potential energy (V) of, 
496-501, 513 

principle of impulse and momen- 
tum, 523-530 

principle of work and energy, 186, 
480—486, 513 

procedures for analysis of, 327, 338, 
349, 362, 375, 394, 428, 443, 457, 
481, 498, 525, 541, 581, 616 

relative-motion analysis, 
346-352, 373-380, 389-397, 
405, 578-585, 589 

rotating axes, 389-397, 405, 
578-585, 589 

rotation of, 320, 322-329, 338-331, 
346—352, 373-380, 404—405, 
424—425, 441—447, 469, 475, 511, 
520, 556 

systems of particles and, 186, 476 

three-dimensional, 560—589, 
590-641 

time derivatives for, 564—568, 589 

torque-free motion, 632-635, 641 

translating axes, 389-397, 405, 
578-585, 589 

translation of, 320—321, 338-341, 
346—352, 373-380, 404—405, 423, 
426-431, 469, 475, 511, 520,556 

velocity (v), 321, 322, 324, 346—352, 
360—366, 390-391, 404—405, 579 

work (U) and, 472—515 

zero velocity, 360—366, 405 

















Rotating axes, 389—397, 405, 564—568, 


578-585, 589 
acceleration (a) of, 392-393, 580 
axis of rotation, 564 
Coriolis acceleration of, 393, 405 


fixed reference frame, 564—568 

magnitude changes and, 390, 392 

position vectors (r) for, 389, 579 

procedure for analysis of, 394, 581 

relative-motion analysis for, 
389-397, 405, 578—585, 589 

three-dimensional motion and, 
564—568, 578-585, 589 

time derivatives for, 564—568 

translating-rotating systems, 
564-568 

velocity (v) of, 390-391, 579 





Rotation, 320, 322-329, 338-341, 346 


352, 360—366, 404—405, 424—425, 
441-447, 469, 475, 511, 520, 556, 
561—571, 589, 612—616, 641 
absolute (dependent) motion 
analysis, 338-341, 404 
acceleration (a) and, 323, 
325-326, 424—425, 441—447 
angular motion and, 322-323, 327 
563-568 
circular motion and, 324—327, 
360—366, 404—405 
displacement and, 322, 324, 346 
equations of motion for, 424-425, 
441—447, 469, 612—616, 641 
Euler's theorem for, 562 
finite, 562 
fixed-axis, 320, 322-329, 404, 
441-447, 469, 475, 511, 520, 
612-616 
fixed-point, 561—568, 589 
force (F) and, 424-425, 441-447, 469 
general three-dimensional 
motion, 564—568 
impulse and momentum of, 520, 556 
infinitesimal, 563 
instantaneous axis of, 563—564 
instantaneous center of zero 
velocity, 360—366, 405 
kinetic energy and, 475,511 
line of action, 361, 425, 442 
moment of inertia of, 442—443 
position and, 322, 324, 346 
procedures for analysis of, 327 
338, 349, 362, 616 
relative-motion analysis, 
346-352, 405 
right-hand rule for, 322, 324 
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rigid-body planar motion and, 
320, 322-329, 338-341, 346 
352, 404-405, 424—425, 441-447, 
469, 475, 511, 520, 556 
symmetrical spinning axes, 615-616 
symmetry of reference frames for, 
424—425 
three-dimensional rigid bodies, 
561—568, 589, 612-616, 641 
time derivatives for, 564—568, 589 
translation and, 338-341, 346—352 
velocity (v) and, 322, 324, 
346-352, 360-366 








S 
s-t (position-time) graphs, 20-21 
Scalar formulation of angular momen- 
tum, 280, 285 
Separation of contact points after 
impact, 546 
Shell elements, moment of inertia 
for, 411 
Simple harmonic motion, 644, 680 
Sliding, 187, 389 
relative-motion analysis for, 389 
work of friction by, 187 
Slipping, 348, 374, 456, 477, 512 
circular motion and, 348, 374 
equations of motion and, 456 
forces that do no work, 477, 512 
general plane motion, 456 
relative-motion analysis and, 
348, 374 
rigid-body planar motion, 477 512 
zero velocity and, 348, 477 
Space cone, 634 
Space mechanics, 164-170, 175, 
300—304, 315, 591—596, 
632—635, 641 
central-force motion and, 
164-170, 175 
circular orbit, 168 
control volume of particles, 
300-304, 315 
elliptical orbit, 169-170 
free-flight trajectory, 166 
inertia (I) and, 591—596 
Kepler's laws, 170 
kinetics of particles and, 
164-170, 175 
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Space mechanics (continued) 

mass flow, 300-302 

parabolic path, 168 

power-flight trajectory, 167 

propulsion, 300-304, 315 

three-dimensional rigid-body 
motion and, 591—596, 
632—635, 641 

thrust, 300-301 


torque-free motion, 632-635, 641 


trajectories, 165-170, 175 


Speed, 6, 32, 57-58. See also Magnitude 


Spheres, fixed-point rotation and, 
563, 589 

Spin, 626, 633 

Spinning axes, equations of motion 
for, 615-616 

Spring force, 121, 182-183, 213-216, 


232-233, 477, 496, 512-513, 644 
conservation of energy and, 496, 513 


conservative force of, 213-216 
displacement by, 477 


elastic potential energy and, 214, 


233, 496, 513 
equations of motion for, 121 
particle kinetics, 121, 182-183, 
213-216, 232-233 
rigid-body planar motion, 477 
496, 512—513 
vibrations and, 644 
weight and, 215-216 
work of, 182-183, 213-216, 232, 
477, 496, 512 
Static equilibrium, 116 
Statics, study of, 3 
Steady flow, 295-299, 315 
angular impulse and 
momentum, 296 
closed volume, 295 
control volume, 295, 315 
fluid streams, 295-299 


linear impulse and momentum, 296 


mass flow, 296-297 
principles of impulse and 


momentum for, 295-299, 315 


procedure for analysis of, 297 


volumetric flow (discharge), 297 


Steady-state vibration, 670 
Symmetrical spinning axes, see 
Gyroscopic motion 


Systems, 118-119, 186—192, 218, 


240-244, 282, 476, 564—568, 589 
angular momentum of, 282 
center of mass (G), 119 
conservation of energy, 218 
conservative forces and, 218 
deformation in bodies, 186-187 
equations of motion for, 118-119 
external forces, 118-119, 240 
fixed rotating, 564—568 
internal forces, 118-119 
kinetic energy and, 476 
nonrigid bodies, 186 
particle kinetics, 118-119, 

186-192, 240-244, 282 
potential energy (V) and, 218 
principle of impulse and 

momentum for, 240—244 
principle of work and energy for, 

186-192 
rigid bodies, 186, 476, 

564—568, 589 
sliding and, 187 
time derivatives for, 564—568, 589 
translating-rotating, 564—568, 589 
work of friction and, 187 


Tangential (f) coordinates, 56-62, 


138-143, 175, 325-326, 440-441 
acceleration (a) and, 57—58, 
325-326, 440-441 
circular motion components, 
325-326 
curvilinear motion components, 
56-62 
equations of motion and, 138-143, 
175, 440-441 
particle kinetics, 138-143, 175 
planar motion and, 56 
procedure for analysis of, 59 
rigid-body planar motion, 
325-326, 440-441 
rotation about a fixed axis, 
325-326, 440-441 
three-dimensional motion, 58 
velocity (v) and, 56 


Tangential force, 152-153, 175 
Three-dimensional motion, 58, 


560—589, 590-641 


angular, 561-564 

angular momentum of, 601—604, 
629, 640 

curvilinear, 58 

equations of motion for, 
612-621, 641 

Euler's equations for, 614—615 

fixed-point rotation, 561—568, 589, 
626-631 

frames of reference for, 564—568 

general motion of, 569—571, 589 

gyroscopic motion, 615-616, 
626-631, 641 

inertia, moments and products of, 
591-596, 640 

inertial coordinates for, 601—602 

kinematics of, 58, 560-589 

kinetic energy of, 604—607 640-641 

kinetics of, 590-641 

particles, 58 

principle of impulse and momen- 
tum, 604, 640 

principle of work and energy of, 
605, 640-641 

procedures for analysis of, 581, 616 

rectangular (x, y, z) coordinates, 
602-603, 614-616, 641 

relative-motion analysis of, 
578-585, 589 

rotating axes, 564—568, 578-585, 589 

time derivatives for, 564—568, 589 

torque-free motion, 632-635, 641 

translating axes, 578—585 

translating coordinate systems 
for, 569-571 

translating-rotating systems, 
564—568, 589 


Thrust, 300-301 
Time (1), 8, 2021, 106, 170, 646 


continuous motion and, 8 

cycle, 646 

erratic motion and, 20-21 

graphs of variables, 20-21, 106 

orbital revolution, 170 

period, 646 

position (s), as a function of, 8 

rectilinear kinematics and, 8, 
20-21, 106 

velocity (v) as a function of, 8 

vibration and, 646 


Time derivatives, 74, 86, 108-109, 
564—568, 589 
absolute dependent motion, 86, 109 
curvilinear motion, 74, 108 
fixed-point rotation, 564—568, 589 
three-dimensional motion, 
564—568, 589 
translating-rotating systems, 
564—568, 589 
Time-differential equations, 338 
Torque-free motion, 632-635, 641 
Trajectories, 165-170, 175 
circular orbit, 168 
eccentricity of, 166—167 175 
elliptical orbit, 169-170 
free-flight, 166 
gravitational attraction and, 165-166 
parabolic path, 168 
power-flight, 167 
Translating axes, 91—95, 109, 
346-352, 373-380, 405, 
564—568, 578—585, 589 
acceleration (a), 92, 373—380, 580 
coordinates for, 91 
fixed reference frame, 91-95 
kinematics of particles, 91—95, 109 
observers, 91—92, 109 
position vectors (r) for, 91,346, 579 
procedures for analysis of, 92, 338, 
349, 375, 581 


absolute (dependent) motion 
analysis, 338-341, 404 

acceleration (a) and, 321, 
392-393, 404 

circular motion and, 347-348 

coordinate system axes, 
346—352, 404 

curvilinear, 320-321, 404, 427, 469 

displacement and, 346 

equations of motion for, 423, 
426-431, 469, 612, 641 

impulse and momentum, 520, 556 

kinetic energy and, 475,511 

paths of, 320 

position vectors (r), 321, 389 

procedures for analysis using, 394, 
428, 616 

rectilinear, 320—321, 404, 426-427, 469 

relative-motion analysis, 
389-397, 405 

rigid-body planar motion, 320- 
321, 338-341, 389-397, 404—405, 
423, 426—431, 469, 475, 511, 
520, 556, 641 

rotating axes with, 389-397, 405 

symmetry of reference frames 
for, 423 

three-dimensional rigid-body 
motion, 612, 641 

velocity (v) and, 321, 390-391, 404 
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V 
v-s (velocity-position) graphs, 22 
v-t (velocity-time) graphs, 20-21 
Variable force, work of, 180, 476 
Vector analysis, 684—688 
Vector formulation of angular 
momentum, 280, 285 
Vector functions, 685 
Vector quantity, particle position and 
displacement as, 5, 36 
Velocity (v), 6-8, 20-22, 34-37, 56, 72, 
91, 106, 164, 168, 321, 322, 324, 
346-352, 360—366, 390—391, 
404—405, 477, 544-547, 563-564, 
579, 626-628 
absolute, 91, 347 
acceleration (a) and, 7-8 
angular (w), 72, 322, 544-547, 563, 
626—628 
areal, 164 
average, 6, 34 
central-force motion and, 164, 168 
circular motion and, 324, 347—348 
constant, 7 
continuous motion and, 6-8 
curvilinear motion and, 34-37, 
56,72 
cylindrical components and, 72 
eccentric impact and, 544—547 
erratic motion and, 20-22 





relative-motion analysis of, 91—95, 
109, 346-352, 373—380, 405, 
578—585, 589 

rigid-body planar motion, 91-95, 
109, 346-352, 373—380, 405, 
564—568, 578—585 

rotation and, 338-341, 346-352, 
373-380, 404 

three-dimensional rigid bodies, 
564—568, 578-585, 589 

time derivatives for systems, 
564—568 

translating-rotating systems, 
564—568, 589 

velocity (v) of, 91, 346-352, 405, 579 


Translating coordinate systems, 


569-571, 578, 589 


Translation, 320—321, 338-341, 389. 





397, 404—405, 423, 426—431, 469, 
475, 511, 520, 556, 612, 641 


Transverse component (vg), 72 
Transverse coordinate (0), 71-73 
Trigonometric identities, 682 


U 
Unbalanced force, 113-114 
Undamped vibrations, 643-651, 
663—666, 680 
forcing frequency (wọ) for, 
663—665, 680 
forced, 663-666, 680 
free, 643-651, 680 
natural frequency (w,) for, 644, 
646-647, 680 
periodic force and, 663-666 
periodic support displacement 
of, 665 
procedure for analysis of, 647 
Underdamped vibration systems, 669 
Unit vectors, 684 


escape, 168 

fixed-point rotation and, 322, 324, 
404, 563—564, 626-628 

forces doing no work, 477 

graphs of variables, 20-22, 106 

gyroscopic motion and, 626-628 

instantaneous, 6, 34 

instantaneous center (IC) of zero, 
360—366, 405 

kinematics of particles and, 6-8, 
20-22, 34-37, 56, 72, 91, 106 

magnitude of, 6, 34, 36-37, 56, 72, 
390, 404 

normal component (71) 
coordinates, 56, 404 

position (s), as a function of, 8 

procedures for analysis of, 349, 362 

radial component (v,), 72 

rectangular components and, 
36-37 
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Velocity (v) (continued) 


rectilinear kinematics and, 6-8, 
20-22, 106 

relative, 91, 347 

relative-motion analysis and, 91, 
346—352, 390-391, 405, 579 

rigid-body planar motion, 321, 
322, 324, 346—352, 360-366, 
390—391, 404—405, 544—547 

rotating axis, 390—391, 405, 579 

rotation and, 322, 324, 346-352, 
404—405 

sign convention for, 6 

slipping and, 348, 477 

speed (magnitude), 6, 34, 36, 72 

tangential component (t) 
coordinates, 56, 72, 404 

three-dimensional rigid-body 
motion, 563—564, 579, 626-628 

time (7), as a function of, 8 

time derivative and, 564 

translating axes and, 91, 346-352, 
405, 579 

translation and, 321, 390—391, 404 

transverse component (vg), 72 

zero, 348, 360—366, 405, 477 





overdamped systems, 668 

period, 646 

periodic force and, 663-666 

periodic support displacement 

of, 665 

phase angle (0), 646 

procedures for analysis of, 647, 658 

resonance, 665, 681 

simple harmonic motion of, 644 

undamped forced, 663—666, 680 

undamped free, 643—651, 680 

underdamped systems, 666 

viscous damped, 667—672, 681 
Viscous damping force, 667, 681 
Viscous vibration, 667—672, 681 

coefficient of damping, 667 

critically damped systems, 668 

damped, 667—672, 681 

damping force, 667 

forced, 670-672, 681 

free, 667—669, 681 

overdamped systems, 668 

steady-state, 670 

underdamped systems, 669 
Volume elements, integration of 

moments of inertia using, 


conservation of energy and, 
217-221, 233, 496—501, 513 

conservative forces and, 
213-216, 233 

constant force, 181, 232, 476, 512 

couple moment (M), of a, 
478-479, 512 

deformation and, 186-187 

displacement and (A), 179-180, 
477-478, 512 

energy (E) and, 178-235, 
472—515, 605 

external, 187 

force (F) as, 179-183, 186-192, 
232-233, 476-479, 512 

friction caused by sliding, 187 

internal, 187 

kinetic energy and, 605 

kinetics of a particle, 178—235 

potential energy (V) and, 
213-216, 496—501, 513 

potential function and, 215-216 

principle of energy and, 184-192, 
232—233, 480-486, 513, 605, 
640-641 

procedures for analysis of, 185, 


410-411 
Volumetric flow (discharge), 297 


481, 498 
rigid-body planar motion, 472-515 
slipping and, 477 


Vertical displacement (A), 477 
Vertical projectile motion, 41—45 
Vibrations, 642—681 


amplitude of, 645-646 

critically damped systems, 668 

cycle, 646 

damped, 643, 667—672, 681 

displacement and, 644—651 

electrical circuit analogs and, 
673, 681 

energy methods for conservation 
of, 657—660, 680 

equilibrium position, 644—646 

forced, 643, 663—666, 670—672, 
680—681 

forcing frequency (we), 
663—666, 680 

free, 643-651, 667—669, 680-681 

frequency (f), 644, 646-647, 663, 669 

magnification factor (MF) for, 
664—665, 671 

natural frequency (w,,), 644, 
646-647, 657—660, 680 





Ww 
Watt (W), unit of, 204 
Weight (W), 115, 181, 213, 215-217, 
232-233, 477, 496, 512 
conservation of energy and, 217, 
233, 496 
conservative forces and displace- 
ment of, 213, 215-216, 233 
constant, 213 
gravitational attraction and, 115 
gravitational potential energy 
and, 213, 496 
potential energy (V) and, 213, 
215-216, 496 
spring force and, 215-216 
vertical displacement (A) of, 477 
work (U) of a, 181, 213, 215-216, 
232, 477, 496, 512 
Work (U), 178-235, 472-515, 605, 
640-641 


spring force as, 182-183, 213-216, 
232, 477,512 

system of particles, 186-192 

three-dimensional rigid bodies, 
605, 640-641 

units of, 180 

variable force, of a, 180, 476 

weight (W) as, 181, 213, 215-216, 
232, 477,512 

zero velocity and (no work), 477 


Zero velocity, 348, 360—366, 405, 456, 477 


general plane motion, 456 
instantaneous center (IC) of, 
360—366, 405 
relative-motion analysis, 348 
slipping (no work) and, 348, 477 


Fundamental Equations of Dynamics 








KINEMATICS 
Particle Rectilinear Motion 
Variable a Constant a = a, 
a= di vU = o T at 
-8 s — so + vot + fad? 
dt 
ads = v dv v? = vh + 2a,(s — So) 








Particle Curvilinear Motion 

x, y, z Coordinates r, 0, z Coordinates 
Boc ex v=; a-i-r8 
v9, —-y a-y v9 — rÓ a =r + 2rÓ 
v=? aZ v=? a =Z 


n, t b Coordinates 








— i ajay” 
U-—s ar ds 
v [I (dy/dxy p? 
a, = p p= | dy / dx? | 


Relative Motion 
ag=ayt ap, 


Rigid Body Motion About a Fixed Axis 


Vp = VA t Vpg/A 








Variable a Constant a = a, 

ae + at 

a= w= w a 
dt 0 c 
do 12.19 
di 0 = bo + wot + 5at 

w do = a d0 w = wp + 2a,(8 — 09) 
For Point P 
s=6r v=or a;,— ar an = wur 


Relative General Plane Motion — Translating Axes 
Vg = VA + VB/AQin) as = 894 + 8BJ/A(pin) 
Relative General Plane Motion— Trans. and Rot. Axis 
Vg = Va + Q X rga + (Ygja)kyz 
as = ay + Ô X rg + Q X (O X rga) + 

20 x (VBA xyz + (aB/A)xyz 


KINETICS 
Mass Moment of Inertia 7 — | dm 
Parallel-Axis Theorem I = Ig + md 
I 


Radius of Gyration k= .J— 
m 


Equations of Motion 





Particle | EF = ma 
Rigid Body EF, = m(ag), 
(Plane Motion) | $F, = m(ag)y 


XMg = Iga or XMp = X(At)p 
Principle of Work and Energy 
T, + $U = T, 














Kinetic Energy 
Particle T = mv? 
Rigid Body (Plane Motion) | T = mv + loo? 
Work 
Variable force Ur = J F cos 0 ds 
Constant force Up = (F, cos 0) As 
Weight Uw = —WAy 
Spring U, = —(5ks3 = + ks) 
Couple moment Uy = MA9 
Power and Efficiency 

d Py Uga 
P= LE F-y gmt ot 

dt Pii Un 


Conservation of Energy Theorem 

Ti + Vi = T> + V> 

Potential Energy 

V = V, + V, where V, = tWy, V, = +3 ks” 
Principle of Linear Impulse and Momentum 


mv, + x frar — mv» 


Particle 





Rigid Body m(vg), + x fr dt = m(Yg) 


Conservation of Linear Momentum 
(syst. mv), = X(syst. mv); 


Coefficient of Restitution — (sb — Mah 








7 (va)ı — (Up) 

Principle of Angular Impulse and Momentum 
Particle (H5 + X J Mo dt = (Ho); 

where Ho = (d)(mv) 

(Ho) + x fmo dt = (Ho) 
Rigid Body where Hg=Igw 
(Plane motion) 

(H5), + X | Mo dt = (Ho); 


where Ho = Ilow 
Conservation of Angular Momentum 


(syst. H); = X(syst. H); 


SI Prefixes 










Multiple Exponential Form SI Symbol 
1 000 000 000 10° G 


1 000 000 10° M 
1000 103 k 





Submultiple 
0.001 

0.000 001 
0.000 000 001 








Conversion Factors (FPS) to (SI) 





Unit of Unit of 
Quantity Measurement (FPS) Equals Measurement (SI) 


Force Ib 4.448 N 


Mass slug 14.59 kg 
Length ft 0.3048 m 





Conversion Factors (FPS) 





1 ft = 12 in. (inches) 
1 mi. (mile) — 5280 ft 
1 kip (kilopound) = 1000 Ib 


1 ton — 2000 Ib 


Geometric Properties of Line and Area Elements 





Centroid Location Centroid Location Area Moment of Inertia 


1 1 
I,— 1r! (0-5 sin 26) 


1 1 
y= 40 * 7 sin 20) 


Quarter and semicircle arcs 





A-ih (a+b) 
Lx 

N1 fha 
pl OBI) 


Trapezoidal area Semicircular area 














y 


—b—|A=5ab A - ar 


3a 


Semiparabolic area Circular area 
1 
A-lab 


4 


3 
io^ 





























Parabolic area Triangular area 


Center of Gravity and Mass Moment of Inertia of Homogeneous Solids 





Cylinder 








Ilf 


1 
»7 13 m3rt+h?) L mr? 





Cone 














3 3 
Lx= Ly "m m(4 +h?) L mr? 


Hemisphere 10 


2 
L,—1,-0259mf I, == mr z 


z 


' 


Zz 


D 

















b 
* Thin plate 
Thin Circular disk 1 1 1 

L,———mb L,—-——ma L,—-— 2 + p? 

i f 3, m TR m pina zt 13 ma ) 

Lee = Iy A mr L. 7 m? Lay = gmr z 
Z 
Slender Rod 
1 2 |o 

L,-l,-1ml Eig Ty 1,,70 


